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INITIAL CHEBYSHEV POLYNOMIAL COEFFICIENT BOUND
ESTIMATES FOR BI-UNIVALENT FUNCTIONS

H.OzLEM GUNEY

ABSTRACT. We know that a function is univalent if it never takes the same
value twice. Also we know that a function is bi-univalent if both it and its inverse
are univalent. Our goal in the present article is to introduce a new subclass of bi-
univalent functions making use of the Chebyshev polynomials. We obtain the bound
estimates of initial Chebyshev polynomial coefficients |a2| and |ag| of functions in
this subclass. Furthermore, we solve the Fekete-Szeg6 problem in this subclass.
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1. INTRODUCTION

Let U = {z € C : |z| < 1} be the unit disc on the complex plane. Consider the
following well-known function classes:

H(U) ={f € C: f is analytic in the unit disk U},

A={f € H(U): fis normalized by f(0) = f'(0)—1=0 and f(z) = z—l—ianz"}
n=2

and
S={fe€A: fisunivalent}.

If the function f and its inverse ' = f~! are univalent in U, we say that the
function f in A is bi-univalent in U.

Let ¥ define the class of all bi-univalent functions in U . Someone can see a short
history and examples of functions in the class ¥ in [11]. The Koebe 1/4 Theorem
[4] asserts that the image of U under each univalent function f in S contains the
disk of radius 1/4. According to this, if F' = f~! is the inverse of a function f € S,
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then F has a Taylor-Maclaurin series expansion in some disk about the origin. So,
in § every function

f(z) = z—l—Zanz" (1)
n=2

has an inverse f~! which satisfies f—l(f(z)) = 2 for z € U and f(f—l(w)) — w for
lw| < ro(f),ro(f) > 1/4, where

Y w) = w — agw? + (2a% — az)w?® — (5a3 — Sagaz + ag)w + - - - . (2)

The following class Mx (3, A) of bi-univalent functions was introduced by Muru-
gunsundaramoorthy et al. [1]: A function f € ¥ is said to be in the class My (8, \)
if the conditions

21'(2)
jen & <<1 "N + A

>>6;0§B<1,0§)\<1,zeU

and
wF'(w)

R ((1 — AN F(w) + AwF' (w)
where the function F' is inverse of f.

Lewin [9], who obtained the estimate |az| < 1.51, firstly introduced the class of
bi-univalent functions. Accordingly, Netanyahu [10] showed that |as| < %. Subse-

>>ﬁ;0§ﬂ<1,0§)\<1,z€U

quently, Brannan and Clunie [2] developed the bound of |as| as v/2. Brannan and
Taha [3] defined certain subclasses of bi-univalent function class ¥ similar to the
usual subclasses. In fact, the aforementioned work of Srivastava et al. [11] mainly
revived the investigation of various subclasses of bi-univalent function class ¥ in
recent years. Lately, many mathematicians found bounds for several subclasses of
bi-univalent functions (see [11],[8],[12]).

Chebyshev polynomials, which are used by us in this paper, play a considerable
act in numerical analysis. We know that the Chebyshev polynomials are four kinds.
The most of books and articles related to specific orthogonal polynomials of Cheby-
shev family contain essentially results of Chebyshev polynomials of first and second
kinds 7, (x) and Uy,(x) and their numerous uses in different applications, see Doha
[5] and Mason [6].

The well-known kinds of the Chebyshev polynomials are the first and second
kinds. In the case of real variable z on [—1, 1], the first and second kinds are defined
by

T, (x) = cosnf
and in(n +1)0
sin(n
Un() = sinf
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where the subscript n denotes the polynomial degree and where x = cosf, respec-
tively.
Now we define our class with the following subordination:

Definition 1. A function f € X is said to be in the class Mx(\t) for 0 < A <
1,0<B<1landte (%, 1} , if the following subordinations hold

zf'(2) 1

H(zt) = ——— U 3
A= 070) 1 oef) “HED =150 (z€l) (3)
and
wF' (w) 1
Hw,t)= ———— U 4
0= NFw) + o (w) ~ 2D = g, e (wel) (@)
where the function F(w) = f~Y(w) is defined by (2).
Letting t = cosa, a € (_7”, %), someone can obtain
1 > sin(n + 1)a
Hzt)= ——5=1 — 2"
(2,%) 1— 2tz + 22 +Z sina
=14 2cosaz + (3cos’a — sin’a)z® + - -- zeU.
So, we write
H(z,t) =1+ Ui (t)z + Us(t)2* + ... (zeU,t e (—1,1))

where U,,_1 = % for n € N, are the second kind of the Chebyshev polyno-

mials. Furthermore, we know that
Un(t) = 2tUp—1(t) — Un—2(t),
and
Uy (t) = 2t; Us(t) = 4t — 1, Us(t) = 8t — 4t; Uy(t) = 16t* — 1282 +1,--- . (5)

The Chebyshev polynomials T),(¢),t € [—1, 1], of the first kind have the generating
function of the form

> 1—tz
Tt = —— = c ).
nzo WO = e (z€0)
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All the same, there is the following relationship between the Chebyshev polyno-
mials of the first kind 77,(¢) and the second kind U, () :

dT(t)

dt
Tn(t) = Un(t) - tUn—l(t)7
2Tn(t) = Un(t) - Uan(t)'

=nU,—1 (t)a

In this study, by motivating by the earlier work of Dziok et al. [7] and employing
the technique used by Srivastava [11] , we use the Chebyshev polynomial expansions
to provide bound estimates for initial Chebyshev polynomial coefficients of functions

in Mx(A,t).

2. COEFFICIENT BOUND ESTIMATES FOR THE FUNCTION CLASS My (), t)

Theorem 1. Let the function f(z) given by (1) be in the class Mx (A, t). Then

2t\/2t
<
@z < T (6)
and )
4t t
las| < + : (7)

(1—=X)2 1=\
Proof. Let f € Mx(A,t) given by (1).From (3) and (4), we find
2f'(2)

- wiz wi(z) + - -
A= NFG) afie — L Uiw) + DaHw(z) + - -
and )
(1 =XNF(w) 4+ MwF'(w) =14 Ui (t)v(w) + Uz (t)v*(w) + -+, 9)
for some analytic functions w and v such that w(0) = v(0) = 0, |w(z)| = |z +

c222+---| <1 and |v(w)| = |diw + dow? + - --| < 1, for all z € U. Putting the w(z)
and v(w) in the equalities (8) and (9), we have

2f'(2)

(1 - )‘)f(Z) + /\Zf’(z) =1+ Ul(t)clz + [Ul(t)CZ + Uz(t)cﬂz2 +e (10)

and
wF' (w)

(1= NF(w) + \wF'(w) 1+ Uy (t)dyw + [U1(t)dg + Ua(t)dHw? 4 --- . (11)
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It is well-known that |w(z)| < 1 and |v(w)| < 1, z,w € U, then |¢;| <1 and |d;| <1
for all j € N.
It follows from (10) and (11) that

(1 - )\)CLQ = Ul(t)cl, (12)
(A2 = 1)a3 + 2(1 — Nag = Uy (t)cz + Ua(t)ci, (13)
and
- (1 - >\)CL2 == U1 (t)dl, (14)
(N2 — 4N+ 3)a2 — 2(1 — Nas = Uy (t)dy + Us(t)d3. (15)
From (12) and (14), we have
C1 — —dl, (16)
and
2(1 — N\)%a3 = UL (t)(c] + d3). (17)
Now by summing (13) and (15), we obtain
2(A\? — 2\ + 1)a3 = Uy (t)(c2 + do) + Ua(t)(c] + d}). (18)
By putting (17) in (18), we have
ﬂﬁ—aA+1y—¥€@N1—M2a}:m@x@+dg. (19)
Ui (t)
By considering (5) and (19) together, we obtain
2t\/2t
lag| < T x (20)

Now, so as to find the bound on |as|, let’s subtract from (13) to (15). So, we
find

A1 = Nag — 4(1 — Naz = Uy (t)(ca — d2) + Ua(t)(cF — di). (21)
Then, in view of (16) and (17), we obtain from (21)
UE(t) 2, o, Ui
=—" d —————(cg — da). 22
By considering (5), we get
42 ¢

|a3\ < + . (23)

1-N2  1-A
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3. FEKETE-SZEGO INEQUALITY FOR THE FUNCTION CLASS Mx (A, t)

The following theorem is the solution of the Fekete-Szego problem in My (A, ).

Theorem 2. Let f given by (1) be in the class Mx (A, t) and p € R. Then

=1 < 5

&~ S
Ny Ny

t
T—x°
lag — pa3] < < sl _
(Il,f()lz , lp—1>1

Proof. From (19) and (21)

U3(t)(62 + d2) U1 (t)(CQ — d2)
— pa3 = (1 — 1 24
ag = pay = (1= p)55— NEU2(1) —2(1- N2Ua(t) T 4(L— ) (24)
— i) | () + =) e+ (Bl) — ) d (25)
-1 Brga—n )@ B=da =) "
where ( U2
h(p) = 26
W) = SN2 — 201 = 220s (0. (26)
Then, by taking modulus of (25) and considering (5) , we have
ey 0 < [h(p)] <
dn— a2 < 4 TR (1 N
93 = B S\ wen()l, G| 2 sy
Taking u = 1, we have the following corollary.
Corollary 3. If f € Mx(A,t) , then
jas — a| < T (27)
@Ml =Ty
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