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FEKETE-SZEGO TYPE COEFFICIENT INEQUALITIES FOR A
NEW SUBCLASS OF ANALYTIC FUNCTIONS INVOLVING THE
QR-DERIVATIVE OPERATOR

S. BurLut

ABSTRACT. We introduce a new subclass of analytic functions of complex order
involving the g-derivative operator defined in the open unit disc. For this class,
several Fekete-Szego type coefficient inequalities are derived. Various known special
cases of our results are also pointed out.
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1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form
o
f(z) :z—l—Zakzk (1)
k=2
which are analytic in the unit disk

U={z€C:|z| <1}.

Also let S denote the subclass of A consisting of univalent functions in U.
Fekete and Szegd [8] proved a noticeable result that the estimate

|ag — pa3| < 1+2exp(%) , 0<p<l (2)

holds for f € S. The result is sharp in the sense that for each p there is a function
in the class under consideration for which equality holds.
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The coefficient functional

1

()= 05 mai=g <f 0 -2 (s <o>)2>

on f € A represents various geometric quantities as well as in the sense that this
behaves well with respect to the rotation, namely

Pu (e_wf (ewz)) = eQingSM (f) (eR).
In fact, other than the simplest case when

b0 (f) = as,

we have several important ones. For example,

¢1 (f) = as — a3

represents Sy (0) /6, where Sy denotes the Schwarzian derivative

0= (75) 2 (75)

Moreover, the first two non-trivial coefficients of the k-th root transform

1
(f(zk)> P =z ck+1zk+1 + 02k+1z%+1 + -

of f with the power series (1), are written by

ag
c = =
k+1 A
and ( ) )
_as k—1)a3
Cok+1 = L + 2]{?2 )
so that
as — ,ua% =k (62k+1 — Jci_H) ,
where b1
6= pk+——.
MK+ 5

Thus it is quite natural to ask about inequalities for ¢, corresponding to sub-
classes of S. This is called Fekete-Szegd problem. Actually, many authors have
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considered this problem for typical classes of univalent functions (see, for instance
[1,2,4,5,6,7, 8,11, 12, 13, 14, 15]).

For two functions f and g, analytic in U, we say that the function f(z) is
subordinate to g (z) in U, and write

f(z) <g(z) (2€0),
if there exists a Schwarz function w (z), analytic in U, with
w(0)=0 and |w(2)|<1 (z€0),

such that
f(z)=g(w(z) (2€0).

In particular, if the function g is univalent in U, the above subordination is equivalent
to

f(0)=g(0) and f(U)Cg(U).

Quantum calculus is ordinary classical calculus without the notion of limits. It
defines g-calculus and h-calculus. Here h ostensibly stands for Planck’s constant,
while ¢ stands for quantum. Recently, the area of g-calculus has attracted the serious
attention of researchers. This great interest is due to its application in various
branches of mathematics and physics. The application of g-calculus was initiated
by Jackson [9, 10]. He was the first to develop g¢-integral and g¢-derivative in a
systematic way. Later, geometrical interpretation of g-analysis has been recognized
through studies on quantum groups. It also suggests a relation between integrable
systems and g-analysis. A comprehensive study on applications of g-calculus in
operator theory may be found in [3].

For a function f € A given by (1) and 0 < ¢ < 1, the g-derivative of function f
is defined by (see [9, 10])

f(gz) — f(?)
(g—1)2

Dyf (0) = f'(0) and D2f (z) = Dy (Dyf (2)) . From (3), we deduce that

Dyf (2) = (2 #0), (3)

Dof (2) =1+ Y [K], arz""", (4)
k=2
where . N
k], = — (5)
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As ¢ — 17, [k], — k. For a function g (z) = 2F. we get

lim (Dq (zk)> =kl =g/ (2),

q—1—

where ¢’ is the ordinary derivative.
We denote by P the class of all functions ¢ which are analytic and univalent in
U and for which ¢ (U) is convex with

v(0)=1 and R{p(z)} >0 (z€0).

By making use of the g-derivative of a function f € A and the principle of
subordination, we introduce the following subclass.

Definition 1. A function f € A is said to be in the class Mg"b (p) (0<A<1,be
C\ {0}, p € P) if it satisfies the following subordination condition:

1 (wm (2)

l—i—b 7 (2) —1><g0(z) (z €U),

where Fy (2) = AzDgf (2) + (1 = X) f(2).
Remark 1. (i) If we set A = 0 in Definition 1, then we have the class
Map () = Sy (#)

which consists of functions satisfying

1 (z2D.f (2)
b < f(2)

(ii) If we set A =1 in Definition 1, then we have the class
Map () = Cap ()

which consists of functions satisfying

1 ( Dy (2Dqf (2))
b < Dyf (2)

b
The classes Sgp (¢) and Cyp, () was introduced and studied by Seoudy and Aouf
[16].

1+ —1)<g0(z) (z € U).

—1><g0(z) (z€U).
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Remark 2. We also get
Jim Mgy (9) = M3 ()

which consists of functions satisfying
! ( 2F (2) + A (2)
b\ Azf'(z2)+(1—=A) f(

We shall require the following lemmas.

Z)—1><g0(z) (z€ ).

Lemma 1. [17] Let p € P with p(2) = 1+ c12 + c222 +--- . Then for any complex
number v
o — VC%‘ <2max{l, [2v — 1|},

and the result is sharp for the functions given by

_1+z2
1= 22

14z
11—z

p(z) and p(z)

Lemma 2. [15] If p € P with p(2) =1+ c12 + c22®> + -+, then

—4v+2 , v<0
’cz—ycﬂg 2 , 0<v<l1
4y — 2 , v>1

When v < 0 or v > 1, equality holds true if and only if p(z) is %fz

or one of its

rotations. If 0 < v < 1, then equality holds true if and only if p (z) is %f;; or one

of its rotations. If v = 0, then the equality holds true if and only if

1 1\14z (1 1\1-z
_(1. 1 Z_ 2 <n<i1
p(2) (2+2">1—z+<2 2">1+z (Osnsl)

or one of its rotations. If v = 1, then the equality holds true if and only if p(z) is
the reciprocal of one of the functions such that the equality holds true in the case
when v = 0.

Although the above upper bound is sharp, in the case when 0 < v < 1, it can be
further improved as follows:

1
‘02—1/0%|+1/]01]2§2 (0§V§2>

and
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2. FEKETE-SZEGO PROBLEM FOR THE FUNCTION CLASS .Mq’\b (¥)
Unless otherwise mentioned, we assume throughout this paper that the function

0<A<1,0<q<1,beC\{0},p€P,Ik], is given by (5) and 2 € U.

Theorem 3. Let o (2) =1+ Biz + Boz? + B3z3 + .-+ with By # 0. If f(2) given
by (1) belongs to the function class M;\b (@), then for any complex number u

| B1b|
az — paz| < 6
g s < (1B,-1) (1= 2+ 13,2 )
B Bib (13, ~ 1) (1= 2+ 13,2
xmax < 1, | = + 1-— 5 1
B R —1 (121, - 1) (1-2+12,0)
The result is sharp.
Proof. If f € M;"b (), then we have
h(z) <¢(2),
where | /2D.F
h(z)zl—l—b('z";/\(/\zj)zv)—l):1+h12+h2z2+--- (7)
with Fy (2) = AzDyf (2) + (1 — A) f (2) . From (7), we have
h = % (12, 1) (1-A+12,2) s, (8)

hy = % ([3]q - 1) (1 — A+ 3, /\> as — ([2]q - 1) (1 A [2]qA)2a§. 9)

Since ¢ (z) is univalent and h (2) < ¢ (2), the function

1497 (h(2)

— 2 3
p1(2)— 1_@_1<h(2)) =14+ciz+coz”+c3z”+---

is analytic and has a positive real part in U. Also we have

o= (o)
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Thus by (7) — (10) we get
B Bicib
" ([Q]q - 1) (1 A+ [Q]q)\> ’ )
Bib 1 B Bib
©T ([3]q - 1) (11— A+ [3]qA) [62 2 (1 B Fj - [2]q1— 1) C%] - (12)

Taking into account (11) and (12), we obtain

Bib
2 ([3]q - 1) (1 A+ 73], A)

az — pas = (c2 — 50?) ) (13)

where

s 1|, B B 1_([3](,—1)(1—“[3]@)

2| B 2,1 (21,-1) (1=2+ [Q]q)\)2

Our result now follows by an application of Lemma 1. The result is sharp for the
functions

1 ZDq]:,\(Z)_ — (s an 1 M_ =v(z
L (BT 1) o) ma g (R 1) —ee)

(14)

This completes the proof of Theorem 3.

Corollary 4. Taking A =0 and A = 1 in Theorem 3, we get [16, Theorem 1] and
[16, Theorem 2], respectively.

Taking ¢ — 17 in Theorem 3, we obtain the following result for the functions
belonging to the class Mj ().

Corollary 5. Let ¢ (2) = 1+ Byz + Boz? + B3z + -+ with By # 0. If f (2) given
by (1) belongs to the function class Mﬁ (p), then for any complex number u

‘a —an‘ < M
TN
By 2(1+2/\)) }
xmax{1, | =2+ (1- 22220 Bib| b
{ B, ( TSN

The result is sharp.
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Corollary 6. Taking A =0 and A =1 in Theorem 5, we get [16, Corollary 1] and
[16, Corollary 2/, respectively.

Theorem 7. Let ¢ (z) =1+ Biz + Byz? + B323 4+ -+ with By > 0 and By > 0. If
f(2) given by (1) belongs to the function class M(;b (p) with b > 0, then

|ag — paj| <
Dab Byb? 1 _ 2 <
(181,—1) (1=A+[3],2) + ([21,—1) {([3]q1)(1>\+[3]q>\) ([2]q—1)(1—x+[2]qx)2} , w<og
Bib
([3];1)(117“[3]&) , o1 <p<os
— Bab B’ 1 B . -
(B, 1) (1-2+31,A) — (121,-1) |:([3]q—1)(1—/\+[3]q,\) ([qu_l)(l_quA)z} y =02

where

([2]q - 1) (1 A+ ]2, )\>2 :be + ([z]q - 1) (B — Bl)}
([3]q - 1) (1 — A+ 3, A) B2

([2]q - 1) (1 — A+ (2, )\>2 :be + ([2]q - 1) (B + Bl)}
([3]q _ 1) (1 — A+ 3], >\> B2

([2]q . 1) (1 A+ ]2, )\>2 :B%b + ([z]q - 1) Bg}

If o1 < p < 03, then

T

([2]q _ 1)2 (1 A+ [2}q>\>2
([3]q - 1) (1 — A+ 3, A) B2

o (- (13~ 1) (1= 2+13),2) "
([2]q - 1) ([2]q - 1) (1 —A+ (2], A)Qu i
Bib

([3]q . 1) (1 ~ A+ 3], /\) '

+

X Bl—BQ—

<
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Furthermore, if o3 < pu < o9, then
|as — pa3]

([Q]q - 1)2 (1 A+ ]2, /\>

2

" ([3]q - 1) (1 — A+ 3, A) B2
D P (13, ~1) (1= 2+13),2) o
T ([2]q - 1) ([2]q - 1) (1 —A+[2, /\)ZM i

< Bib .
- ([3]q _ 1) (1 p [3]q)\)

Each of these results is sharp.

Proof. Applying Lemma 2 to (13) and (14), we can get our results. On the other
hand, using (13) for the values of o1 < u < o3, we have

B1b
|lag — pa3| + (u— 1) asf = - |y — 6cf|

2 ([3]q - 1) (1 A [3}qA)
B |ea|?
4 ([Q}q - 1)2 (1 A+ [2]q>\>2

Bqb
= ! {|02—5C%‘+5]c1]2}

2 ([3]q - 1) (1 ~ A+ 3, A)
Bib

<[3]q . 1) (1 ~ A+ 03], /\) '

+ (u—o1)

IN
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Similarly, for the values of o3 < u < 09, we get

Bib

20 = o3| + (o2 =) ool = 2 (31, ~ 1) (1= A+ 81, A) 2 = e
oy Bib? |ea|”
e M)4<[2]q—1>2<1—/\+[2]q)\)2
Bib
BRI L
Bib

IN

([3]q -1) (1 — A+ 3], A) '

To show that the bounds asserted by Theorem 7 are sharp, we define the following
functions:

K,, (2) (n=2,3,...),
with
Ky, (0)=0=K (0)—-1,

by
<zD Kon

1) e ).

G 1!
b
nd G ()(0<77<1) with

and the functions F;, (2) a

Fp(0)=0=F (0)—1 and G, (0)=0=G,(0)-1,

respectively. Then, clearly, the functions K, , F,, G, € Mé\,b (p). If u < o1 or
p > o2, then the equality in Theorem 7 holds true if and only if f is K, or one of
its rotations. When o1 < pu < o9, then the equality holds true if and only if f is
K, or one of its rotations. If i = o1, then the equality holds true if and only if f
is I}, or one of its rotations. If u = o2, then the equality holds true if and only if f
is G, or one of its rotations.

by

and
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Corollary 8. Taking A =0 and A\ = 1 in Theorem 7, we get [16, Theorem 3] and
[16, Theorem 4], respectively.

Taking ¢ — 17 in Theorem 7, we obtain the following result for the functions
belonging to the class Mj ().

Corollary 9. Let ¢ (2) = 1+ Byz + Byz? + B3z3 + -+ with By > 0 and By > 0. If
f (2) given by (1) belongs to the function class M3 (@) with b > 0, then

Bab 1 212
sty T [2(1—&-2)\) - (1f>\)2} Bib ;o p=on
Bib
|as — W%‘ < 2032n , o1 < pu<oy
Bab 1 2192
_2(1+22A) - [2(1—1—2)\) o (14:&)2] Bib® . p=o02

where

(1+A)? [Bb+ By — Bi]

o= 2(1+2\) B

(1+A)? [BYb+ By + By
7z = 2(1+2\N)B%
vy — (1+X\)?[B}b + By]

2(1+2)\) B%
If o1 < p < o3, then

2
9 (1+X) 2(142)) 9 9
_ _UFN g B — (1212 ) By,
|as ua2|+2(1 YR 1 )\)Qu 10 ¢ lasl

Bib
< -
= 2(1+2))

Furthermore, if o3 < u < g9, then

5 (1+))° 2(1+2)\) 1\ )
= Y IBi+ B+ (1) B
a3 = nos| + 5 Ty s \ P H Pt TESAY A A

Bib
< -
= 21120

Each of these results is sharp.

Corollary 10. Taking A =0 and A =1 in Theorem 9, we get [16, Corollary 3] and
[16, Corollary 4], respectively.
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