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ABSTRACT. In this paper a certain multiplier operator of p-valent functions is
defined. Moreover, subordination- and superordination-preserving properties for a
class of multiplier operators defined on the space of normalized analytic functions in
the open unit disk is obtained. Also by applying these results, sandwich theorems
and generalizations of some known results are obtained.

2010 Mathematics Subject Classification: 30C45.

Keywords: Differential subordination, Differential superordination, Univalent
functions, Best dominant, Best subordinant.

1. INTRODUCTION

Observations: Let H(A) denote the class of analytic functions in the open unit disk
A={z:]z] <1}. Fora e Cand n € N, let

Hla,n) ={f € HA): f(2) =a+apz" +an12" +...}.
Also, let A(n) be the subclass of the H [0, n] the form
f(z)=2"+ Z a2, z € A.
k=n+1

Suppose that f and F' are in H(A). The function f is said to be subordinate
to F or F is said to be superordinate of f, if there exist a function w € H(A),
with w(0) = 0, and |w(z)| < 1 such that f(z) = F(w(z)) and we write f < F or
f(2) < F(z). If function F' is univalent in A, then we have

f < F <= f(0) = F(0) and f(A) C F(A).
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Let ¢ : C?> x A — C and H be analytic in A. If p is analytic in A and satisfies
the (first-order) differential subordination

o(p(2), 20 (2); 2) < H(2), (1)

is called a solution of the differential subordination. The univalent function ¢ is
called a dominant of the solution of the differential subordination, or dominant if
p < q for all p satisfying in (1). A dominant ¢ that satisfies ¢ < ¢ for all dominant
of g of (1) is said to be the best dominant.

Let ¢ : C? x A — C and H be analytic in A. If p and ¢(p(z), 2p/(2); ) are
univalent and p satisfies the (first-order) differential superordination

H(z) < ¢(p(2), 2p'(2); 2), (2)

then p is a solution of the differential superordination. An analytic function ¢ is
called a subordinant of the solution of the differential superordinate, or more simply
a subordinant if ¢ < p for all ¢ satisfying (2). A univalent subordinant ¢ that satisfies
q < ¢ for all subordinant of g of (2) is said to be the best subordinant.

Ali et al [1] have obtained sufficient conditions for certain normalized analytic
functions f(z) to satisfy ¢1(z) < Z}c((i) < q2(2), where ¢; and g2 are given univalent
functions in A with ¢1(0) =1 and ¢2(0) = 1.

Singh et al [14] defined the following multiplier transformation

o0

L(n,\)f(z) = 2P + Z (iii) w2 feHH[0,p,A\>0,neZ. (3)

For this operator, one easily gets

2(Ip(n, M) f(2))) = (p+ NIp(n + LA f(2) = Mp(n, M) f(2). (4)

Also, for -1 < B< A<1,0 >0, let Q;\(A,B,(s) be the class of function f € A(p)
such that

LI+ LNFG) | p= 0L Nf(2) 144z

- + ~ .

D zP D zP 1+ Bz
The family Q;}(A, B, ¢) is a comprehensive family containing various well-known as
well as new classes of analytic functions.

Earlier, the operator I;(n, \) was investigated by Cho and Srivastava [3] and Cho

and Kim [2], whereas the operator I (n, 1) was studied by Uraleaddi and Somantha
[15], I1(n,0) is well-known Salagean [12] derivative operator D", defined as

Df(z) = f(2), D'f(z)=2f"(z) and D"f(z) = D(D"""f(2)).
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Making use of the principle of subordinant between analytic functions Miller et
all [9] and more recently Ebadian et all [4] and Rahrovi [11] obtained some in-
teresting subordination theorems involving certain integral operators. Also Miller
and Mocanu [8] considered subordination-preserving properties of certain integral
operator investigations as the dual concept of differential subordination. In the
present investigation, using the technique in [4], we obtain the subordination and
superordination-preserving properties of the multiplier operator I(n, A) defined by
(3) with the sandwich-type theorems.

2. DEFINITIONS AND PRELIMINARIES
The following definitions and Lemmas will be required in our present investigation.

Definition 1. [7] We denote by Q the set of function q that are analytic and injective
on A\E(q) where
E(g)={¢€A: limg(z) = oo},

and ¢ (€) # 0 for € € IA\E(q).
Lemma 1. [7] Let h(z) be analytic and convex univalent in A and h(0) = a. Also
let p(z) be analytic in A with p(0) = a. If p(z) + @ < h(z), where v # 0 and
Revy > 0, then p(z) < q(z) < h(z), where
_ ’ -1
q(z) = ZV/O h(t)t" dt.
Furthermore q(z) is a convex function and is the best dominant.

Lemma 2. [8] Let h(z) be convex in A, h(0) = a,v # 0 and Rey > 0. Also
p€Hla,n]NQ. If p(z) + @ is univalent in A, h(z) < p(z) + @ and q(z) =
L[S h(®)t 1At then q(z) < p(2), and q(z) is a convex function and is the best
subordinant.

Lemma 3. [13] Let q(z) be a conver univalent function in A and ¢,y € C with
Re (1 + an(z)) > max{0, —Re %}, h(0) =a,y # 0 and Rey > 0. If p(2) is analytic

q'(2)
in A and Yp(z) + vzp'(2) < Yq(z) + vz¢'(2) then p(z) < q(z), and q(z) is the best
dominant.

Lemma 4. [7] Let q be analytic in A and let ©(w) and ¢(w) be analytic in a domain
D containing q(A) with ¢p(w) # 0 when w € q(A). Set

Q(z) = 2q¢'(2)0(a(2)), h(2) = O(q(2)) + Q(2),
and suppose that
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(1) Q(z) is starlike(univalent) in A;

(2) Re {Zg(iz))} >0 for z € A.

If p is analytic in A with p(0) = q(0) and p(A) C D, and

O(p(2)) + 21/ (2)¢(p(2)) < ©(a(2)) + 2¢'(2)¢(a(2)) = h(2)
then p(z) < q(z), and q is the best dominant.
Lemma 5. [6] For 8,y € C with 8 # 0 let h € H(A) with h(0) = ¢. If Re (Bh(z) + ) >
0, then the solution of the differential equation
/
)+ g = ),
with q(0) = ¢ is analytic in A and satisfies Re (Bq(z) + ) > 0.

Lemma 6. [5] suppose that the function H : C2 x A — C satisfies the following
condition Re H(pi,o) <0 for all real p and for all

o< —n(1+p%/2 neN:={1,2,3,...}.

If the function p(z) = 1+ ppz™+... is analytic in A and Re{H (p(z),zp'(2);2)} >0
then
Re p(z) >0, z € A.

Definition 2. [8] A function L : A x [0,00) — C is a subordination (or Loewner)
chain if L(-,t) is analytic and univalent in A for allt > 0, and L(z,-) is continuously
differentiable on [0,00) for all z € A, and L(z,s) < L(z,t) when 0 < s <t.

The next Lemma gives us a necessary and sufficient condition for L(z,t) to be a
subordination chain.
Lemma 7. [10] The function L(z,t) = a1(t)z + az(t)2? + ... with ai(t) # 0 and
limi—oolar(t)] = 0o is a subordination chain if and only if

20L/0z
Re( oL/t ) >0

Lemma 8. [7] Let p be analytic in A and q analytic and univalent in A\E(q) with
p(0) = q(0). If p is not subordination to q, then there is a point zg € A and & € OA

such that p(|z] < |z0]) C q(A),p(2z0) = q(&o), and zop'(20) = m&oq' (&) for some m,
m > 1.

Lemma 9. [10] Let q(z) be a conver univalent function in A and n € C, assume
that Re n > 0. If p(z) € Hla,n] N Q and q(z) + nzq'(z) < p(z) + nzp'(z) which
implies that q(z) < p(z) and q(z) is the best subordinant.
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3. SUBORDINATION FOR ANALYTIC FUNCTIONS

Throughout this paper, we will denote ¥, \ by
Yox={fe€Ad:I,(n,\)f(2) #0,2 € A}.

Theorem 10. For f € A(p) suppose that f € Q;}(A,B,é) and 0 < § < p(p+ A),
then f € QI);(A,B,O).

Proof. Let P(z) = W From the relation (3) we have

2P'(z)

I(n+1,\)f(2)
P+ A ’

4

+ P(z) =

Since f € QI))‘(A, B, ), we conclude that

1+ Az
1+ Bz’

0L, (n+1,N)f(2)  p—0IL(nAf(z) 0 P(» -
p 2P - p 2P _p(p—k)\)P()—FP()-<

Next, from Lemma 1, for v = @ (Re @ > O) it follows that

P(z) = W < q(z) = zl’Y /0 PO TdE < h(z) = iigz

Thus f € Q{D\(A, B, 0), furthermore ¢(z) is the best dominant.
Letting p =1 and A = 0 in the Theorem 10, we have the following corollary.

Corollary 11. If f € A satisfies

D"+1f(z)+(1_6>D"f(z) 1+ Az 550

1) < ) )
z z 1+ Bz -

D"f(z) _, 1+Az

Set p=1, A =0 and n =1 in the Theorem 10, we have the following corollary.
Corollary 12. If f € A and

zf(z) 1+ Az

7))~ =0

HORER T

then f'(z) < }igi
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Theorem 13. Let f € QI),‘(A,B,(S). If0 <6 <p(p+A), then

1
Re IL,(n,\) f(2) > p(p+ )\)Z,p@;rx) / P 1— Au du
2P 0 0 1— Bu

Proof. Let P(z) = W Then by Theorem 10, we have

p(p+ ) _p@+r) /1 potr) 1+ At 1+ Az
P(z) < 22—~/ 5 t o dt < .
(2) 5 0 1+ Bt 1+ Bz

This is equivalent to

L(n,\) f(z)  pp+A) /1 =S ) 1+ Auw(z) du
2P ) 0 1+ Buw(z)

where w(z) is Schwartz function. Therefore

Re (Ip(n,)\)f(z)> - p(p+/\)/1up(p5+A)_1R€<1+Auw(z))du
0

2P - J 1 + Buw(z)
p(p+A) /1 p+)) 1 — Au
5 0 v 1-— Budu

Thus

I,(n,\) f(2) _ p(p+ ) /1 2B 1 1+ Auzdu‘
2P 0 0 14 Buz

Such that for this function, we have
éIp(n +1L,AN)f(2) N p—01(n,\)f(z) 14+ Az
D 2P P 2P 14+ Bz’

Letting z — —1 yields

Iy(n,\) f(2) — p(p+ A) /1 up(p(;M) 1- Audu.
oD ) 0 1— Bu

Theorem 14. Let q(z) be univalent in the open unit disk A, 6 € C, and

/!
Re <1+Zq, (Z)) >0, 0>0.
7 (2)
If f € A(p) satisfies the subordination
S L(n+1,Nf(2) | (p—9) Lp(nA)](2)
p zP P 2P

62¢'(2)
plp+A)’

where Ip(n,\)f(z) is defined by (3), then W =< q(z) and q(z) is the best
dominant.

< q(2) + (5)
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Proof. Let

2P

Differentiating (6) with respect to z logarithmically, we have

2P'(z)  z2(Ip(n, \)f(2))

P(z)  IL(n,\)f(2)

Now, in view of (3), we obtain from (6) the following subordination

1) )
P(z) + ——2P'(2) < q(2) + ————2¢(2).
) p(p+A) () < az) p(p+ A) )
Then from the lemma 3, for v = ﬁ and ¢ = 1, we conclude that W < q(z)

and ¢(z) is the best dominant.

1+Az

175. in the Theorem 14 we arrive the following corollary.

Taking q(z) =

Corollary 15. Let -1 < B< A <1 and Re (HAZ) >0 If f € A(p) and

1+ Bz
éIp(n—l—l,)\)f(z)+(p—5)lp(n,)\)f(z) - 1—{—Az+ 0 (A— B)z
P 2P p 2P 1+ Bz pp+A)(1+ Bz)?
then Ip("’:;,)f(z) < }igi and %igz is the best dominant.

Putting p = 1,A = 0 and ¢(z) = %J_rz in the Theorem 14, we get the following

corollary.
Corollary 16. If f € A and

D" f(2) L _5)pD”f(z) 1+z N 262

o z z 1—2z (1-2)%

then %(Z) =< % and %f; 1s the best dominant.

Suppose p = 1, A = 0, n = 1 and g(z) = 1=

following corollary.

Corollary 17. If f € A and

in the Theorem 14, we have the

" 1+ 2 20z
1o (1S ) < T e 8>
then f'(z) < 22 and 122 is the best dominant.
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Theorem 18. Let q(z) be univalent in A, and v # 0, u € C and o, 8 € C such that
a+B#0. Let f € A(p) and suppose that q(z) satisfies

W) ()
re (1 - ) 7o )

If
zq'(2)
q(2)

14 [ozz(lp(n + LA f(2) + Bz(Ip(n,\) f(2))

ol (n+ LA f(2) + BT, NI (2) _p] <1+y

then

[alp(n +LAf(2) + mp(n’)\)f@r < q(2),

(a+ B)

and q(z) is the best dominant.

Proof. Let

P(z) = [alp(n + 1,N) f(2) + BIp(n, )\)f(z)r,

TR p>0, a+pB#0.  (8)

Differentiating logarithmically both side of (8) and multiplying by z, we get

2P'(2) . [Ozz(lp(n + 1L, f(2) + Bz(Iy(n,\) f(2))
P(z2) alp(n+ 1, f(2) + BI(n, \) f(2)

By setting ©(w) = 1 and ®(w) = v/w, we observe that ©(w) is analytic in C and
®(w) # 0 is analytic in C\{0}. Also, we let

h(z) = ©(g(2) + Q=) = 1 + vzj'(z). (©)

From (7) we see that (z) is analytic univalent in the unit disk A, and from (9), we

have ! z z " z z ! z
fre <Z£<(z>)> - fe (1 * ff'(i)) - qq<i>)> -0

An application of Lemma 4, we conclude that

[O‘Ip(” + 1L, A)f(z) + BIp(n, M) f(2)
(o + B)zP

o
} < q(2),
and ¢(z) is the best dominant.
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Suppose a =0, f=1,v =1 and ¢(z) = }igj in the Theorem 18, we arrive the

following corollary.

Corollary 19. If f € A(p) for -1 < B< A<1, u#0 and

2(Ip(n, A) f(2))' (A—-B)z
1 P —-pl <1 ,
“‘[ LNz Y T AT A Ba)
then [I”(n’z’\p)f(z)} < iig; nd %igz is the best dominant.

Putting a =0, 8 = 1,7:%,17: Lu=1,A=0andq(2) = ﬁ (beC\{O})
in the Theorem 18, we get the following corollary.

Corollary 20. Suppose f € A and b is nonzero complex number for which

1 [Z(an(z))' - 1] Ltz

1+5 D f(z) 1—2’

then D"g(z) =< 5 and = ) 55 1S the best dominant.

1
(1—2)2

Bysettingoz—()ﬂ 1, v=+ p—l,u—l)\—()n—landq(z):
= Z)Qb (b € C\{0}) in the Theorem 18 we get the following Corollary.

Corollary 21. Suppose f € A and b is nonzero complex number and

' (J{'/;()))ﬁtz’

1)% and = )% is the best dominant.

then f'(z) < a

By setting p = 1, (Il(n,)\)f(z) = Ifl‘f(z)) we get the following Theorems and
Corollaries.

Theorem 22. Let f,g € ¥, \, with A >0,a—-1>0,n¢cN and

Re (1+ (f) > e M) = Dagle), (10)

where

1+ (=121 (y—1)
4Re(y—1) ’

Re(y—1)>0. (11)

Then I, 1 f(2) < I 19(2), implies I f(2) < Ing(z). Moreover, the function I g(z)
is the best dominant.
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Proof. Let us define the functions F' and G by F(z) = I f(2), and G(z) = If;g(zf).
We can assume without loss of generality that G is analytic and univalent on A,
and G'(§) # 0 for |{] = 1. We first show that if the function ¢ is defined by

2G"(2)

=14+ ——= 12
then Re ¢(z) > 0. From (4) and the definition of ¢(z) and ¢(z), we obtain
2G'(z) A
= . 1
o) =220 4 2 ape) 13
Differentiating both of (13), we get
/ L 1"
¢ (2)=G"(2)+ 1+)\ZG (2).
Also, by definitions of ¢(z), we get
#(2) = 115G G) + o5 G ) (19
1+ A 1+ A

Logarithmical differentiation of (14) and through a little simplification, we obtain

Z(b// Zq/(Z)

)+ he) (15)
From (10) we have Re (h(z)+ A) > 0, and by using Lemma 5 we conclude that
the differential equation (15) has a solution ¢ € H(A) with ¢(0) = h(0) = ¢ and
Re(q(z) + (a — 1)) > 0. Let

1+

s
¢(7’7 S) T+ ﬁ + Y,

where v is given by (11). From (10) and (15), we obtain Re 1/1(q 2),2q'(z ) > 0.

Now we proceed to show that Re ¢ (pi,o) < 0) (p eR,0<—5(1+ 0?) ) or this

purpose we have

—_

M, (p)

Re ((pi,0)) < _W, (16)

where
My(p) = [N =292 2 = (A= D) [2y(A = 1) - 1].

For ~ given by (11), we note that M, (p) is a perfect square, therefore we see from
(16) that Re (v(pi,o)) < 0. Thus, by Lemma 6, we conclude that Re ¢(z) > 0.
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Therefor the function G defined by (12) is convex in A.
Now, we prove that F' < G. For this purpose we consider the function L(z,t) given
by

1+t A
_ _ < .
L(z,t) 1+/\zG(z)+1+)\G(z), z€N,0<t <0
Since G is convex and A > 0, we have
0L - t
w) = (50 =60 (1+ 1) #0
and L0 G(2)
2 2G" (2
Z@L/at_)\+(1+t)(1+ G’(z))'

According to G is convex and A > 0, we get Re (%) > 0. By Lemma 7, we

conclude that L(z,t) is a subordination chain. From the definition of subordination
chain, we have
2G'(z A
o() = 22
1+XA 14X
this implies that

G(z) = L(2,0), and L(z,0) < L(z,t), t €10,00),

L&) & L(A,t) = ¢(A). (17)
for € € OA and t € [0,00). Now suppose that F' is not subordinate to G. Then,
by Lemma 8, there exist points zp € A and & € OA such that F(zp) = G(&) and
20F (20) = (1 + )& G’ (&). Hence, we have
1+t , A o
L&, t) = { n 360G (&) + g 3 G(&0) = I f(20) € $(A).

But this contradicts to (17), thus we have F'(z) < G(z). Considering F = G, we
see that the function G is the best dominant. Therefore, we complete the proof of
Theorem 22.

Suppose that A = 0 and in the Theorem 22 we have the following result.
Corollary 23. Let ¢(z) = D" lg(2) and Re (1 + %) > —n, z € A. Then
D"l f(2) < D" g(z) implies that D™ f(z) < D"g(z)

By taking A = 0 and n = 1 in the Theorem 22 we have the following result.
Corollary 24. Let f,g € ¥, . If ¢(2) = D?g(2) = zf'(2) + 22 f"(2) and

/!
Z$>>—n z €A,

where 1 is given by (3.11), then D2 f(z) < D?*g(z) implies that zf'(z) < 24'(2).

Re <1+
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4. SUPERORDINATION FOR ANALYTIC FUNCTIONS

Theorem 25. Suppose f € A(p), 0 < <p(p+ ) and

_SLmALNIE) | (=) L NI

M (2) , g 5 g Hla, 1] NQ. (18)
If Mi(z) is univalent in A, %igi < Mi(z) and
oz) =L / " hyr—lat (19)
27 0 ’

e L VSC)
»(n, z
q(z) < ==
The function q(z) is the best subordinant.

Proof. If we let

P(z) — Ip(naz);)f(z)7 (20)

and h(z) = %ig'z, then (18) becomes h(z) < P(z) + ﬁzP/(z). Since h(z) is

convex and Rey = Re > 0, from Lemma 2 we conclude that ¢(z) < P(z),

plp+A)
where ¢(z) and P(z) given, by from (19) and (20) restrictively.

Theorem 26. Let q(z) be convex univalent in the open unit disk A, 6 € C, and
Re 6 > 0. Suppose that 711’("’:;)“2) € H[q(0),1]NQ. Let %711’(”+i;,)\)f(z) +Z%57[p(n’:;)f(z)
be univalent in the disk A. If

1) dI(n+1,N)f(2) +p—5Ip(n,)\)f(z)

e — / —
)+ ooty () < S S,

where I,(n, ) f(z) is defined by (3), then
L(n, M f(z)

a(z) < LS (21)

and q(z) is the best subordinant.

Proof. Let

P(z) = 222 (22)
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By taking logarithmic derivative in both slide of (22) we get Zgég) = Z(;:((Z)’}))J{((ZZ)))/ —p,

after some computation, we have

0 Lp(n+1,M)f(2)  (p—=9) L(n,N)f(2)
P P -2 : P .
n (Z)+p(p+)\)z (z)-<p o + ’ o
According to Lemma 9, we get the desired result (21).

Corollary 27. Suppose that 6 € C and satisfies Re 6 > 0 and Iy(n,\)f(z) €
H[q(0),1]NQ. Let glp(nJri;’\)f(z) + (pgé) ’P(”ﬁ?ﬂz) be univalent in the unit disk A.
If

drAs 0 (A=B)e SLGHLNG) | =8 L)
1+Bz plp+AN)(1+Bz)?2 p 2P P zP '
Then }igi < Ip(n’z);,)f(z) and }ig‘z is the best subordinant.

Corollary 28. Let 6 # 0, f € A and f'(2) € H[q(0),1]NQ. Let f'(2) (1 + 51{,’;;))
be univalent in the unit disk A. If
26z 142 , 2f"(2)
1 .
ot <P (1

Then 2 < f'(2) and 12 is the best subordinant.

Theorem 29. Let q(z) be convex univalent in A, § € C, and v # 0,u € C and
a, 3 € C such that a« +  # 0. Let f € A(p) and suppose that

[alp(n +1,N) f(2) + BL,(n, N f(2)
(at B

]“eﬂmwxum@

and
I+yu

[ozz(Ip(n + LAf(2) + B2(Ip(n, ) f(2) p]
aly(n+1,A) f(2) + BIp(n, N) f(2) ’
is univalent in A. If

2q'(2)

1+7v -<1+7/~L[
q(z)

az(Ip(n + 1, N f(2)) + Bz(Ip(n, N f(2))" p]
alp(n+1,N) f(2) + BL,(n, ) f(2) ’

aly(n+1,N) f(2) + BIy(n, /\)f(z)]“
(0t B ’

then

q(2) < [
and q(z) is the best subordinant.

Theorem 30. Let f,g € 3y, if ¢(2) = 7’1\Hg(z) and Re (1 + Z(f,//) > —n, z €A,

where 0 is given by (11), also let the function I, | f(z) be univalent in A and
I)f(2) € Q, then the following subordination relationship I, 19(z) < I),1f(2),
implies 1)g(2) < I} f(2). Moreover, the function I)g(z) is the best subordinant.
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5. SANDWICH RESULTS

Combining results of differential subordinations and superordinations, we arrive at
the following ”sandwich results”.

Theorem 31. Let q1(2) and g2(2) be convex univalent in the open unit disk A and
0 € C satisfies the relation Red > 0, and qo satisfies (5). If

Lp(n, A) f ()

2P

€ H[q(0),1]NQ

and
5 I,(n+LNFG) | (0= 8) Ln V()

p zP p 2P

are univalent in the disk A, and satisfy the following subordination relationship

i L ShEELNGE) | (-8) L))
N ) < 2P T

4 /
= 92(2)+WZQ2(3),

q(z) +

where Ip(n, \) f(z) is defined by (2.1), then
Ly(n, M f(2)

o =< QQ(Z).

q1(2) <
and q1(z) and q2(z) are, respectively, the best subordinant and the best dominant.

Theorem 32. Let q1(z) and q2(z) be convex univalent in A and 6 € C and v # 0,
uw € C and o, € C such that o + B # 0. Suppose that qa(z) satisfies in (7).
Moreover suppose that

{aIp(n + 1,A) f(2) + BL,(n, N) f(2)]"
(a+ B

€ H[q(0),1]NQ,

and

az(lp(n+1, M) f(2)) + Bz(Ip(n, N) f(2))" p]

L+yn [ alp(n +1,A) f(2) + Blp(n, \) f(2)

are univalent in A. If

244 (2) az(lp(n+1, M) f(2)) + Bz(Ip(n, N f(2))"
e I,(n+ LA () + BL,(n N (2) 7
< 14 zqé(Z)’
")
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then

< q2(2).

a(z) < alp(n+1,N) f(z) + BIp(n, )\)f(z)]u

(a+ B)

and q1(z) and q2(z) are, respectively, the best subordinant and the best dominant.

¢/
z € A, where 1 is given by (3.11), also let the function I,;\Hf(z) is univalent in A
and I7)L‘+1f(z) € @, then the following subordination relationship

Theorem 33. Let f,gr € Spn (k=1,2) if (z) = I)g(2) and Re <1 + wu) > -1,

Lagi(2) < Iy f(2) < Inyaga(2),
implies
I01(2) < I f(2) < I ga(2).
Moreover, the function I)g1(z) and I)ga(2) are, respectively, the best subordinant
and the best dominant.
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