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ON STARLIKE FUNCTIONS INVOLVING A CERTAIN
DIFFERENTIAL OPERATOR

R. BRAR AND S. S. BILLING

ABSTRACT. Using the technique of differential subordination, we here, obtain
azf"(z) zf'(2)
=) [z

certain sufficient conditions involving the differential operator 1+

for f € A, to be parabolic starlike and starlike.
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1. INTRODUCTION

Let A, denote the class of functions of the form

which are analytic and p-valent in the open unit disk E = {z : |z| < 1}. Obviously,
A; = A, the class of all analytic functions f, normalized by the conditions f(0) =
f/(0)—1 = 0. Let the functions f and g be analytic in E. We say that f is subordinate
to g in E (written as f < g), if there exists a Schwarz function ¢ in E (i.e. ¢ is
regular in |z| < 1,¢(0) = 0 and |¢(z)] < |z| < 1) such that

f(2) = g(o(2)), |2 < 1.

Let @ : C2 x E — C be an analytic function, p an analytic function in E with
(p(2), 2p'(2);2) € C? x E for all z € E and h be univalent in E. Then the function p
is said to satisfy first order differential subordination if

D(p(2), 2p'(2); 2) < h(z), ®(p(0),0;0) = h(0). (1)
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A univalent function ¢ is called a dominant of the differential subordination (1) if
p(0) = ¢q(0) and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies § < ¢ for
all dominants ¢ of (1), is said to be the best dominant of (1). The best dominant is
unique up to a rotation of E.

A function f € A, is said to be p-valent starlike of order (0 < o < p) in E, if

R (?:;i?) > o,z € E. (2)

Let S;(a) denote the class of p-valent starlike functions of order a. Note that
S,(0) = S, which is the class of p-valent starlike functions.
A function f € A, is said to be p-valent parabolic starlike in E, if

* (5w )~ [T

We denote by S%, the class of p-valent parabolic starlike functions. Note that
871, = Sp, the class of parabolic starlike functions. Define the parabolic domain {2

as under
Q={u+iv:u>+/(u—p)?+0v2}

-8 (e (12)

maps the unit disk E onto the domain €. Hence the condition (3) is equivalent to

2f'(2)
f(2)

—pl,z €eE. (3)

Clearly the function

<q(2),z €E,

where q(z) is given above.
Ronning [2] and Ma and Minda [1] studied the domain © and the above function

¢(z) in a special case where p = 1.
/ "
) g, )

f(2) f'(2)

important role in obtaining the sufficient conditions for starlikeness and convexity of
normalised analytic functions. Many authors have used various combinations of the
above operators to define different classes of analytic functions and have obtained
the different criteria for univalence, starlikeness and convexity of analytic functions.
azf"(z) zf'(z
ONEIOIN
f'(z)  f(2)
been studied by different authors to obtain the sufficient conditions for starlikeness
of normalised analytic functions. In fact, in 2006, Obradovi¢ et al. [4] studied the

In univalent function theory, the operators have played an

One such combination comprising the differential operator 1+
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azf"(z) _ zf'(2)

differential operator 1 + —; — and obtain certain sufficient conditions
f'(2) f(2)

for starlikeness involving the above operator. They proved the following result:

Theorem 1. Let f € A and a € (—00,0) U [2/3,00). Then we have

azf"(z)  zf(z2) (a—1)]a| 2z 2z
PR M e 1o

where G is the conformal mapping of the unit disk E with G(0) =1 and

G(E) =C\ {w €C: Rw) = (1_;‘)”' 1S(w)| > |afy/3 — 2/a} :

1+ =G(z)= feS”,

Recently, Singh et al.[5] further investigated the work of obradovi¢ and obtained
certain sufficient conditions for starlikeness which in particular, represent the correct
version of the above result of Obradovic et al. In fact they proved the following result:

2f'(2)
f(2)

Theorem 2. Let o € (—00,0)U[2/3,00) be a real number. If f € A, #0inE,

satisfies the differential subordination

azf"(z)  zf'(z) z z
1+ e ) =< 2(a—1)1_z+2a1_z2

where F(E) is given by

= F(z), then f € 8%,

F(E) =C\ {w eC:Rw)=1—a,|S(w)| > v3a2 — Qa} .

The main objective of the present paper is to obtain the sufficient conditions for

"
parabolic starlikeness of f € A, in terms of the differential operator 1 + M —
f'(z)
2f'(2) . : :
) As a consequence of our main result, we also obtain the starlikeness of
z

f € A, and in particular f € A, expressed in terms of above operator.

2. PRELIMINARIES

To prove our main results, we shall use the following lemma of Miller and Mocanu
3], p.132).
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Lemma 3. Let q be a univalent in E and let 0 and ¢ be analytic in a domain D
containing q(E), with ¢p(w) # 0, when w € q(E). Set Q(z) = z¢'(2)d[q(2)], h(z) =
0lq(z)] + Q(z) and suppose that either

(i) h is convex, or

(ii) Q is starlike.

In addition; assume that

(iii) R (i;é?) > 0 for all z in E.

If p is analytic in E, with p(0) = q(0), p(E) C D and

O0[p(2)] + 2’ (2)¢lp(2)] < Ola(2)] + 2¢'(2)¢lq(2)], z € E,

then p(z) < q(z) and q is the best dominant.

3. MAIN RESULTS

Theorem 4. Let a # 0, be a complex number. Let q(z) # 0, be a univalent function
in E such that

2q"(2)  2q'(2) s 11—« B
#[1+ 53 - 5] e o (5 e} W
If f € A, satisfies
02f"(2) ) o 0x()
1 S HE e+ S e
then (2)
i) <q(z),z € E.
i 1(2) =u(z), in we obtain:
Proof. Write oie) (z), in (5), btain:
azu/(z) 2q'(2)

(1—a)(1 —pu(2)) + < (1—a)(1 —pg(2)) + =

u(z)
Let us define the function 6 and ¢ as follows:

O(w) = (1 — o) (1 — pw)

and o

P(w) = w
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Obviously, the function 6 and ¢ are analytic in domain D = C\ {0} and ¢(w) # 0
in . Therefore,

Q(2) = ¢(q(2))2¢/'(z) = azq'(z)

q(2)
and
h(z) = 0(q(2)) + Q(2) = (1 — a)(1 — pa(2)) + aj(]z()z)
On differentiating, we obtain Zgéj) 14 Z:I]I/;(ZZ)) B Z;];S) and
zh(2) B 2q"(2) _ 2 (z2)  pla—1) i
O O T

/
In view of the given conditions, we see that Q is starlike and (ZS (Z)) > 0.

Therefore, the proof, now follows from Lemma 1.1.

4. PARABOLIC STARLIKENESS:

2 1 2
Remark 1. When we select the dominant q(z) = 1+ — <log< + ﬁ)) in
0
Theorem 4, a little calculation yields that

44/z 1++/z

L)) 1t Vi ity log (1)

(2) T 2(1- L+yz) 1) 2

q(z) q(2) (1-2) (1—2)log (1j£) 1+ % (]og <1f£))

e 14z
Zq//(z) _zq/(Z) +p(0[ — l)q(z) _ 1+2 + \/E N m2(1—2) log (1_\/5)
A G () e 4 ()
pla—1) 2 1+v2\\?
—1—7& 1+71_2<10g(1_ﬁ .

Thus for a € R\ [0, 1), we notice that q(z) satisfies the condition (4). Therefore, we
immediately arrive at the following result.

Theorem 5. Suppose o € R\ [0,1) and if f € A, satisfies

0xf'e) =) [ [ (1A
YRe e ){1 y w2<lg<1—ﬁ>>}

69



R. Brar and S. S. Billing — On starlike functions ...

iy log (127F)

2 (s (122))

T B (1) e

5,2 €K,

then

Setting o = 1 in Theorem 5, we get:

Corollary 6. If f € A, satisfies

LA | wEes(EE)
/ 2 7
OO (e (125)
then 2
/ 2 1+ .
T Ly 2 (o (120F)) e re s,

Setting p = 1 in Theorem 5, we get:
Corollary 7. Suppose « € R\ [0,1) and if f € A satisfies

azf"(z)  2f'(2)  2(a—1) o 1+v2\?
YTe e e QgG—ﬁ>>
wg?fﬁ) log <i£)

5,2 €EE,
e E)

z;;S) <1+% <log<1i_£)>2 ie. [ €Sp.

then

5. STARLIKENESS WITH DIFFERENT DOMINANTS:

1+(1-28)z

,0< B < 1in
1—=2

Remark 2. When we select the dominant q(z) =
Theorem 4, a little calculation yields that

1+ 2q"(z)  2q'(2) _ 1+ (1-2p)22
¢(z)  q(z)  (A-2)1+1-28)2)
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W) (@) po-1)  1+(1-28)2  pla—1) [1+(1-20)
5 4 T e T onra-29" a [ [

Thus for a € R\ [0,1), we notice that q(z) satisfies the condition (4). Therefore,
we, immediately arrive at the following result.

Theorem 8. Suppose o € R\ [0,1) and if f € A, satisfies

asf'(z) | 2f(2) p(1+ (1—26)2) 2(1 - )
L+ a < (I-a)jl- 1—2 ] (1—-2)(1+(1-28)2)’

f'(z) f(2)
0<pB<1,z€E,

then
2f'(z)  pll+(1-26)z
f(2) 1—2z

ie. f€8,(8).

Setting o = 1 in Theorem 8, we get:

Corollary 9. If f € A, satisfies

)G 20-p)
7 IE G- 1-28)2)

1+ ,0<B8<1,z€E,

then
2f'(2) _ pll+(1-26)z
f(z) 1—2 ’

Setting p = 1 in Theorem 8, we get:

Corollary 10. Suppose o € R\ [0,1) and if f € A satisfies

azf’(z)  zf'(z) e 14+ (1-28)z 2a(1 — B)z
e T < e - ()i

0<pB<1,z€E,

then
z2f'(z) ~ 1+(1-28)z

f(2) 1—z

1
Remark 3. When we select the dominant q(z) = 1 Rk in Theorem 4, a little

calculation yields that
w'2) 2(z) 144

YUl T 12
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2q"(2)  z¢'(z)  pla—1) ) 1+22 pla—=1) (1+2
— z) = .
q(2) q(z) a ! 1—22 a 1—2
Thus for a € R\ [0,1), we notice that q(z) satisfies the condition (4). Therefore,
we, immediately arrive at the following result.

Theorem 11. Suppose o € R\ [0,1) and if f € A, satisfies
azf"(z)  zf'(2) p(1+ 2) 20z
i) 1) 1—2 ] 1— 22

() p(l+2)
O T

1+ <(1—a)[1— z € E,

then

ie feS,.

Setting = 1 in Theorem 11, we get:
Corollary 12. If f € A, satisfies

14 2@) e 2=

fiz) flz) 122

then
zf'(2) | p(1+2)

< .
f(2) 1—=
Note: For p =1 in Theorem 11, we obtain the result of Singh et al. [5] stated in
Theorem 2.

Remark 4. When we select the dominant q(z) = €* in Theorem 4, a little calculation

yields that
2q"(2)  2q'(2) _

e )
W) () pa-1) L pla1)
YR T T ST

Thus for a € R\ [0,1), we notice that q(z) satisfies the condition (4). Therefore,
we, immediately arrive at the following result.

Theorem 13. Suppose o € R\ [0,1) and if f € A, satisfies
azf"(z)  zf'(z)

1+ 7 ) < (1 —a)(1—pe®*)+az,z€R,
then 72
z2f'(z . x
) < pe’ie fES,.
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Setting o = 1 in Theorem 13, we get:
Corollary 14. If f € A, satisfies

2f"(z) _ 2f'(2)

R T IR

<z,z€E,

then 7(2)
z2f'(z »
f(z) < pe”.

Setting p = 1 in Theorem 13, we get:

Corollary 15. Suppose a € R\ [0,1) and if f € A satisfies

azf"(z)  =f'(2)

1+ ) ) < (1-a)(1l—-¢€*)+azz R,
then (2)
) =< €.

Remark 5. When we select the dominant q(z) =14 az; 0<a <1 in Theorem 4,
a little calculation yields that

(') (s 1
"YU T4 1tas
W) () plo-1) 1 pla-1)
b 7(z)  aq(2) e )_1+az+ (1 +a2).

Thus for a € R\ [0,1), we notice that q(z) satisfies the condition (4). Therefore,
we, immediately arrive at the following result.

Theorem 16. Suppose o € R\ [0,1) and if f € A, satisfies

azf"(2)  2f'(2) a1 s aaz
1+ 70 O (I—a)[1—p(1+ )]+—1+az

,2€E0<a<1,

then
zf'(2)
f(2)

<p(l+az)ie. fe€S,.

Setting o = 1 in Theorem 16, we get:
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Corollary 17. If f € A, satisfies

z2f"(z)  zf'(2) az
P& f)  1+az

1+ ,2€E0<a<1,

then
zf'(2)

f(z)

Setting p = 1 in Theorem 16, we get:

< p(l+az).

Corollary 18. Suppose a € R\ [0,1) and if f € A satisfies

azf"(z)  zf(z2) aaz
1 — -1 E,0< 1
+ 702) ) < ala )z+1+az,ze ,0<ax<1,
then 7(2)
z2f'(z
<1+az.
f(2)
) 1+2\" .
Remark 6. When we select the dominant q(z) = 1=, 0 <y < 1in Theorem

4, a little calculation yields that

2q"(z)  z2q(2) _ 1422
q(2) q(z)  1—22

2q"(z) z2q'(2)  pla—1) 1+2° pla=1) (142)"
7)) q(z) o q(z):1_22+ a <1—z> '

1+

1+

Thus for a € R\ [0,1), we notice that q(z) satisfies the condition (4). Therefore,
we, immediately arrive at the following result.

Theorem 19. Suppose o € R\ [0,1) and if f € A, satisfies

azf"(z) _ zf'(2)

YRR I

< (1—a) [1 _p(+ 2)7} 207z

0<~<1,z€E,
L—2)p | 1227207

then
2()  p(+2)”

fz) (=2

, ie. fES,.

Setting o = 1 in Theorem 19, we get:
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Corollary 20. If f € A, satisfies

') ') | 2
) f) 1-

14 ©0<y<1,z€E,
z

then
() pll+2)

flz) (=2
Setting p = 1 in Theorem 19, we get:

Corollary 21. Suppose a € R\ [0,1) and if f € A satisfies

402 @) 2FE) (1-a) {1— <1+Z>7] L 29 G <y<1,zeE

f'(z) f(2) 1—=z 1— 22
then
2f'(2) . 1+2\"
f(z) 1—z)
. O/(l - Z) / .
Remark 7. When we select the dominant q(z) = ———=, o > 1 in Theorem 4,
o —z
a little calculation yields that
L) ) 1

¢(z)  qz) 1-z «a

2q"(z) 2q(z)  pla—1) v 1 z  pla-1) (a'(1-2)
L+ q(2) q(z) + a a(z) - to—2" & ( o — 2z >

Thus for a € R\ [0,1), we notice that q(z) satisfies the condition (4). Therefore,
we, immediately arrive at the following result.

Theorem 22. Suppose o € R\ [0,1) and if f € A, satisfies

azf’(z)  z2f'(2) ol pa/ (1 — 2) az(l—a)
e i) Gl Rt )

1+ o >1,z€cE,

then
2(2)  pol(1=2)
f(2) of —z

, de. fES,.

Setting o = 1 in Theorem 22, we get:
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Corollary 23. If f € A, satisfies

') ) 21-d)
7 7 fE - -2

1+ , o >1,2€E,

then
() pal(l=2)
f(z) of —z

Setting p = 1 in Theorem 22, we get:

Corollary 24. Suppose a € R\ [0,1) and if f € A satisfies

axf'(z)  2f(2)
YRR T e

; o >1,2 €E,
o —z

/(1 — z)] az(l— o)

< t-ai- -2 2’

then P2 a1
yA VA (6% — Z
TS
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