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MULTIPLE SOLUTIONS FOR A CLASS OF KIRCHHOFF TYPE
PROBLEMS IN ORLICZ-SOBOLEV SPACES
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ABSTRACT. This article deals with the existence of at least three weak solutions
for the following Kirchhoff type problems in Orlicz-Sobolev spaces. Our main tool
is a variational principle due to G. Bonanno [4].
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1. INTRODUCTION

Let © be a bounded domain in RY (N > 3) with smooth boundary 9. Assume
that a : (0,00) — R is a function such that the mapping, defined by

a(|t])t  for ¢t # 0,
t) =
() {0, for t =0,

is an odd, increasing homeomorphisms from R onto R. For the function ¢ above,
let us define

t
O(t) = / o(s)ds for all t € R,
0

on which will be imposed some suitable conditions later.
In this article, we are concerned with a class of Kirchhoff type problems in
Orlicz-Sobolev spaces of the form

{—M(fQ@(\VUDdl‘)diV (a(!VuI)Vu) = Af(z,u) in (;’Q (1)
u = 0 on )

where M : [0,+0c0) — R and f: 2 x R — R are two continuous functions, and X is
a positive real parameter.
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Firstly, it should be noticed that if ¢(t) = p[t|P~2t for all t € R, p > 1 then
problem (1) becomes the well-known p-Kirchhoff-type equation
~M( o IVuPde)Apu = Af(z,u) in©, o

u = 0 on 0f2,

which has been intensively studied in recent years, see the papers [3, 7, 16, 21, 22, 26].
In the case when p(.) is a function, problem (2) has been also studied by many
authors, see for examples [2, 15, 17, 18]. Since the first equation in (2) contains
an integral over (), it is no longer a pointwise identity; therefore it is often called
a nonlocal problem. This problem models several physical and biological systems,
where u describes a process which depends on the average of itself, such as the
population density, see [8]. Moreover, problem (2) is related to the stationary version
of the Kirchhoff equation which was presented by Kirchhoff in 1883, see [20] for
details.

We point out the fact that if M(¢) = 1 and the function ¢(t) is defined above,
problem (1) becomes a nonlinear and non-homogeneous problem, namely,

{—div (a(Vu)Vu) = fl@u) i@, (3)
u = 0 on 0,

which has been studied by some authors in Orlicz-Sobolev spaces, we refer to [5, 6,
12, 13, 14, 19, 23, 24).

In this article, motivated by the works mentioned above, we shall study the
existence of solutions for problem (1). It is clear that this is a natural extension
from the earlier studies on Kirchhoff type problems in classical Sobolev spaces and
on nonlinear non-homogeneous problems in Orlicz-Sobolev spaces. More precisely,
using the ideas firstly introduced in the paper [4] and developed in [17] we want to
illustrate how to handle problem (1) in Orlicz-Sobolev spaces by using three critical
points theorem. Our situation here is different from those presented in the previous
papers [9, 10, 11] on the topic. Indeed, while in [9] we deal with problem (1) and
the superlinear and subcritical growth conditions, the main tools in [10, 11] are
the mountain pass theorem, the minimum principle and genus theory. To our best
knowledge, the result of the present paper is new even in the case M(t) = 1, see
[6, 12, 19, 23)].

In order to study problem (1), let us introduce the functional spaces where it
will be discussed. We will give just a brief review of some basic concepts and facts
of the theory of Orlicz and Orlicz-Sobolev spaces, useful for what follows, for more
details we refer the readers to the books by Adams [1], Rao and Ren [25], the papers
by Clément et al. [13, 14].
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For ¢ : R — R and @ introduced at the start of the paper, we can see that

¢ is a Young function, that is, ®(0) = 0, ® is convex, and lim;_, ®(t) = +o0.

o(t) () _

Furthermore, since ®(t) = 0 if and only if ¢t = 0, lim; o = = 0, and lim; o —~ =

400, the function @ is then called an N-function. The function ®* defined by the
formula

t
O (t) = / @ 1(s)ds for all t € R
0
is called the complementary function of ® and it satisfies the condition
O*(t) = sup{st — ®(s) : s >0} forallt>0.

We observe that the function ®* is also an N-function in the sense above and the
following Young inequality holds

st < P(s)+ P*(t) for all s,t > 0.

The Orlicz class defined by the N-function ® is the set
Kg(Q) := {u : Q — R measurable : / O(|u(z)|) de < oo}
Q

and the Orlicz space L (2) is then defined as the linear hull of the set K¢(2). The
space Lg(€2) is a Banach space under the following Luxemburg norm

o=t {i0: [ 0(*)) ar<1)

or the equivalent Orlicz norm

lullL, = sup{‘/ﬂu(aj)v(aj) dz|: v e Koo (), /Q(ID*(|v(m)|)dx < 1}.

For Orlicz spaces, the Holder inequality reads as follows (see [25]):
/ wodr < 2\|ullpg@llully @  for all u € Lo(€2) and v € Lo+ (Q).
Q

The Orlicz-Sobolev space W' Lg(2) building upon Lg () is the space defined by

ou
(9:62'

W'Le(Q) := {u € Ly(Q) : € Ly(Q), i =1,2, N} .

and it is a Banach space with respect to the norm

[ullie = llulle + [[Vulle.
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Now, we introduce the Orlicz-Sobolev space W} L (f2) as the closure of C§°(Q) in
W1Le(Q). It turns out that the space Wi Lg(Q2) can be renormed by using as an
equivalent norm

[ull == [[Vullle.

For an easier manipulation of the spaces defined above, we define the numbers

_to(t) 0 to(t)
= inf —~ d = . 4
L Y N S S 0) @
Throughout this paper, we assume that
to(t) 0
1<pp<—=<p <o, t=>0, 5
POS gy S¥ <00 t2 (5)

which assures that ® satisfies the As-condition, i.e.,
®(2t) < K®(t), Vt>0, (6)

where K is a positive constant, see [24, Proposition 2.3].
In this paper, we also need the following condition

the function ¢ — ®(v/#) is convex for all ¢ € [0, c0). (7)

We notice that Orlicz-Sobolev spaces, unlike the Sobolev spaces they generalize,
are in general neither separable nor reflexive. A key tool to guarantee these prop-
erties is represented by the As-condition (6). Actually, condition (6) assures that
both Lg(2) and W Lg(f2) are separable, see [1]. Conditions (6) and (7) assure that
L3 () is a uniformly convex space and thus, a reflexive Banach space (see [24]);
consequently, the Orlicz-Sobolev space W Lg(f2) is also a reflexive Banach space.

Proposition 1 (see [6, 23, 24]). Let u € W}l Le(Q). Then we have
. 0 .
(@) [lull?” < Jo @(IVu(@)]) de < Jlul|? df [luf <1.
(i) Jull? < fo @(IVu(@)]) dz < [lul|®” if [[u] > 1.

We also find that with the help of condition (5), the Orlicz-Sobolev space W Lg (€2)
is continuously embedded in the classical Sobolev space I/VO1 #0(Q), as a result,
Woll@ (Q) is continuously and compactly embedded in the classical Lebesgue space
Li(Q2) for all 1 < g < ¢f := J\J,V_‘Pgo.

Example 1 (See [6, 12, 23]).
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(1) Let o(t) = p|t|P™%t, t € R, p > 1. A simple computation shows that ¢y =
0
Lebesgue space LP(Q) while the Orlicz-Sobolev space Wi Lo (Q) is the classical
Sobolev space W&’p(Q). Therefore, we obtain the p-Kirchhoff type problems as

in [3, 7, 16, 21, 22, 26] and the references cited there.

(2) Let p(t) = log(1+t|*)[t[P~2t, t € R, p,s > 1. Then we can deduce that pg = p
and ¢ = p + s.
72 . .
(3) Let p(t) = bg'&ﬁ if t #0, ¢(0) = 0 with p > 2. Then we can deduce that
vo=p—1 and ¢* = p.

¢ = p. In this case, the corresponding Orlicz space Lg(Q2) is the classical

Before stating and proving the main result of this paper in the next section, in

the rest of this section we recall a variational principle due to G. Bonanno [4] that
plays an important role in our arguments.

Proposition 2 (See [4, Theorem 2.1]). Let (X, ||.||) be a separable and reflexive real

Banach space, A, F : X — R be two continuously Gateauz differentiable functionals.
Assume that there exists xo € X such that A(xo) = F(xo) = 0, A(z) > 0 for all
x € X and there exist 1 € X, p > 0 such that

(Z) p< .A(lBl),

(1) Supga()<py F () < p%'

Further, put

p .
o) , with € > 1,

PG — SUP{A)<p} & (z

a =

and assume that the functional A— \F is sequentially weakly lower semicontinuous,
satisfies the Palais-Smale condition and

(4id) 1imjz)5oclA(z) — AF(7)] = +00 for every A € [0,al.

Then, there exist an open interval A C [0,a@] and a positive real number ¢ such that
each A € A, the equation
DA(u) —ADF(u) =0

has at least three solutions in X whose ||.||-norms are less than 0.
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2. MULTIPLE SOLUTIONS
In this section, we shall state and prove the main result of the paper. We shall
seek weak solutions of (1) in the Orlicz-Sobolev space W Lg(f2). The norm in the

1

space LP(9) is defined by |ul, = ([, |ulP dz)». We denote by S, the best constant
in the embedding W Lo () < LP(2) while we use the letters C; to denote general
positive constants. This means that S,|ul, < |Ju|| for all u € W] Le(Q).

Definition 1. A function u € Wi Lg(Q) is said to be a weak solution of problem
(1) if it holds that

M(/Qq)(VuDdx)/Qa(|Vu|)Vu-Vvda:—/Qf(x,u)vdx:0

for allv e WiLe(Q).
Theorem 1. Assume that M, f satisfy the following conditions

(My) There exist mo >0 and 1 < a < %?*) such that
M(t) > mot®™ L, Vt €0, +o0);
|f (1)

(F1) limpy oo MWPTJI = 0 uniformly for x € §;

(F2) limp o |1|t{a(z‘3tz‘1 = 0 uniformly for x € €;

(F3) There exist zg € 2, top € R and Ry > 0 so small that By(xg, Ry) = {z €
RY |z — 29| < Ro} C Q and we have essinf,cpy (2. 10) F (@, t0) = lo > 0,
€8S SUPye By (o, Ro) MAX|t]<|to| [ F'(%, )] = Lo < 0o, where F(x,t) = fg f(z,s)ds.

Then there exist an open interval A C (0,400) and a constant p > 0 such that
for every A € A problem (1) has at least three distinct weak solutions in Wi L (£2),
whose W3 Lo (Q2)-norms are less than p.

For each A\ € R, we define the functional Jy : Wi Le(Q2) — R by
Ta(u) = Alu) = AF(u), ue WyLe(Q), (8)

where

A(u)zﬁ(/ﬂq><\vuy)dm>, .F(u):/QF(x,u)dx. ()
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By (F}1), using the method as in [24], we can show that J is of C1(W{Ls(Q),R)
and its derivative is given by

J,((u)(v)—M(/Q@(\Vu])d:r)/Qa(\Vu])Vu-Vvdx—/gf(x,u)vd:r.

Hence, weak solutions of problem (1) are exactly the critical points of the functional
Jx. Our idea is to prove Theorem 1 by verifying all the asumptions of Proposition
2.

Lemma 2. The functional 7y is weakly lower semi-continuous.

Proof. Let {u,,} be a sequence that converges weakly to u in X. Then, from the
proof of [24, Lemma 4.3] we deduce that the functional u — [, ®(|Vul|) dz is weakly
lower semi-continuous, i.e.,

/(I)(]Vu\)dmgliminf/ (| Vm]) da. (10)
0 m—r0o0 Q

Combining (10) with the continuity and monotonicity of the function 1) : RT™ —
R, t — (t) = M(t), we get

lim inf M () = liminf]/w\(/ (| V) d)
Q

m— 00 m— 00

> J\?(liminf/ q>(|Vum!)da;)
Q

> ]\7(/ B(|Vul) dw)
Q
= M(u).
Now, we shall show that
lgn F(tm) = F(u). (12)

Indeed, by the condition (F}), there exists a positive constant C; > 0 such that

f(z,t)] < C1(1+ [¢*0 1), V(z,t) € QxR (13)
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Hence, using the Holder inequality, we get

/QF(az,un)dq:—/QF(x,u) dx
S/Q]F(x,un)—F(x,u)dw

| F(um) = F(u)] <

< / (@t + O (1t — ) [t — | d
Q

<O / (14 |u+ O (tn — )2 |uy — u| dz
Q

a 1

Yo
< (19035 a5+ a2 ) T = o 00 € 0.1),
(14)
which proves (8). From (11), (14) and the definition of 7y, the lemma is proved.
Lemma 3. The functional [Jy is coercive.

Proof. Let us fix A € R, arbitrary. By (F}), there exists § = §(\) > 0 such that

f(2,t)] < %sa%%u DTt Wt >dandz e Q. (15)

apo

Integrating the above inequality we have

|F(z,t)] < @S&‘Zﬁg(l + )T+ max | f(x,t)|[t], VEeER. (16)
a ax{lt|<s}

Thus, for all u € Wi Le(2) with |lul| > 1, we obtain

T(w) :J\?(/Q <I>(|Vu])dx) —)\/QF(a:,u) do

> 0 (/ <I>(]Vu|)dm> —w/ P (2, u)| da
« Q Q
mo mo |)\| / /
> —Ju||*?° — —. SSE0 [ |u|*0 de —  max x,t u| dx
> P - 0 Rsngy [ de = max (1) [
maXea x,t
S M e Pz T@OL
a(l+|A]) S1

(17)

By (17) and the fact that cpg > @9 > 1, the functional J) is coercive.
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Lemma 4. The functional Jy satisfies the (PS) condition.

Proof. Let {uy} C W} La(Q2) be a sequence such that

Tn(tm) = C2 >0, Ty (um) = 0 in (WyLe ()", (18)
where (V[foqu)(Q)yk is the dual space of W3 Lo ().

Since the functional 7 is coercive, it follows from (18) that the sequence {u,}
is bounded in W Lg(£2). On the other hand, by conditions (5) and (6), the Banach
space Wi Lg(f2) is reflexive. Thus, there exists u € W3 Lg(Q2) such that passing
to a subsequence, still denoted by {u,,}, it converges weakly to u in W} Lg(£).
Therefore, {u,,} converges strongly to u in L*?°(§2). Using the Hélder inequality
we deduce that

F' (ttm) (i — u)’ -

/Qf(x,um)(um —u)dx

<0y / (14 [t [0~ iy — ] (19)
Q
ool app—1
< O3 (190756 + |21 ) Jttm — g

which tends to 0 as m — oo.
On the other hand, by (18), we have

lim  J5 (um) (tp, — u) = 0. (20)

m—o0

From (18)-(20) and the definition of the functional 7, we get

lim M’ (up,) (U — u) = 0. (21)

m—ro0

Using Proposition 1, since {u,,} is bounded in W Le(£2), passing to a subsequence,
if necessary, we may assume that

/ O(|Vuy|)de — t1 > 0 as m — 0.
Q

If t; = 0 then {u,,} converges strongly to w = 0 in X and the proof is finished. If
t1 > 0 then since the function M is continuous, we get

M (/Q (| V) dm) s M(t1) as m — oo,
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Thus, by (My), for sufficiently large m, we have

M (/ @(]Vum])dm> > Cy >0, (22)
Q
From (21), (22), it follows that

lim [ a(|Vup|)Vup, - (Vuy, — Vu) dz = 0.

m—r0o0 0

Thus, using [23, Lemma 5], {u,,} converges strongly to u in WiLe(2) and the
functional 7 satisfies the Palais-Smale condition.

Lemma 5. The following property holds

i SUPLF (W) 2 A(w) <p} _
p—07F P

0.

Proof. Due to (F»), for an arbitrary small € > 0, there exists ¢ > 0 such that
|F(2,1)] < cag®Se5 |71, W]t < 6 and z € Q. (23)
From (13) and (23) we have
|F(2,1)] < eSe5 179" + K(0)|t]9, VteRandzeq, (24)

where ¢ € (a?, ¢f) is fixed and K(§) > 0 does not depend on t. For p € (0, +00),
let us define the sets

By ={ueWyLs(Q): Au) < p} (25)

and
mo ol
B2 = {u € WiLa(Q) 1 2 ul|*’ < p} . (26)

For all u € W} Le(Q) with |Jul| < 1, by Proposition 1, we have

mo 0
A) = =2 ],

which implies that B}, - Bg for all p € (0, 22).
From (24) we obtain

Flu) < ellul|*?” + K(8)S;||ull". (27)
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Since 0 € B; and F(0) = 0 one has 0 < SUDye 31 F(u). On the other hand, if u € B,g,
then

1

a \ el 1
full < () e

- SUDye 1 F(u) - SUDye 2 F(u)

p p
K(5)S, 1
< ca  oKO)SyT) a-ap (28)
mo mo

q
—0 0
€Q _ o a0 g—ap”
§+Sqq<> p ot
mo mo

and using (27) we get

Because € > 0 is arbitrary and p — 01, we get the desired result since ¢ > a®.

Proof of Theorem 1. Let z¢g € Q, tg € R and Ry > 0 be from the condition (F3).
Let us denote by By(xg,r) the N—dimensional closed euclidean ball with center
zo € RN and radius r > 0.

For o € (0,1), we define the function u, by

0, for x € RV\ By (0, Ry),
ug(x) = < to, for x € BN (0,0Ry),
ﬁ(}%g —|z|) for x € BN(0, Ro)\Bn(0,0Ryp).

It is clear that u, € Wol’“DO(Q) and
lug ()| < |to| for all z € RV,
Moreover, a simple computation implies that

ol (1— o)
o120 :/Q\wg(g;),wo o = TR oy >0, (29)

where wy is the volume of By (0, 1).
Since the embedding Wi Le () < I/VO1 #0(Q) is continuous, there exists Cs > 0

such that

< lull,  Vu € Wy La(9), (30)

C5”uHW01v‘PO(Q)
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which helps us to get ||us|| > 0 for all ¢ € (0,1). Using the definition of u, and the
condition (F3) we obtain

f(ug):/QF(x,ug)dx

—/ F(z,uy) dx+/ F(z,u,)dx
By (x0,0R0) Bn (20,R0)\BN(z0,0R0)

>/ F(m,to)dx—/ |F(x,uy,)| dz
BN(wo,O'Ro) BN(QZ[),R())\BN(I(),O'R())

> essinf e py (no,Ro) F (7, t0) 0™ RY wy — ess SUPye By (20, Ro) \ﬂnﬁi\ |F(z,t)|(1 - o™)RNwx

> [looe™ = Lo(1 — o™)] R wy.
For o close enough to 1, the right-hand side of the last inequality becomes strictly

positive, let ¢ be such a number. Then we have F(us,) > 0.
mg

Now, applying Lemma 5, we may choose pg € (0, 7) such that
mo 0
po < ;H“oo”w < A(uo,)

and

sup{F(u) : A(u) < po} _ [loo™ — Lo(1 — o™)] R wn

PO 2A(Uao) (31)

In Proposition 2 we choose 1 = uy, and xg = 0 and observe that the hypotheses
(1) and (i7) are satisfied. We define

— 1+ po
CT Flueg)  suplF(u): Alw)<po} | (32)
Auog) PO

Taking into account Lemmas 2 and 4, all the assumptions of Proposition 2 are
verified. Thus, there exist an open interval A C [0,a] and a number p > 0 such
that for each A € A, the equation J{(u) = A’'(u) — AF'(u) admits at least three
solutions in W Le () having W Le (Q)-norms less that p. Theorem 1 is completely
proved.
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