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P-VALENT MEROMORPHIC FUNCTIONS WITH TWO FIXED
POINTS ASSOCIATED WITH INTEGRAL OPERATOR

R.M. EL-AsawaH AND M.E. DRBUK

ABSTRACT. In this paper we used integral operator defined on the space of p-
valent meromorphic functions with two fixed points. By making use of this integral
operator, we introduce and investigate some new subclasses of p-valent meromorphic
starlike functions, coefficient estimate, distortion bounds,the radii of meromorphi-
cally starlikeness, some convolution properties and closure properties of p-valent
meromorphic functions.
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1. INTRODUCTION

Let X, denote the class of functions of the form

f(z) = % +) an2" (an = 0peN={1,2,..}), (1)
n=p

which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 < |z| <1} =U\{0}.
For function f(z) given by (1) and g(z) is given by

bp - n
g9(z) = > + Z bnz
n=p
Hadamard product (or convolution) of f(z) and g(z) in 3, is given by

f(z)*xg(z) =(f*g)(2) = ag—f:p + Zanbnz” (an,cn > 0;p € N).
n=p
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For p-valently meromorphic functions f(z) € 3,, the normalization

AP f(2) |amo = 0 and P f(2) oo = 1 (2)

is classical. We can obtain interesting results by applying Montel’s normalization
[14] of the form

Zl+pf(z) l.=0 =0 and 2Pf(2)].=) =1, (3)

where p is a fixed point from the unit disc U*.

Meromorphic p-valent functions have been extensively studied by Joshi and Aouf
[6], Raina [15], Aouf et al. [3], Uralegaddi and Somanatha [19] and Mogra [13] (see
also [2, 7, 8, 9, 11, 12, 16, 18, 20, 21]).

El-Ashwah and Hassan [5] defined the integral operator as follows:

T(c— T
jpa,:tf (Z) _ apzfp + (C ,up) Z F(a’ + ,LLTL) anzn7 (4)

(u>0,a,ce€ C,Re(c—a) > 0;Re(a) > pu;p € N;k > —p)
where f € ¥, is in the form (1) and (v), denotes the Pochhammer symbol given by

Fv+n) |1 =
(V)n—F(V)_{ viv+1)..v+n—-1) (neN).

By specializing the parameters in (4), we note that:
(i) jpcf+p’c+pf(z) = lp(a,c)f(z) (a € Rje e R\Zy,Zy = {1,2,...};p € N) (see Liu
and Srivastava

[10]);
(ii) jpkfp’pﬂf( ) = D¥P=1f(2) (k is an integer,k > —p,p € N) (see Uralegaddi
and Somanatha [19], Aouf [1] and Aouf and Srivastava [4]).

By using the integral operator defined by (4), we define a new class My (a, B) of
¥, as follows:

2 (Tpisf(2)

p(Tecr)y TP

a,c
jpu

150<8<1)

< Re { 2 (Tpif (2 +a—a,8}, (5)
o>

Also, we note that:
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(i) Putting a = ¢, we have

M5 (e, B)

zf'(2) {—Zf’(Z) B }

’pf(z)—i—a—i-a,é’ < Re o) +a—af;,
> 1 0 < 1.);

vz 7020 <1);

(ii) Putting a = ¢ and p = 1, we have

M7 (e, B)

2f'(2) {—Zf'(Z) _ }
£02) +a+af| < Re 702) +a—af;,
1

Further more, we introduce the subclass My, (a, 8, p) satisfying the condition (5)
with Montel’s normalization (3).

2. MEAN RESULTS

Now, we state and prove the following theorem.

Theorem 1. Let f(z) € ¥, then f(2) is in the class My (e, B) if and only if

where

and

ZBndn ’an’ < p(l - aﬁ)azh (6)

n=p

_ I'(c—pp) I'(a + pn)
B = o= ) et pn) "

dn, = n+ paf (8)

Proof. We assume f(z) € My} (a, 3), by using (1.5), we have

that is,

Re{

2 (Tpiif(2))

P (Tpi f(2))

2 (Tpiif (2)

P (Tpif ()

+a+af

2 (Jpu (Z)), o — o
SR@{ P 6}

2 (T f(2))
P (Tpinf (2))

ey
i { PTG 5}’

+a+aﬁ} < +atap
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then, we have

NECTO
i {Wp‘fﬁf(z)) ! B}SO

Hence,

,pap

+ nBpa,z"

Re p% Ly Y LaB <0
‘|‘Z pananZ

Since Re(z) < |z|, we obtain

o oo
—pay, + Z nBpanz"P + afpa, + paf Z Bha,z"tP| <0

n=p n=p

and by letting |z| — 17, we have
o0
Z By(n +pap) |an| < p(1 — ab)ay
n=p

Conversely, we suppose that the inequality (6) holds true. Then, if we let z € U,
we get from (1) and (6), that

ST
Re{p(Jp‘f}ff(Z)) ! 5}“

Then, we have

—Pap

+ " nBha,z"

Re p% 2y " Bntn +af <0
—|—En pananz

Since Re(z) < |z|, we get

Z n(n+ paf) |an| <1

p(l —apf)a, ~

Y

which completes the proof of Theorem 2.1.

Theorem 2. (Coefficient estimate). Let f(z) € Mpy(«a, ), then

- p(1—ap)ay
glan\ < T Bd, 9)
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where B,, and d,, given by (7) and (8), respectively.

Theorem 3. Let f(z) € My (o, B, p), then

- p(1 —ap)
nz; < B T p( = By (10)

where B,, and d,, given by (7) and (8), respectively.

Proof. Let f(z) € Mpp(a, B, p). Since f(z) € Myp(a, B) by Theorem 2.1, we have

Y Budn |an| < p(1 - apB)ay,. (11)

n=p

For f(z) € ¥,, by Montel's normalization (3), we obtain

(o0
2P <apzp + Z anz">

n=p
[e.9]
ap = 1- Z anp" P
n=p

By using (6), we have

Z Bndy |an] < p(1—aB)(1— Z anpn+p)a
n=p n=p

> [Budn +p(1 — aB)p™ "] |an|

n=p

IN

p(1 —ap).

Hence

S (1—ap)
;'M = Budn + p(1— aB)p®

Theorem 4. (Distortion bounds). If f(z) € Mypy.(a, B, p), then

Byd,—p(1—af)r?r\ _ Bpdy+p(1— 2p\ _
(W%)r”ﬁ\f(z)!g(%)w O<|zl=r<1).
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Proof. Let f(z) € Mpy(a, 8). From Theorem 2.3, we have

> [Budn + p(1 = aB)p™ "] |an| < p(1 — ),

n=p
which yields,
o0 1 .
p Bydy, + p(1 — af)p®®
@ = |apz?+ > ane"
n=p

IN

oo 00
<1 - Z |an‘ pn+p 4 Z ‘an’ T,n+P> r P

(o)

<dep +p(1 — aﬁ) > PP
Bydy, +p(1 — af)p?? '

To prove the other hand side, by using the same arguments above we derive

Bpdy — p(1 — 045)""2p> -
‘f(ZH & <dep +p(1 - @5)P2p r

The proof of Theorem 2.4 is completed.
Taking p = 0 in Theorem 4, we state the following theorem without proof.

Theorem 5. If f(z) € Mpy.(«a, ), then

Bpd,—p(1— 2p _ Bpd,+p(1— 2p _
(Pt ) e (o)) < (BT ) (0 < 2l =7 < 1),

3. THE RADII OF MEROMORPHICALLY STARLIKENESS

Now we determine the radii of meromorphically starlikeness of order p for function
in the class My (o, B).
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Theorem 6. Let the function f(z) defined by (1) be in the class Myj(c, B), then
f(2) is meromorphically p-valent starlike of order 6 (0 < o < p) in 0<|z| < r1, that

18,
w0

(0<o<p,0<|zl <),

where )

S
<n—|—a 1—0)45))n+p' (12)
(1).

Then we have

Proof. Suppose f(z) is given by

FEr | Sy (ntp) an 2"
LE _proo| 20— 0)ay— o, (n—p+20)anlz

(0 < 0 < 170 < ’Z‘ < TI(A,(X,B,Z’J,C, 6))
Thus, we have the desired inequality
zf'(z)

p o0
(ORI Z (n+o) lan| 2" < 1. (13)
2 _p+t2o = (P—0)a

Since f(z) € Mpy(a, ), from Theorem 2.1, we have

2. Bund, |ay]|
Z 1_aﬁap_1. (14)

By using (13) and (14), we get

(n+0) n—+p Bndn
(p—o) S p(1—ap)’

ers Qn%j?zs](jl_—?ﬁ)) v '

This completes the proof of Theorem 3.1.

hence,
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4. CONVOLUTION PROPERTIES

For two functions f;(z) € ¥,(j = 1,2) are given by
o
£i(2) = apz P+ lang| 2" (=1,2sp € N). (15)
n=p

Hadamard product (or convolution) of f,(z) and f,(z) in 3, is given by

(fo % £2) (2) = aprap2z™? + ) lanallan2l 2" = (£, * £,) (2). (16)

n=p

Theorem 7. Let the functions fj(z) (j = 1,2) defined by (15) be in the class
Mpii(e, B). Then (f1 * f2) (2) € Mpji(e, 6), where

s<1l(1_— p(1— O‘ﬁ)zBp
- a p?(1 — af)?B, + Bgdz%

where dp = p+ pafS and B, = F((Z Z};)) IF“E(:EZS;

Proof. Let  fi(z) = ap127P + 3207 an,1] 2" and fo(2) = ap227P + 307 |an 2| 2"
are in the class My (a, B).
Then by Theorem 2.1, we have

o0

< 1,
Z 1—aﬁap, [anal <
(o)

< 1

Z 1—aﬁ )ap.2 [an.2]

Employing the techniques used earlier by Schild and Silverman [17], we need to
find the smallest § such that

> (n+pad)B,
nzz;o p(1 — ad)ap1ap2 (17)
Since f;(z) € Mppu(a, B) (j =1,2), we have
Z%| anj] <1 =1,2). (18)

n—p p(1 —ap)ap,;
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Therefore, by the Cauchy-Schwarz inequality, we obtain

o0

do By,
nz P = af) yapias V1t lonal < 1 (19)

Thus it is sufficient to show that

(n + pad)
p(1 — ad)ap1ap2

dnBp,
< n n Y 2
TN 2

or, equivalently that

dn (1 — ad) \/ap 10,2
|an 1| |an2| < (n+pad) (1—ap) (21)

Hence, by inequality (7), we obtain

p(1 045)\/@ 1Gp,
Vol fana] < s (22)

It follows from (21) and (22) that

p(1 —ap) < dp (1 — ad)
Bndy, — (n+pad) (1 —aB)’

(n+p)p(1 —ap)?
0<3 (1_ 2(1—@5)2+Bnd%>

Now, defining the function ¢(n) by

n 1 —apB)?
p(n) =1 (1 - p(2(1+—p)a%<)2 K Bi)d%) (n>p).

(23)

It follows that

We see that ¢(n) is an increasing function of n (n > p). Therefore we conclude

that 2
N 2(1 - apf)
5 <p(p) =1+ (1 (1—aB)?2+ (14 ap)? Bp)

which completes the proof of Theorem 4.1.
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Theorem 8. Let the function fi(z) be in the class Myy(a, B) and the function
f2(2) be in the class My (), then (fi * f2) (2) € Mpi(a, (), where

1 [B,(1+aB)(1+ay)—(1—aB)(1-ay)
¢= a |:(11}_“6)(1_0‘7)4'319(1+Oé,3)(1+a7) . (24)

Theorem 9. Suppose that fi(z) € Mpu(a, ) and fa(z) € Mpi(a,v). By using
Theorem 2.1, we get
i [n + paf] B
p(1 —apB)ay

n=p

’ an,1 (25)

and

ffﬁlffﬁiﬂ—f\n2|<1 (26)

= p(1 —ayap

Proof. Since (f1 x fa) (2) € Mpy(a,¢), then by Theorem 2.1, we have

— [n+pa¢)] B,
nzp p(l - aC)a‘p,lap,Q

Applying Cauchy-Schwartz inequality, we have

Bo/In+paBllnpay)]
p\/(1 — Oéﬁ)(l — O"Y)ap,lapg ‘ n,1| ‘ n,Q’ <1 (28)

From (27) and (28), we have

n + pag] B Bny/Int + /
[ d n ’an,1| |an,2| S [n paﬁ]n PCVY |an1’ |an2

p(1 —aQ)apiap2 py/(1—aB)(1—av)ap,1ap,2

/’an,1| ‘an,2| [n+paB]intpay)](1—al)\/ap,1ap,2 ) (29)

V(1=aB)(1-av)(n+pag)

IN

‘We know that

o Nag) < PYA 0B — av)apiaps (30)
Byl pad] [+ pon)]
It follows from (29) and (30) that

VI -ap)l-0y) _ lrpablntpanli-ag) (31)
Bny/[n+paf][n+pay)] ~ V(-aB)(l-ay)(ntpac)

118



R.M. EL-Ashwah and M.E. Drbuk — p-Valent Meromorphic Functions ...

Bn(n+paf)(n+pay)—np(l—af)(1—a)
¢ = [ 1-aB)(1- a7)+Bn(N+pocﬁ)(n+pav)} (32)

Now,we define the function ¢(n) by

_ L [ Bu(ntpaB)(n+pay)—np(1-af)(1-av)
Bln) = o | ey | (n 2 ),

We see that ¢(n) is an increasing function of n (n > p). Therefore we conclude
that

c<t [Bp(lJraB)(How) (1-aB)(1- av)}
(—aB)(1—a)+By(1Faf)(1a)

which completes the proof of Theorem 4.3.
Theorem 10. Let the functions fj(z) (j =1,2) defined by
fi(2) = apsz P+ langl 2" (G=1,2)
n=p
be in the class My, (a, B, p), then the function h(z) defined by

h(z) = (ap1 + ap2) 277 + Z (

n=p

+ lanal?) 2" (33)

belongs to the class My, (a, v, p), where

1 [c2=2p*(1-aB)*(By+s??)
7= [C%+2p2(1—aﬁ)2(32—p2p)} ) (34)
where
cn = (n+pafB) B, + p(1 —apf)p™?.
Proof. Noting that
o 2 0o 2
Cn 2 Cn .
| gl = —————anyl| <1(=1,2).
> e lons L;p(l ] ]Il =12
For f;j(z) € Myji(a, B,p) (j = 1,2), we obtain
1 % ? 2 2
Zg (lana|” + |an2]”) < 1. (35)
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Therefore we have to find the largest v such that

i |:Bn(n+poz'y 1+po(fly) ay)p "er} (

)< 1 (n2>p). (36)

It follows from (35) and (36) that

2
[Bn [n+pav)]+p(1*av)p”+p} 1 n
pli-an) 2 [p(1-a)]
1 c2—2p(1—aB)?(nBy+pp™tP
a [ C%+2p£2(1,a)/3)(2(3nf;€z+p))} (n Z p)- (37)

7 <

Now, defining a function ¥ (n) by

1 c2— —aB)? nBn, n+4p
Y(n) =~ [ %fféi(l_i)g§z(3nfﬁi+p))} (n > p).

We see that ¢ (n) is an increasing function of n (n > p). Therefore we conclude
that

1 [2-2p*(1-aB)*(Bp+s??)
TE S [c§+2p T(1—aB)?(B, ZPJ

which completes the proof of Theorem 4.4.

5. CLOSURE PROPERTIES

Theorem 11. Let the function f(z) given by (1) be in the class My (a, ). Then
the integral operator

F(2) = cu™P f(uz)du, (0 <u <1, 0 < c< 00), (38)

is in My, (v, d), where

~—

6—l (n+c+p
o«

(n+paf) —en (1 —af)
(n+c+p > (39)

(n 4+ paf) + ep(l — ap)

~—

Proof. Supoose that f(z) € My} (a, 3). Then

F(z) = cu™ 1 f(uz)du

00
_ C
= apz P4 E <TL+C—|—p> apz".
n=p

120



R.M. EL-Ashwah and M.E. Drbuk — p-Valent Meromorphic Functions ...

It is sufficient to show that

~  (n+ pad) c
ZP(I—a5)ap <n+c+p)an§1' (40)

n=p

Since f(z) € Mpy(a, B), we get

i (ntpaf) (41)

p(l—af)ay, =~

From (40) and (41) we have

(n + pad) ¢ (n + paf)
(1= ad) <n+c+p> = 1=af)’

hence
c(n+pad)(l—af) < (n+c+p)(l—ad)(n+pap),

S0,

s< L <(n+c+p) (n +paf) —en (1 —aﬁ)) _ Fn).
(n+c+p) (n+paB) + cp(l — ap)

We see that F'(n) is an increasing function of n (n > p), which completes the proof

of Theorem 5.1.

Theorem 12. Let the function f(z) given by (1) be in the class My (c, 8). Then

n+c+p
c

F(z):%

[(c+p)f(2)+2f (2)] = apz P 472, ( ) anz", (¢>0), (42)
is in My (e, B) for |z| < r(a, B,9),

where

c(1—ad) (n+ pap)
1—ad)(n+c+p)(n+pafp

r(a,ﬁ,é):i%f(( ))W (n=p,p+1,..).

Proof. Let f(z) be given by (42), then we get

(TP )

pa(J;,’,fF(z)) p (p2a—p)ap+z7°f’:p(p2a—n)(W)Bnaﬂzrﬁp
fz(J;jF z))/ 95 — (2pad—p?a—p)ap Z;’o:p@paé—p?a—n)(Lzﬂ”)Bnan\zV”p'
P )
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Thus, we have the desired inequality

_Z(Jpa,’,fF(z)), +p -
paﬂ({pbe(/Z)) S 1, 1f, ) (n+pa5) (n+c+p> Bn’an’ ‘Z’n-i-p S 1.
—2(TpiiF (=) ey = p(1—ad)a, c
pa(Tp i F(2))
(43)
Since f(z) € Mpy(a, ), from Theorem 2.1 we have
- By, |an
n—p p(1 —ap)ay

By using (43) and (44), we get

(n + pad) (n+c+p> 2P < (n + paf)

(1 —ad) (1-aB)’

hence,

- c¢(1—ad) (n+ pap) w
== (G )

This completes the proof of Theorem 5.2.

Theorem 13. (Arithmetic Mean). Let the function fi(z) (i = 1,2,...,7) defined
by

(e}
fi(z) =apiz” P + Zamz” (an; >0,i=1,2,...,7,n > p)
n=p

be in the class My (a, B, p). Then the arithmetic mean of fi(z) (i = 1,2,...
defined by

he) =23 i)
=1

is also in the class My (a, 3, p).
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Proof. Since fi(z) € Mpu(a,B,p) (i = 1,2,...,7), then from Theorem 2.2, we
obtain

> [0+ paB) +p(1 — aB)p" 7] (i > an,i)
i=1

n=p

- % (Z[(” +paf) +p(1 - aﬂ)p’”p]) ani
=1 n=p

< % ;p(l —ap)

< p(1—-ap),

this implies that h(z) € My (a, B, p), which completes the proof of Theorem
5.3.
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