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APPLICATION OF SUPERORDINATION TO A SUBCLASS OF
ANALYTIC FUNCTIONS INCLUDED DOUBLE INTEGRAL
OPERATORS

R. AGHALARY, P. ARJOMANDINIA AND H. RAHIMPOOR

ABSTRACT. We suppose that the normalized analytic function f(z) satisfies the
differential equation

F'(2) + azf"(2) + A2 f"(2) = g(2),

where ¢ is univalent in the open unit disk D and is superordinate to a convex-
univalent function h(z) normalized by h(0) = 1. In addition, we assume that the
function f(z) is given by a double integral operator of the form

1 1
f(z) = (1 +6)(1+02) / / $O1192 G (2tHsY) ds dt,
0 Jo

where G'(z) + 2G"(z) = g(z). We shall determine the best subordinant of the
solutions of differential superordination

h(z) < f'(z) + azf"(z) + A2 " (2).
Some special cases are given in the corollaries.
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1. INTRODUCTION

Let A be the class of all analytic functions f(z) of the form

fR)=z+a?+...+ap2" +...; (2€D),
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which satisfy the normalization condition f(0) = f/(0) —1 = 0, and that S C A
be the class of normalized univalent functions. Further, suppose that C' denote the
class of convex-univalent functions in ID. For two analytic functions

f(z)=2z+ Zakzk, g(z) =z + Zbkzk
k=2 k=2

the Hadamard product (or convolution) of f and g is an analytic function in D
defined by (f * g)(2) =z + 5 agbr2".

For f,g € A the function f is subordinate to g (or g is superordinate to f)
written as f(z) < g(z) if there exist an analytic function w(z) in D with w(0) = 0
and |w(z)| < 1 such that f(z) = g(w(z)). If g is univalent in D, then f < g if and
only if f(0) = ¢(0) and f(DD) € g(D), (see [3]).

Suppose that p, h are two analytic function in D and ¢ : C3> x D — C. If p(z) and

o(p(2), zp'(2), 2%p"(2); 2) are univalent in D and if p(z) satisfies the second-order

superordination
h(z) < @(p(2), 20/ (2), 2%p"(2); 2), (1)
then p is called a solution of the differential superordination (1). An analytic function

q(z) is called a subordinant of (1), if ¢(z) < p(z) for all the solutions of (1). The best
subordinant ¢ is univalent subordinant that satisfies ¢ < ¢ for all the subordinants

q of (1), (see [4]).

Definition 1. ([3]) We denote by Q the set of all functions p(z) that are analytic
and injective on D\ E(p), where

E(p) ={{ € D: ;igép(z} = oo},

and are such that p'(§) # 0 for £ € OD \ E(p).
We will use the following results, but we omit their proofs.
Lemma 1. ([5]) Let f,ge Aand F,G € C. If f < F and g < G, then fxg < FxG.

Lemma 2. ([4]) Let h(z) be conver in D, with h(0) = a,A # 0 and R(A) > 0. If
p € Qa) ={p € Q:p(0) =a},p(z) + 52p(z) is univalent in D and

h(=) < p(2) + 327/ (2)

then q(z) < p(z), where

A
nzMn

q(z) = /OZ h(w)w%*ldw.

The function q is convex in D and is the best subordinant.

168



R. Aghalary, P. Arjomandinia and H. Rahimpoor — Superordination ...

In a recently paper [1] authors used subordination and investigated starlikeness
and other properties of functions f € A given by a double integral operator. In
this article, using superordination, conditions on a different integral operator are
investigated. Let 4; > —1 and d2 > —1. We consider functions f € A defined by
the double integral operator of the form

1 1
f(z)=1+6)1+ 52)/0 /0 192G (2tsY) ds dt; (Ge A,zeD). (2)

From (2) we see that

f(z) = (1+51)(1+52)/1 /1 1192 (2t V) ds dl,
0 JO

where g(z) = G'(z) + 2G"(z). In addition, we will see that there are suitable
parameters «, A such that

F'(2) +azf"(2) + A2 f"(2) = g(2).

2. MAIN RESULTS

Let h(z) be a convex-univalent function in D with h(0) = 1. For a > A > 0, consider
f'(2) + azf"(z) + A\22f"(z) is univalent in . We define the class S(«a, \,h) of
functions f € A as following

S\ h) = {f € A: h(2) < /() + azf"(2) + A2 (2), = € D}.
Put

_1+09 v 1 B
=5 ((a= VD), a )\f1+51+1+52, (1481)(1+ )\ = v (3)

where A = (a— \)? —4\. Tt is seen that R(u) > 0 and R(v) > 0. Now we write the
solution of

1

Fi(2) + azf"(2) + A2 " (2) = g(2) (4)
in it’s double integral form. The relations (3) and (4) show that

v

B , uv i 1 1224 "
9z) = fz)+ <(1—|—51)(1+52) * 1+4 * 1—|—52) L)+ (1+51)(1+52)22f (=)

- lllJT</Lf“Tﬂ@+/way

1+o° 1+ 0
_ vl f gL Ley LSy !
T o140 <1+52'Z T FE))
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Therefore

146; 148y 1448 1401 [* 1+
N G (O S /0 W g(w) du.

Using the change of variable w = zs", we obtain

1 1 146
ey =4 Ml),fl +52)/ e (s d
0

Integrating both sides, a change of variable yields

f(z) = (1+51)(1+52)/1 /1 1192 g(2t1s¥) ds dt.
0 JO

Take 1s57(2) = 01 szﬁ. By Theorem [[3], 2.6h] it is seen that 5x(2) € C
provided that () > 0.

Theorem 3. Let 1 and v be defined as (3) and

1
a(2) = (14 61)(1 + 52) /0 1 /0 S R(aths”) ds dt. (5)

Then the function q(z) = (1 + 61)(1 + 02)(¥s, 1 * Vs, * h)(2) is convex. If f €
S(a, A h), f'(2) € Q and f'(2) + 5, 2f"(2) € Q then ¢(2) < f'(2) and g is the best
subordinant.

Proof. We have

1 400 1
Usp(2) % h(z) = /0 At by = /O P2 h(at) dt.

1— 2tk

Therefore

1
(Vs,,0(2) ¥ s, u(2)) x h(2) = s, 0(2) */0 2 h(2t") dt

1 1
= / 0 </ %2 h(zs" M) dt) ds
0

0
1,1
= //561t52h(zt“8”) ds) dt.
0 JO

The function ¢(z) is convex, since the functions vs, ,, ¥s, , and h are convex univa-
lent in D (see [2]). Put p(z) = f'(2) + 1;’61 2f"(2), then h(z) < p(z) + 1f:52 2p'(2).
By Lemma 2 we obtain

% /OZ wr T (w) dw = (14 82) (s, (=) * h(2)) < pl2),

pz
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or equivalently

1%

(1 + ) (Ws0(2) * h(2) < F' () + g2"(2)
Using again Lemma 2 we obtain
1+0 /
o [0 < W) du < £)
vz v 0

or equivalently ¢(z) < f'(z). Since ¢(z) + azq'(z) + A\z%¢"(2) = h(z), this means
that ¢(z) is a solution of the differential superordination

h(z) < @(p(2), 20 (2), 2°p" (2); 2) = p(2) + azp/ () + A2 (2) (6)

which f/(z) also satisfies (6). Therefore ¢(z) will be a dominant for all subordinants
of h(2) < f'(2) + azf"(2) + Az2f"(2). Hence q(z) is the best subordinant of it.

Corollary 4. Suppose that all conditions of Theorem 3 are satisfied. Then

P s ! f(z)
(I+46)(1+ 52)/ / / s°1O2h(zrths”) dr dt ds :/ q(tz)dt < —
o Jo Jo 0
Proof. Consider p(z) = f(;)j then ¢(z) < p(z) + zp'(2) = f'(z). Lemma 2 shows

that . g
[ atza =2 [T oyt <) = L2
0 0

z z

Using Theorem 3 and Corollary 4 with h(z) = }igz where -1 < B< A<1, we
obtain the following result.

Corollary 5. Suppose that all conditions of Theorem 3 are satisfied. If

1+ Az
1+ Bz

then ¢(z; A, B) < f'(z), where

‘ A (1+51)(1+52 )(A - B) Lg%t ds dt
q(ZaAvB) - B / / 1—|—th“5”’ (

< f'(2) + azf"(z) + )\fo’”(z)

B #0)

and
A(1+61)(1 + 62)2

1 A,0) =1
W=A0 =14 G ) (U1 0+ 10

< f'(2),
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also the functions ¢(z; 4, B) and ¢(z; A,0) are the best subordinants. In addition

é_(1+51)(1+52 )(A — B///l 591492 drdsdt_<f(z)

B 1+ Bzrt#s? z
if B # 0, and
m A(14061)(1 + 62)z - f(2)
21461 +v)(1+ 02 + p) z
for B = 0.

Finally, the last theorem is about the convolution of two functions in S(a, A, h).
Theorem 6. Let p and v are given by (3) and f,g € S(a, \,h). If ¢'(2) € Q, ¢'(2)+

;29" (2) € Q and f’( )+azf”( )+ A2 f"(2), M € C, then f * g belongs to
S(a, A, hy) where hy(z fo (tz)dt and q(z) is given by (5).

Proof. 1t is easy to see that

(f 9 (2) + az(f * g)"(2) + A2(F % 9)"(2) = (F/(2) + azf"(2) + A2 " (2)) » L.

z

Hence

1
hi(z) = q(z)*/ h(tz) dt
0
= (1+61)(1+ 62)(h(2) * b5, 0(2) * 5,,u(2)) % (h(2) * Y1(2))
= (1+406)(1+8)(h /// SO0 (zrths”) dr ds dt)

(by Lemma 1) < (f'(2) 4+ azf”(z) + A\22f"(2)) « 9)

z

= (f*9)(2) +az(f*9)"(2) + \2(f *9)"(2),
1

where 11 (z) = [ 12
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