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Let A denote the class of functions of the form:
fa) =2+ apz" (1)
k=2

which are analytic and univalent in the open unit disc U = {z € C: |z| < 1}.
We define the differential operator 2™ : A — A, n positive integer, by

2°f(2) = f(2),
' f(2) = 2f(2) = 2f'(),

P"f(z) =2 (7" f(2)). (2)
We note that the differential operator 2™ was introduced by Saldgean, [6].

P"f(z) =z+ Z k"ag2". (3)
k=2

Definition 1. Let f and g be analytic functions in U. We say that the function f
is subordinate to the function g, if there exist a function w, which is analytic in U
and w(0) = 0; |w(z)| < 1;z € U, such that f(z) = g(w(z)); Vz € U. We denote by <
the subordination relation.
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Definition 2. For A > 0;—-1 < A< B < 1;0 < B < 1;n € Ny let S(n,\, A, B)
denote the subclass of A which contain functions f(z) of the form (1) such that

1+ Az
. 4
1+ Bz )
Attiya and Aouf defined in [2] the class Z(n, A, A, B) with a condition like (4),
but there instead of the operator 2 they used the Ruscheweyh operator %, where

A"f(z) = z—l—z <n+7li— 1) apz®.
k=2

Definition 3. [3][8]A function f(z) of the form (1) is said to be in the class V(6y)
if f € A and arg(ay) =6 ,Vk > 2. If 30 € R such that

0 + (k—1)6 = m(mod 2m),¥k > 2 then f(z) is said to be in the class V (0, d). The
union of V (6, d) taken over all possible sequences {6} and all possible real numbers
d is denoted by V.

(L=M(2"f(2)) + N2" " f(2)) <

Let V. S(n, A\, A, B) denote the subclass of V' consisting of functions
f(z) € S(n,\, A, B).

COEFFICIENT ESTIMATES

Theorem 1. Let the function f(z) defined by (1) be in V. Then
f(z) e VS(n, A\, A, B), if and only if

o0

> ECy lag| < (B = A)(n+ 1) (5)
k=2

where
Cr=1+B)n+1+Ak-1)].

The extremal functions are:

_ ., B=An+1) ok
f(z)=z+ [EEsTaA ek (k> 2).
Proof. We work with the technique used in [3].
Suppose that f(z) € VS(n,\, A, B). Then
1+ Aw(z)

h(z) = (1= X(2"f(2)) + N(Z" f(2)) = T+ Bu(z) (6)
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where
w € H = {w analytic,w (0) =0 and |w(z)| <1,z € U}.
From this we have
w(z) = 1—h(z)
- Bh(z) — A
Therefore
ki 4+ 14+ A (k—1)]

h(z)zl—l-z " agz
k=2

and |w (z)| < 1 implies

io: F b LA k=) ) k-1
n+1 k
=2

(B—A)+B i‘é B A= D)] ok
k=2

<1

n+1

(7)

Since f(z) € V, f(z) lies in the V (0, d) for some {0} sequence and a real number

0 such that 6 + (kK — 1)6 = w(mod 27),Vk > 2 .
Set z = re® in (7), then

(B~ )~ B 3 K gy h
Since Re{w(z)} < |w(z)| < 1 we have
So -
> EIC |ag| r* T < (B - A)(n+ 1),
r—1 k:io
> ECy |ag| < (B - A)(n+1).
k=2

Conversely, f(z) € V and satisfies (5). Since r*~1 < 1, we have

— k" 4+ 1+ A (k—1)] a1 <
k=2 n+l k=2

2K 4+ 14+ A (k—1)]
n+1
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Zk"+1[n+1+)\(k 1)]

k—1
m—— lag|r

Eiin4+14+M(k—1)]

<|(B-A)+B kZQ 1 axz
which gives (7) and hence follows that
1+ Aw(z)
_ n ! n+1 I
(1= NS + NI = 1)

that is f(z) € V.S(n, \, A, B).

Corollary 1. Let the function f(z) define by (1) be in the class V.S(n, A, A, B).

[hen ( \( 3
B—A)(n+

> 2).

Ent1Cy, (k>2)

The result (5) is sharp for the functions

(B—A)(n+1) oi0k
knJrle

lag| <

f(z) =2+ (k> 2),

DISTORTION THEOREMS

Theorem 2. Let the function f(z) defined by (1) be in the class V.S(n, A, A, B).
Then

(B—A)(n+1), (B=A)(n+1)
2| = o+, 2] o+, 2|
Proof. We work with the technique used by Silverman [8|. Let

< [fR) <zl +

(11)

® (k) = k"Cy. (12)

It is an increasing function of k (k > 2),s0

o0

2)) lagl <D ®(k) |ax| < (B—A) (n+1)
k=2

k=2

or equivalently

> B-—A)(n+1 B—-—A)(n+1
Z|al€| S( 2¢)((2)+ ):( 2n+)1(02+ ) (13)
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This way we have

o o0
k 2
A < Lol + Y lanl 12" < J2l + 1217 Y lax
k=2 k=2

SO
B-A 1
S < o+ B EE D .

Also, we have

|f(2)] > |2] = Z\ak\ |2|* > |2| - |Z!22 |a| .
k=2 k=2
So (B—A)(n+1)
If(2)| > |2] - STESYeA 2|7

The result is sharp for the function

(B=A)(n+1) 4, o
2n+1c2 ez,

f(z) =2+

at z = & |z| e,

(B—A)(n+1)
2n+lc2

Theorem 3. Let the function f(z) defined by (1) be in the class V.S(n, A, A, B).
Then

Corollary 2. f(z) € U(0,r1), where r; =1+

(B—A)(n+1)
2y

(B—A)(n+1)

1-— |z| < |f’(z)‘ <1+ 2nCy 2| . (14)

The result is sharp.

D (k
Proof. Let ]i) = k"1C). Tt is an increasing function of k(k > 2). According to

Theorem 1, we have

D(2)

or equivalently

> (B—A)(n+1) (B—A4)(n+1)
D klail < 3(2) - onCy
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This way we have

7 <1+ B bl < 14 P
So -
76 21 B 2 1= P
(B—A)(n+1)

Corollary 3. f/(z) € U(0,r2), where 7y = 1+ o
2

EXTREME POINTS

Theorem 4. Let the function f(z) defined by (1) be in the class V.S(n, A, A, B),
with arg(ay) = 0 where 0 + (k — 1)6 = m(mod 2m),Vk > 2 . Define

filz) =z

and

(B—A)(n+1
kn+16%

Then f(z) € VS(n, A, A, B) if and only if f(z) can expressed by

= Z,ukfk(z), where pux > 0 and Z,uk =1.
k=1

fe(z) =2+ )ew’“z (k>2,2€U).

oo
Proof. 1f f(z Zukfk , g > 0 and Z,uk =1, then

k=1
= n B - A) n+1 s
Zk +10k( k10, Z A)(n+ Dpg =
k=2 k=2

=(1—m)(B-A)n+1) < (B—A)(n+1).

Hence f(z) € VS(n,\, A, B). Conversly, let the function f(z) defined by (1) be in
the class V.S(n, A\, A, B), define

kn+1c%

M= B D) w k=2
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and

(o)
pr=1-— Z,uk-
k=2

o0
From Theorem 1, > pp <1 and so py > 0. Since pug fx(2) = prz + a2, then

f=2
D fe(z) =2+ ) a2t = f(2).
k=1 k=2
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