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1. INTRODUCTION

In order to obtain various perturbed Ostrowski type inequalities, in the earlier paper
[24] we established the following equality:

Lemma 1. Let f : [a,b] — C be an absolutely continuous on [a,b] and x € [a,b].
Then for any A\ (x) and Aa (x) complex numbers, we have

b
R T [ R ) vy AU )
b

- /%_a) [0 =2 @] dt+ —— [ (=0 [ (1) — D ()] dt,

b—a b—a J,
where the integrals in the right hand side are taken in the Lebesgue sense.
The following equality in terms of one parameter holds:

Corollary 2. With the assumption in Lemma 1, we have for any A (z) € C that
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b
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Remark 1. If we take A(x) = 0 in (2), then we get Montgomery’s identity for
absolutely continuous functions, namely

b
el R Q

T b
_ 1t /(t—a)f’(t)dt+b1 /(t—b)f’(t)dt,

b—a /, —a J,

for x € [a,b].
We have the following midpoint representation:

Corollary 3. With the assumption in Lemma 1, we have for any A1, Ao € C that

(50 +g- )(AQ—Al—/f 8
) atb

:b—a

—a

/2 (t—a) [7/ (1)~ ] di + = /M(t—b)[f’(t)—Ag]dt.

In particular, if \y = Ay = A, then we have the equality
a+b 1 b
— t)dt D
(50 -5 [ 1o @
b

= b
:bia/a (t - a) [f/(t)—x]dwbia/Z (t—b) [f' (1) - A] d.

The identity (1) has many particular cases of interest.
If x € (a,b) is a point of differentiability for the absolutely continuous function
f :[a,b] — C, then we have the equality:
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In particular we have
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y w ol

f(t)dt (7)
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provided f’ (%F2) exists and is finite.
For x € (a,b), if we take in (1)

D i ry (o) L0 =1 (@)

then we get, after some elementary calculations,

1[f( >+(b‘m)f(b?,ff_a)f(a)]—bia/abm)dt 0
- (t—a) [ (x:z:if(a)]dt
- ") [ W}dt.

In particular, we have

;[f<a—|2—b>+f(b)ﬂ;f(a)]_bia/abf(t)dt (9)
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for all x € [a,b] .
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In particular, we have

a b
f( ;b>+;(b_a>[f'(b)—f;<a)}_b1a/af(t)dt (1)

[T o o- A

b
+bia/L (t—=b) [f' (t) = fL (b)] dt.

atb
2

If we take in (1) A2 (z) = Ao (z) = f/ (“T‘Fb) , provided this derivative exists and
is finite, then we get

s (G- (50 -k [ roa (12)
—a [ ema|ro-r (5|

A [a-nlro-r (45w
for all z € [a, b] .

In [24] we obtained the following perturbed Ostrowski type inequalities:

Theorem 4. Let f : I — C be a differentiable function on I and [a,b] C I. If the
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derivative f': I — C is of bounded variation on [a,b], then

re - [roas () rw (13)

by [0 977 0~ - o (@]
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for any x € [a,b].

We say that v : [a,b] — C is Lipschitzian with the constant L > 0, if it satisfies
the condition

lv(t) —v(s)| < L|t—s| for any t,s € [a,b].

Theorem 5. Let f : I — C be a differentiable function on I and [a,b] C I. Let
€ (a,b). If the derivative f' : I — C is Lipschitzian with the constant Ky (x) on
[a,x] and constant Ky () on [z,b], then

r@-it [roas (S -a) rw (1)

b [0 977 0 - @0 (@]

< % [(i:;)glﬁ (@) + <Z:Z>3K2 (z)] (b a)?
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< (b—ay
(52)" + () max (11 () B 00,
)T (”—i)%] K1 @) + K @
p>11+1=1
L |5t ]3[K1 () + K> ()]

For other Ostrowski type inequalities see [1]-[19] and [21]-[43].
Motivated by the above results, we establish in this paper other perturbed Os-
trowski type inequalities for complex valued differentiable functions.

2. INEQUALITIES FOR DERIVATIVES OF BOUNDED VARIATION

Assume that the function f : I — C is differentiable on the interior of I, denoted I )
and [a,b] C I. Then, from (6) we have the equality

@+ (s rw- it [ roa (19

z b
Ibia/ (t—a) [f’<t)—f’(:c)]dt+L (t—b) [f' (t) — f ()] dt

b—a J,

for any = € [a, b].
We have the following result:

Theorem 6. Let f : I — C be a differentiable function on I and [a,b] C I. If the
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derivative [ : I Cis of bounded variation on [a,b], then

'f@o+<a;b ) /tf d4 (16)

T b
<30-0|(522) Vinas (=) Vi)
g%w—@
B ath 2 b T b
i+(””;_;) ] [%\/(f’H% V=Vl
2p op11/P [ [ * a b a7 1/a
AT ()" ”\/(f’) . \/(f/)]
1;>1,]%+%=1, ’ '
a+b b
e[|V,
for any x € [a,b].
Proof. Taking the modulus in (15) we have
a+b , 1 b
s+ (o) rw- i [roa (17)
sbl/x(t—a)[f’(t)—f(x)]dt
\/ 7 (@) dt\
< (t—a) ‘f ’dt
1 b—t |f(t (z)] dt.
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Since the derivative f': I — C is of bounded variation on [a, 2] and [x,b], then

1f/ (&) = f' (@) < \/ () fort€ [a,a]
t

and
1F1 () = f ()| <\ () for t € [x,0].
Therefore
/z(t—a)|f/(t)_f/(x)‘dt < /x(t—a)\/(f/)dt
< é(x—aﬁ\/(f’)dt
and
b b t
[o-0lro-r@la < [6-0V ()
) b
< §(b—93)2\/(f,)7

which, by (17) produce the first two inequalities in (16).
The last part follows by Holder’s inequality

1/8
mn + pg < (m® + p*)'/® (nﬂ+qﬂ) :

where m,n,p,q > 0 and a > 1Withé+%:1. ]

Corollary 7. With the assumptions of Theorem 6, we have

'f <“+b>—i/bf<t>dt’ (18)

a+b aTer

b t
bia / (t—a)\/ (f dt+/(b—t)\/(f’)dt

o~

l\)
Q
-+
o

1 b
<5 b—a)\/(f)dt.
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Remark 2. Ifp € (a,b) is a median point in bounded variation for the derivative,
b

i.€. \/ \/ , then under the assumptions of Theorem 6 we have
P
a+b
‘f(p)+< 2Lo) st [ (19)
1 P g !
_b_a[/a (t—a)\/ (f dt+/ b—1)\/ (f dt]
t p P

3. INEQUALITIES FOR LIPSCHITZIAN DERIVATIVES

We start with the following result.

Theorem 8. Let f : I — C be a differentiable function on I and [a,b] C I. Let
€ (a,b). If a; > —1 and Lo, > 0 with i = 1,2 are such that

£/ () ' @)] < Loy (@ — ) for any t € [a,7) (20)
" |f/(t) = f ()] < Loy (t —2)** for any t € (z,b], (21)
then we have
r@+ () @ - [ rwa (22)
=3 . a [(ozl + 1L)Ozloq oy @ )™ (an + 113022042 T2 0 x)a2+2] '

Proof. Taking the modulus in (15) we have
at+b 1 b
' —l—( 5 ) )_b—a/a f(t)dt’ (23)
= [e-alrw-swla
/ b—t)|f )= f (z)|dt.
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Using the properties (20) and (21) we have

T

[ e=alr®-r @<t [ t-a@-oma
1
= r—a)®t? w (1l —uw)* du
— Lo, (2~ a) /0<1 yr d

1
= Lo, (x — a)a1+2/ u® (1 —wu)du
0

1
= (a1+1)(a1+2)La1 (r—a

)a1+2

and
b b
[ =015 ® -1 @it < Lo, [ 000 a
1

_ - 0c2+2'
“laat D v 7Y

Utilising (23) we get the desired result (22). &

Corollary 9. Let f : I — C be a differentiable function on I and [a,b] C I. If the
derivative is ' of r-H-Hdélder type on |a,b], i.e. we have the condition

[F ()= f (s)| < Ht—s"

for any t,s € [a,b], where r € (0,1] and H > 0 are given, then

a
r+ r+
T —a b—x a1
(=2 (G=2) oo
for any x € [a,b].

In particular, if f' is Lipschitzian with the constant L > 0, then

r@+ () @ - [rwa (24)
H 2 2
SIS

r@+ () @ - [ rwa (25)

(=) < (=) oo

1
=L
6

for any x € [a,b].

218



S. S. Dragomir — Perturbed Ostrowski Type Inequalities ...

4. INEQUALITIES FOR DIFFERENTIABLE CONVEX FUNCTIONS

The case of convex functions is as follows:

Theorem 10. Let f : I — C be a differentiable convex function on I and [a,b] C I.
Then for any = € [a,b] we have

I (x)
OSb_la/abf(t)dt—f(a:)—<a;b—x>f’(x)§ b (z) (26)
I3 (x)
where
L (z) = (b_x)f(béff—a)f(a)—f(x)—zf'(g;)<“+b_ >
b (2) :;f’(b)(b—l‘)z:;}:’(a)(y&—af o) (“;b—x>
and

Proof. We have the equality

e [rwa @ (CF ) 1)
.

b
:b—a/ “—a)[f’<~’v>—f’<t>]dt+b1 L(b—t)[f’(t)—f%x)]dt

a —a

for any = € [a, b].
Since f is a differentiable convex function on I, then f’ is monotonic nondecreas-
ing on I and then

[ -l @-rwazo
and

b
/ (b—t) [f (1) — f ()] dt >0,

which proves the first inequality in (26).
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We have

T

/ @) - FO)di<@—a) [ [f@) -0

=(@—a)[f (@) (x—a) = f(x)+ f(a)]

and

o

b
/ b-t)[f' &)~ f @] di<b-=) [ [f)—f (@)]d

=(b-2)[f()—f(2) - f(2)(b-2)].
Adding these inequalities we get
T b
[earw-roas [ o-nlro-r e

<(z—a)[f (2)(x—a) = f(2) + [ (a)]
+(b—2) [f(b) = f(z) = f'(2) (b - 2)]

+ [ () 22 = (a + D) (b - a)

and by (27) we get the second inequality for I; (z).
We also have

/x (t—a) [/ (@) — ' (1) dt < / (t—a) [/ (@) — /' (a)] dt
1
3

and

Adding these inequalities we get
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and by (27) we get the second inequality for I (z) .
Further, we use the Cebysev inequality for asynchronous functions (functions of
opposite monotonicity), namely

dic Cdg(t)h(t)dtgdic/cdg(t)dt it d.
Therefore
[ e @- o]
< [e-au— [ [Fw-r o)
_ (x—a)® f(x)(x—a)—f(z)+f(a)
2(x—a) r—a
= [f @@ —a)~ @) +f @)
and
b
s [ =010 £ @) d
b b
bl (b—t)dt.bix/x [f () — f ()] dt
_ (- )'f(b)—f(m)—f'(ﬂf)(b—l’)
2(b—2) b—x
= [F ) @)~ F @) b)),
Adding these inequalities, we have
bia/:(ta)[f’() dt+/ b— 1) (x)] dt
@@ —a-f@)+f0)](z-a
-2 b—a
+}[f(b)—f(ﬂf)—f'(fﬂ)(b—fﬂ)](b—x)
2 b—a
L
:m[[f () (x —a) — f (x) + f (a)] (z — a)]
1

o= [[f(b) = f(z)— f'(z) b—2)] (b—2)]
L[f®)(b—2)+ f(a)(z—a) , _—
B s s @)+ @ (o 250
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which proves the inequality for I (z). 1

Remark 3. From the first inequality in (26) we have

b — T r—a a a
[ a0 E 0@ (50 ) g

for any x € [a,b].
From the second inequality in (26) we have

b ! —£B2— "(a 33—(12
[ ra @<y LORZE LRy

for any x € [a,b].
From the third inequality in (26) we have

b . o
bia/af(t)dtgi[f(b)(b )b:f;()( )

+f (x) (30)

for any x € [a,b].

5. INEQUALITIES FOR ABSOLUTELY CONTINUOUS DERIVATIVES

We use the Lebesgue p-norms defined as follows:

d 1/p
lolheay = ([ lo@Pat) L gerled. pz

and

191l cd,00 = €55 sup [g(s)|, g € Loc[c,d].
s€[e,d]

The case of absolutely continuous derivatives is as follows:

Theorem 11. Let f: I — C be a differentiable function on I and la,b] C I. If the
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derivative f’ is absolutely continuous on [a,b], then for any x € [a, b]

a+b 1 ’
S @)+ ~2 f’(w)—/ I (1) dt (81)
2 b—a a
(5@ =) 1" ljg,00,00 -
1
= b—a (q+1)q(q+2) (2= a) /o2 17 Moz
3 (=) 1" g0
6 (0= 2) 11" Iz gy.00
1 1/q+2
* b—a (q+1)q(q+2) (b—a)'/et 1w 1.
| $(b—2)° 1,1 5

1 1 _
wherep>1,5+a—1.

Proof. Taking the modulus in (15) we have

r@-i ks [0 (5 -2) r@
sb;/ja—a)\f'(t)—f'(x)\czw1a/xb<b—t>»f'<t>—f'<x>\dt
:b_ / (t —a) /f” '+a : —t)
b_a/a (t—a)/t \f”(s)\ds+b_a/:(b—t)/x 17 (3)] ds.

//

<
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Using Holder’s integral inequality we have for p > 1, % + % =1,

St = a) (@ = 1) [ .00

[ o [rolas < § fre-a =",
7 (= ) g
( Hf”H[a,:p],oofax(t_a)(x_t)dt
< L 1 S (=) (2 — 1)/

17" a2 o (= a)dt

((§@—a)[lf"]

[a,z],00

P — a)l/q+2 ||f/l|

e
(¢+1)(g+2)

3(z—a)| /|

la,z].p

la,z],1

and, similarly
§ 0= 111" 1200
b t ot
/w(b—t)/m £ ()] ds < { (pritazay (0 — )72 1)

3 (0—2)" |1/

[z,b].p

[,b],1 -
Utilizing the inequality (32) we get the desired result (31). i

Remark 4. Since

1 " 1 "
5 @ [ e+ 5 O = 1"l o
1 I "
< g [@ =0+ 6= )| max {1y oo 1 o
1
=5 (b—a) [(x —a)?—(x—a)(b—z)+ (b— xﬂ Hf//H[a,b},oo’
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then by (31) we get

a+b , 1 b
s+ (o) r@ -t [ 1w (33)
<1 z—a)\’ T —a b—=x b—a)?
6 (b—a) B <b—a) <b—a> + (b—a)
x (b— a)2 Hf”H[a,b],oo’
for any x € [a,b].
Since
(&= @) g+ 0= DV
< [(l’ - a)2q+1 + (b - 2q+1:| |:Hf”H la,z],p + HfHH (x,b] pi|
= [ 0= 2]
then by (31) we get
r0+ (5 -e) rw /f £)dt (34)

q
=Gt (@+2)

« (b o a)1+1/q Hfl/

T —a 2q+1+ b— )2t /e
b—a b—a
H[a,b],p’

for any x € [a,b].
Since

(@ = 0)* | "Nl a1 + O =2 (1"l 0
< max {(l’ —a)?,(b— 37)2} |:Hf”H[a,x],l + Hf”H[x,b},J

a+b|]?
3| 17

[romasl

then by (31) we get

f (@) + (“;b—x) f'<x>—b_1a/abf<t>dt]

arh |12
] -0

2

+ b—a

for any x € [a,b].
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