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ABSTRACT. The aim of this paper is to prove some common fixed point theorem
for four single-valued mappings in complete fuzzy metric spaces and a common fixed
point theorem for single-valued mappings I, J : X — X and multi-valued mappings
F,G: X — CB(X) using an implicit relation. In this paper it is shown that the
theorems can be apply to a much spreading class of t-norms using the theory of the
countable extension given in [7].
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1. INTRODUCTION AND PRELIMINARIES

Banach fixed point theorem is one of the most cited theorem in this field of math-
ematics. It was followed by a large number of generalizations Banach contraction
principle in the metric spaces, as well as in the spaces that represent a generalization
of metric spaces. One of the expansions represent the fuzzy metric spaces. There
are different definitions of this spaces, and in this paper we will use the George and
Veeramani [4, 5] definition of fuzzy metric spaces. The reason for this is obtained a
Hausdorff topology for this kind of fuzzy metric spaces. Accordingly, many authors
translated the various contraction mappings from metric to fuzzy metric spaces, us-
ing mainly minimum t-norm (7). In the book [7] they investigated the classes of
t-norms 7" and sequences (z,) from the interval [0, 1] such that nh_}ngo xzn, =1 and

. oo . oo
Jim T2 2 = lim T2 n i = 1. (1)

V. Popa [13] introduced the idea of implicit function to prove a common fixed
point theorem in metric spaces. After that, the idea of using the implicit relations
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appeared in many papers and we mention only a few ([1]-[3], [10], [14]-[17], [19]). B.
Singh and S. Jain [17] extended the result of Popa in fuzzy metric spaces. In this
paper using the notion of compatible and weakly f-compatible mapping, and the
notion of countable extension of t-norm we prove a common fixed point theorem for
four mappings in complete fuzzy metric space. This result is generalization of result
given in [14].

S. Sedghi et al. [15] proved a common fixed point theorem for multi-valued
mappings satisfying an implicit relation in fuzzy metric spaces, where they used a
t-norm satisfying condition T'(¢t,¢) = ¢. In this paper, it will be proved a common
fixed point theorem for two pairs of weakly compatible mappings in fuzzy metric
spaces using implicit relations for more general condition using the results given in
[7, 9] about the theory of countable extension of a t-norm.

We begin our paper with the basic definitions and theorems.

Definition 1. A triangular norm is a function T : [0,1] x [0,1] — [0,1] which
satisfies the following properties: commutativity, monotonicity, associativity and the
number 1 acts as identity element.

The following are the elementary t-norms :
TM($,y) - min(xa y)7 TP(«T,y) =T Y, TL(‘Ta y) = max(a: +y— 170)
and

_ [ min(z, y), max(z,y) =1
Tp(z, y) = { 0, otherwise

Very important family of t-norms are Dombi, Aczél-Alsina, Sugeno-Weber and
Schweizer-Sklar. For this familly of t-norms very useful results are obtained (see

[7)-

e The Dombi family of t-norms (7) €0, 00], Which is defined by

Tp(z, y), A=0
Ty (x, y) A =00
TD , — M\, Y),
x (@) 1 A € (0, c0).

(O ()

e The Aczél-Alsina family of t-norms (TfA) A€[0, o0]» Which is defined by
TD(CU, y)7 A= 0

T)I\L‘A(xa y): TM(xv y)’ A=oo
e—((—log 2)*+(—log y)A)l/A7 A € (0, 00).
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e Sugeno-Weber family of t-norms (7" fw) A€[-1, 00> Which is defined by

TD(-%', y)a A=-1
Y o) = | ThCa ) —
max (0 %W) , A€ (-1, 00).

e The Schweizer-Sklar family of t-norms (Tfs )AE[—o0,00], 18 defined by

Tz, y), A=
TP(I‘, y)a A= 0
758 _
VBV =0 max(0, (2 + 9 — 1)}, A e (=00, 0) U (0, o),
TD(:I"7 y)7 A=00

Very important class of t-norms ([6]) is t-norms of H-type.
Let T be a t-norm and 7;, : [0, 1] — [0, 1] (n € N) is defined in the following
way:
Ti(x) =T(x, z), Tpi1(z) =T(Tp(z), x) (n €N, z € [0, 1]).

We say that t-norm 7' is of the H-type if T is continuous and the family {7},(z) }nen
is equicontinuous at x = 1.

A trivial example of t-norms of H-type is T' = Ths. A nontrivial example is given
in the paper [6].

An arbitrary t-norm 7' can be extended (by associativity) (see [9]) in a unique
way to an n-ary operation taking for (z1,...,z,) € [0,1]" the values

0 -1
T¢:15Uz' =1, T?ﬂmi =T( :-L:l Xiy ) = T(x1,...,20).

For example

Tr(x1, z2,...,x maX{sz (n—1), 0}
Ty (x1, T2, .. @) = mln{:nl, X9y ...y Tn}
Tp(xz1, T2, ..., Tp) = T1 T+ -+ Tn.

We can extend T to a countable infinity operation taking for any sequence
(Zn)ne N from [0, 1] the values

T;’ilxi = lim T?:lxi.
n—oo

Since the sequence (T?lei)ne N IS non-increasing and bounded from below, the
limit of right side exists. In [7] the following results are obtained:
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o If T'=1T; or T =Tp, then

o0
lim T30 2 =1 < Z(l — ;) < 00,

n—00
=1

and also that for T' > T}, following implication holds

oo
lim T2,z =1= Z(l —x;) < 00.

n—00 4
=1

For example, the condition 7" > Ty, is fulfilled by the families (Tfs IA€[=00,1]
and (T9") sepo,00]-

o If (T%)xc(0,00) is the Dombi family of t-norms or the Aczél-Alsina family of t-
norms and if (2, )ne v is a sequence of elements from (0, 1] such that lim z, =
n—oo

1, then
lim (T});, 2 =1+=> (1-x)* < 0. (2)

n—00 4
=1

o If (TfW),\e(_LOO] is the Sugeno-Weber family of t-norms and (z,),e n is a
sequence of elements from (0, 1] such that li_>m xn, = 1, then
n—oo

lim (':[‘fw)znxZ =1 Z(l — ;) < 00. (3)

n—00 £
=1

Proposition 1. Let (z,,)ne N be a sequence of numbers from [0, 1] such that li_>m Ty =
n—oo
1 and t-norm T is of H-type. Then

lim fli:nxl- = lim 1i2n$n+i =1.
n—oo n—oo

Definition 2 ([4]). The 3-tuple (X, M, T) is said to be a fuzzy metric space if X
is an arbitrary set, T is a continuous t-norm and M is a fuzzy set on X2 x (0, co)
satisfies the following conditions:

M(x,y, t) >0, for every x,y € X, t >0,

M(z,y,t) =1 for everyt >0 <z =y,

M(x,y, t) = M(y, x, t), for every z, y € X, t > 0,

T(M(x,y,t), M(y, z, s)) < M(z, z, t +s), for every x, y, z € X, t, s > 0,

M(z,y, ) : (0, 00) = [0, 1] is continuous for every x, y € X.
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It is well known that M(x, y, -) is non-decreasing for all z, y € X. If (X, M, T)
is a fuzzy metric space the family {B(z, r,t) : = € X, r € (0,1),¢t > 0}, where
B(z,rt) ={y: y € X, M(z,y,t) > 1 —r} is a neighborhood’s system for a
Hausdorff topology on X.

Definition 3. A sequence {xy, }nen in a fuzzy metric space (X, M, T') is a Cauchy
sequence if and only if for every e € (0,1), t > 0 there exists ng € N such that
M(zy, Tm, t) > 1 —¢ for every n, m > ng. A sequence {xy}nen in a fuzzy metric
space (X, M, T) is said to converge to = if and only if for every e € (0,1), t > 0
there exists ng € N such that M(xy, x,t) > 1 — ¢ for every n > ng. A fuzzy metric
space (X, M, T) is comlete if every Cauchy sequence is convergent in X.

Lemma 1 ([11]). If there exists k € (0,1) such that M(x,y, kt) > M(z,y,t) for all
z,y € X andt >0, then x = y.

Definition 4 ([11]). Let f and g be self maps on a fuzzy metric space. The pair
f and g is said to be compatible if li_>m M(fgxn, gfzn,t) = 1, whenever {x,} is a
n—oo

sequence in X such that lim fx, = lim gz, = z for some z € X.
n—oo n—oo

Definition 5 ([8]). Let f and g be self maps on a fuzzy metric space. Then the
mappings are said to be weakly compatible if they commute at their coincidence
point, that is, fx = gx implies that fgr = gfx.

Definition 6 ([12]). The pair (f, g) is said to be weakly f-compatible if either
lim gfx, = fz or lim ggx, = fz, whenever {x,} is a sequence in X such that
n—o0 n—oo

lim fz, = lim gz, =z and lim fgx, = lim ffz, = fz for some z € X.
n—oo n—oo n—oo n—o0

Similarly, it can be defined weak g-compatibility of the pair (f, g).

Definition 4 and Definition 6 imply that the pair (f, g) is coincidentally com-
muting or a weakly compatible pair and Definition 4 imply Definition 6. The weakly
f-compatible pair (f, g) need not be compatible (see Example 1.11 [14]).

Definition 7. [12] The pair (f, g) is said to be f-continuous if lim ffx, = lim fgx, =
n—oo n—oo
[z, whenever {x,} is a sequence in X such that lim fx, = lim gz, = z for some
X n—oo n—oo
ze X.
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2. MAIN RESULT FOR SINGLE-VALUED CASE

At the beginning, we mention the theorem that has been proved in [18].

Theorem 2 ([18]). Let T be a continuous t-norm. For every monotone non-

increasing function H : (0,00) — [0, 1], the following implication holds: If for some

oo € (0,1), lim Too H(o}) =1, then lim T H(c') =1, for every o € (0,1).
n—oo n—oo

Proof. If ¢ < 0q then ¢ < ¢}, i € N, and since H is non-increasing H(c") > H(o}),
i € N, thence T;2, H(c?) > T, H(cb), for every n € N. Obviously, previous
implication hold. Let o > og. First, we shall suppose that ¢ = /gg. Then

icon(0') = T(TZ,H(e*), TZ, H(e*)
> T(TZ,H(op), T2, H(op))

an if lim T;o, H(c}) =1, since T is continuous, we obtain that
n—oo

lim T2, H(s") >T(1,1) = 1.

n—oo

Since
Jim TZ,, H(o') > lim T2, H(o")
it follows that '
lim To, H(o') =1

n—oo
for 0 = \/og. For an arbitrary o > oq, there exist n € N, such that ag_n > o, and
we can repeat the above process n-times.
Theorem 3 ([18]). Let (X, M, T) be a fuzzy metric space, such that ltlirn M(z,y,t) =
—00

1. If for some oo € (0,1) and some x,y € X the following hold:
. 1
lim Too M(zo,y0, —) =1,

0o

n—o0

then )
lim TfinM(xo,yg, —) =1
o

n—oo

for every o € (0,1).

Proof. Define a function H(t) = M(:Uo,yo,%), t > 0. Since M (xg,yo,-) is non-
decreasing, it is obvious that H is non-increasing mapping from (0, c0) into [0, 1].
So, from Theorem 2, the condition is satisfied.
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Let @ denote the set of all continuous functions ¢ : [0,1]% — RT satisfies the
conditions

(¢1) : ¢ is decreasing in to, t3, t4, t5 and tg

(p2) = P(u,v,v,v,v,T(v,v)) > 0 or ¢(u,v,v,v,T(v,v),v) > 0 implies u > v for
all u, v € [0,1].

Example 1. (i) Let T(a,b) = min(a, b) and
¢(t13 t25 t3) t47 t5a tﬁ) - 7‘:1 - mil’l{tQ, t3) t47 t5a t6}a

then ¢ € ®.
(ii) Let T'(a,b) = min(a, b) or T'(a,b) =a-b or T(a,b) = max(a +b—1,0) and

¢(t17t27t3at47t57t6) == tl - max{t27t37t4at5vt6}v
then ¢ € ®.

Theorem 4. Let (X, M, T) be a complete fuzzy metric space such that tlim M(x,y,t) =
— 00

1 and let f,g,S and P be self maps of X such that
a) F(X) C P(X) and g(X) C S(X),

b1)
¢(M(fx, gy, kt), M(Sz, Py, t), M(fx, Sz, t), M(gy, Py, 1), _
M(fz, Py,t), M(gy, Sz,2t)) —
for all z,y € X, for allt > 0, where k € (0, 1) and ¢ € ®.
b2)
¢(M(fz, gy, kt), M(Sz, Py, t), M(fx, Sz, 1), M(gy, Py, 1), o

M(fz, Py,2t), M(gy, Sx,t)) -

for all x,y € X, for allt > 0, where k € (0, 1) and ¢ € ®.

c) (f,S) is weakly S-compatible, (g, P) is weakly P-compatible and either (f,S)
is S-continuous or (g, P) is P-continuous

or

d) (f,S) is weakly f-compatible, (g, P) is weakly g-compatible and either (f,S)
is f-continuous or (g, P) is g-continuous.

Suppose there exist xg,x1 € X, f(xo) = P(x1), and p € (k,1) such that

. 1
Jim T, M (Fao).glan), ) = 1.

Then f,g,S and P have a unique common fixed point z € X, and z is the unique
common fixed point of f and S and of g and P.
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Proof. Let x9g € X be arbitrary point. By (a) there exist 1 € X such that
fro = Pz, and there exist xo € X such that gz = Szs. Inductively we con-
struct sequences {y,} and {z,} in X such that

fron = PXony1 = Yon, 9%on+1 = SToant2 = Yont1-

Let d,,(t) = M (yn, Yn+1,t) for all £ > 0. Now using (bl) with z = x9,, and y = xo, 41
we get
0 < o(M(fxon,gront1,kt), M(Sxapn, Proni1,t), M(fray, Stop,t),
M(gxan+1, Pront1,t), M (fxon, Propyt1,t), M(grant1, STan, 2t))
= (M (y2n, Y2n+1, kt), M (y2n—1, Y20, 1), M (Y2n, Y2n—1, 1),
M (Y211, Y2ns 1) s M (y2n, Y2n, 1)s M (Y2n+1, Yon—1,2t))
< @(dan(kt), dop—1(t), don—1(t), d2n(t), 1, T (don(t), d2n—1(1)))

since the function ¢ is decreasing in six variable. Now, suppose that do,_1(t) >
don(t), then

0 P(dan(kt), d2n—1(t), dan—1(t), don(t), 1, T (d2n(t), d2n—1(t)))
¢(d2n(kt)a don (t), don, (t), don, (t), d2n(t)> T(d2n (t), d2n(t)))

= ¢(ua v,v,0,0, T(Uv ’U))

<
<

Then from (¢2) we have day, (kt) > da,(t) a contradiction. Hence da,—1(t) < dop(t).
Again, using (bl), (¢1) and (¢2) we have

0 < ¢(dan(kt), don—1(t), don—1(t), d2n—1(t), don—1(t), T(don—1(t), d2n—1(t)))

and so,
i) dop(kt) > dop—1(t).
Similarly, putting * = x9y,,y = x2,—1 in (b2) we can show that
i1) dop—1(kt) > don—a(t).
From (i) and (ii) we have d,,(kt) > d,,—1(t) and

t t
M(ynyyn—i-l’t) > M(yn—layna E) > 2 M(yanla k‘i”) —1
as n — oo.
It remains to prove that the sequence {y,} is a Cauchy sequence. Let o = %
Since 0 < o < 1 the series Y oo, o is convergent and there exists ng € N such that

"% o' < 1 Hence for n > ng and every m € N

i=ng
o) n+m—1
t>ty o>t Y o
i=ng i=n
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Then we have,

n+m—1 )
M (YntmsYnst) = M (Yntm, Yn,t Z a')
i=n

> T(T(. .. T(M(yn-‘rm) Yn+m—1, t0n+m71)’ ceey M(yn+17 Yn, tan)))
N——

m—times
> T(T( .. T(M(y(), ylW)a v 7M(y07y17 I{IT)))

m—times

t t

= T(T( .. T(M(yo, U1 W)’ ) M(yOa Y1, E)))

m—times

_1 t

= T:b:?;n M(yo::l/lvﬁ)

t
Z Tan(yO)th)

Based on Theorem 3, lim Tio, M(yo,y1, %) = 1 implies lim Tio M(yo,y1, &) =
n—00 = n—00 H

1 for every ¢t > 0.

Now, for every ¢ > 0 and every A € (0, 1) there exist n (¢, \) such that M (Yn+m, Yn,t) >
1 — X for every n > nj(t,\) and every m € N.

So, the sequence {y,} is a Cauchy sequence and from the completeness of X,
there exist z € X such that li_>m Yn = 2.

n oo

Now, suppose that (f,S) is S-continuous. Then S fxo, — Sz and SSza, — Sz
as n — oo. Since (f,S) is weakly S-compatible we have fSxzg, — Sz or ffxe, — Sz
asn — 00. Suppose that fSxo, — Sz asn — co. Then putting x = Sxop, y = Tont1
in (b) we get

0 < @(M(fSwon,groni1,kt), M(SSwan, Prony1,t), M(fSxon, SSxon,t),

M(gzon+1, Prony1,t), M(fSxon, Prany1,t), M(gxant1, SST2n,2t))

Letting n — oo, and using condition (¢1) we have

0 < ¢(M(Sz,z2,kt),M(Sz,2,t), M(Sz,Sz,t),
M(z,z,t), M(Sz,2,t), M(z,Sz,2t))
< @(M(Sz,z,kt), M(Sz,z,t), M(Sz,z,t), M(Sz, z,1),
M(Sz,z,t), T(M(Sz,z,t), M(Sz, z,t)))

From (¢2), we have M(Sz,z,kt) > M(Sz,z,t), which imply by Lemma 1 that
Sz=z.
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Now, putting * = z and y = xo,4+1 in (bl), using condition (¢1) and letting
n — oo we have

0

IN

O(M(fz,z,kt), M(z,2,t), M(fz,2,t),
M(z,z,t), M(fz,z,t), M(z, z,2t))
d(M(fz,z,kt), M(fz,z,t), M(fz,2,t), M(fz,z1),
M(fz,z,t), T(M(z, fz,t), M(fz,z2,t))).
From (¢2) we have M(fz,z,kt) > M(fz,z,t), which imply by Lemma 1 that z =
fz= S8z

Since f(X) € P(X), there exists w € X such that z = fz = Pw. Putting
T = Zop, y = w in (bl), using condition (¢) and letting n — oo we have

IN

0 < o(M(z,gw,kt), M(z, Pw,t), M(z,z,t),
M(gw, z,t), M(z, z,t), M (gw, z, 2t))
< o(M(z,gw, kt), M(gw, z,t), M (gw, z,t),
M(gw, z,t), M (gw, z,t), T (M (gw, z,t), M (gw, z,t)))

Again, from (¢3) we have M (z, gw, kt) > M (z, gw,t), which imply by Lemma 1 that
z = gw = Pw.

Since (g, P) is weakly P-compatible it follows that (g, P) is weakly compatible
pair. Hence Pgw = gPw, so that Pz = gz.

Putting = = x9,, y = z in (bl), using condition (¢;) and letting n — oco we have

0 < ¢(M(z,gz,kt),M(z,gz,t), M(z,z,t),
Mgz, gz,t), M(z, Pz,t), M(gz, z,2t)).
From (¢1), (¢2) and Lemma 1 we have that gz = Pz = z.
Suppose now that zg is another common fixed point of f,g,S and P. Putting
x=2z,y =z in (bl) we have
0 < @o(M(z, z0,kt), M(z,20,t), M(2,2,t),
M(207ZOa )a (Z7ZO7t)7M(ZO)Z72t)
From (¢1), (¢2) we have Mz, z,kt) > M(2p,2,t) and from Lemma 1 we have
Z = Z0.
Suppose that z; is another common fixed point of f and S. Putting x = z; and
y = z in (bl) we have
0 S ¢(M(21,Z,k?t),M(Zl,Z,t),M(Zl,Z]_,t),
M(z,z,t), M(z1,2,t), M(z, 21, 2t)).
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From (¢1), (¢2) we have M(z1,z,kt) > M(z1,2,t) and from Lemma 1 we have
z = 21.

Similarly we can show that z is the unique common fixed point of g and P, and
we can prove the theorem if (g, P) is P-continuous.

Corollary 5. Let (X, M, T) be a complete fuzzy metric space, tlim M(z,y,t) =1
—00

and f, g, S, P: X — X satisfy conditions (a), (b), (c) and (d) of previous theorem.
If t-norm T 1is of H-type then there exists a unique common fized point for the
mappings f, g, S and P.

Proof. By Proposition 1 all the conditions of the Theorem 4 are satisfied.

Corollary 6. Let (X, M, T)j\j) for some A > 0 be a complete fuzzy metric space,
tlim M(z,y,t)=1and f, g, S, P: X — X satisfy conditions (a), (b), (c) and (d)
—00

of previous theorem. Suppose there exists o, x1 € X, f(x9) = P(x1), and p € (k,1)
o

such that > (1—M(f(xo0), g(z1), %)))‘ < 00 then there exists a unique common fized
i=1

point for the mappings f, g, S and P.

Proof. From equivalence (2) we have

S (1 = M(fa0).glan), 7)) < o0 lim (T, M(Fa0).gla), ) < o0 = 1.
=1

Similarly, using equivalences (2) and (3) we have prove the following corollaries.

Corollary 7. Let (X, M, T)flA) for some A > 0 be a complete fuzzy metric space,
tlim M(z,y,t)=1and f, g, S, P: X — X satisfy conditions (a), (b), (c) and (d)
—00

of prem'ous theorem. Suppose there exists xo,x1 € X, f(xo) = P(x1) and p € (k,1)
such that Z (1 —M(yo,y1, %))’\ < oo then there exists a unique common fized point

for the mappmgs f, 9,8 and P.

Corollary 8. Let (X, M, T)*?W) for some A > —1 be a complete fuzzy metric space,
tlim M(x,y,t)=1and f, g, S, P: X — X satisfy conditions (a), (b), (c) and (d)
—00

of previous theorem. Suppose there exists xg,z1 € X, f(xg) = P(x1) and p € (k,1)
such that Z(l — M(f(x0), g(z1), u’)) < 00 then there exists a unique common fized
point for the mappings f, g, S and P.
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3. FIXED POINT THEOREM FOR T > T7,

Theorem 9. Let (X, M, T) be a complete fuzzy metric spaces such that tlim M(z,y,t) =
— 00
1, f: X = X and t-norm T > Ty, such that for every z,y € X, k € (0,1) and t > 0
the following is satisfied
M(fx, fy kt) = a(M(z, fx, )+ My, fy, kt)) + b(M(z, fy,(k+1)t)  (4)
+M(f,y,t) + cM(z,y,t)

where a, b, ¢ are non-negative constants such that 2a+2b+c > 1. If for some xg € X
and x1 = fxo and p € (q,1) the following is satisfied

1
lim T,_, M(xo,z1, —) =1,
W

n—oo
then there exist a unique fized point of the mapping f.

Proof. Let 9 € X and zy+1 = fx,. From (4), for every t > 0, and z = xp,_1, y =
T,, we obtain

M(Zp, Tpi1, kt) > a(M(xp—1,2n,t) + M(2pn, Tpi1, kt))
+ (M (xp—1,Tns1, (k+ 1)) + M(2p, xpn,t)) + cM(xp—1, T, t)
> a(M(zp-1,Zn,t) + M(xpn, Tnyi1, kt))
+ W(TrL(M(zp—1,2Zn,t), M(xn, Tni1,kt)) + 1) + cM(xp—1, T, t).
Then we have
M(xp, Ty, kt) > %M(wn_l,xn,t) > M(zp—1,2n,t).

As the same method as in previous theorems we conclude that the sequence {z,, }

is Cauchy sequence, so there exist z € X such that lim z, = z. Applying now (4)
n—oo

for x = z,_1 and y = z we have
M(fmnfly fza kt) Z (L(M([En,b Tn, t) + M(za fZ’ kt))
+b(M(zp—1, fz,(k+ 1)t) + M(xp,2,t)) + cM(zp_1, 2, t).

Letting n — oo we have

a+b+c
M(z, fz, kt) > —— 1= > 1,
(2, fz kt) 2 l—a—-0b"
so we conclude that z = fz. Suppose now that there exist another fixed point p € X,
z # p. Then applying (4) for x = z and y = p we have
2a
M kt) > —— > 1.
(z.pkt) 2 5 —— 2

So, z =p.

116



T. Dosenovié, S. Sedghi, I. Altun — Common fixed point results ...

Remark 1. Since the condition T > Ty, is fulfilled by the families (Tfs)/\e[_oo,l],
(T)‘?W)Ae[oyoo], we can apply previous theorem for this two family of t-norms.

4. MAIN RESULT FOR MULTI-VALUED CASE

Throw this section C'B(X) is the set of all non-empty, closed and bounded subsets
of X. For A, Be€ CB(X) and every t >0

M(A, B,t) =sup{M(a,b,t); a € A, b € B}

and
onm (A, B,t) =inf{M(a,b,t); a € A, b € B}.

If A = {a} then we have dy/(A, B,t) = dp(a, B,t). In the paper [8] the following
definition is introduced.

Definition 8. The mappings F : X — X and G : X — CB(X) are weakly com-
patible if they commute at coincidence points, i.e., for each point u € X such that
Gu = {Fu} we have GFu = FGu.

Let ® be the set of all continuous real functions ¢ : [0,1]% — [0, 1] such that
(¢1) ¢(t1,ta,ts,ts,t5) is non-decreasing in t1,. .., ts.
(¢2) ¢(t, 1,8, T(t,1),t) >t and ¢(t,t, 8,8, T(L,1)) > t.

Theorem 10. Let (X, M, T) be a complete fuzzy metric space such that tlim M(z,y,t) =
—00

1and F,G: X — CB(X), I,J : X — X be mappings. Suppose that the following
conditions hold

(a) Fx C J(X) and Gz C I(X) for allz € X

(b) the pairs (F,I) and (G, J) are weakly compatible

(c) for some ¢ € O there exists a constant k € (0,1) such that for all x,y € X
and every t >0

(c1)

om(Fz, Gy, kt) > ¢(M(Ix, Jy,t), M, M(Jy, Gy, kt),
M(Iz, Gy, (k+ 1)t), M(Jy, Fx,t))

and

(c2)

5M(F1")Gy7 k;t) 2 Qb(M(I.’B,Jy,t),M(I.’L‘,FI,kt),M(Jy,Gy,t),
M(Iz,Gy,t), M(Jy, Fz, (k+ 1)t))
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are satisfied

(d) one of I(X) and J(X) are closed subsets of X.

(e) There exists xg,x1 € X such that for yo = Jx1 € Fxg, y1 € Gxy and
w € (k,1) the following condition holds:

. 1
lim Too, M(yo, 1, E) =1.

n—o0
Then there exists a unique p € X such that {p} = {Jp} = {Ip} = Fp = Gp.

Proof. As Gx C I(X) there exists zo € X such that y; = [z9 € Gz;. Continuing in
this way we can construct a sequences {z,} and {y,} as follows:

Yon = Jxony1 € Foo, and yopi1 = 122,42 € GTop41

forn=0,1,2,...
STEP 1. Putting x = z9,, and y = 9,41 in (c1) we have

5M(F$2m G$2n+1, k‘t) Z d)(M(I.%Qn, J$2n+1, t), M(I.Z’Qn, F.Z‘Qn, t),
M(Jzopi1, Gropyr, kt), M(Iz2,, Grontt, (k + 1)t),
M(Jz2n+1, Fron,t)).

So we have

I (Yons Yont1, kt) > d(M(y2n—1,Y2n, t), M(Y2n—1, Y2n, t), M(Y2n, Yon+1, kt),
M(y2n—1a Yon+1, (k + 1)t)7 M(y2n’ Yon, t))

and from (¢1) we have

M (Yon, Yont1, kt) > d(M(y2n—1,Y2n, 1), M(Y2n—1,Y2n, t), M (Yon, Yan+1, kt),
M (yon—1,y2n+1, (k+1)t),1).

Since M (yan—1,Y2n+1, (K + 1)t) > T(M(y2n—1, Y2n,t), M (Y2n, Y2n+1, kt)) and using
(¢1) we have

M (yon, yon+1,kt) > d(M(yan—1,Y2n,t), M (Y2n—1,Y2n, t), M (y2n, Yon+1, kt),
T (M (y2n—1,Y2n:t), M (Yon, Yon+1, kt)), 1).

If M(yon—1,Y2n,t) > M (y2n, Y2nt1, kt),then using (¢1) we have

M (yon, Yon+1,kt) > d(M(Yan, Yant1, kt), M (yon, Yont1, kt), M (yon, Yon+1, kt),
T (M (Yon, Yon+1, kt), M (Yon, Yon+1, kt)), M (Yon, Yon+1, kt))
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and then using (¢2) we have
v > o(v,v,0,T(v,v),v) > v.
This is a contradiction and so
M (y2n, yant1, kt) > M (y2n—1,Y2n, t)-
STEP 2. Putting © = 9,42 and y = 22,41 in (¢2) we have

v (Fronye, Grong1, kt) > d(M(Ixont2, Jronsi,t), M(Ixont2, Fronio, kt),
M(Jxopi1, Gropyi,t), M(Izon42, GToni,t),
M(Jxopy1, Fronyo, (k4 1)t))).

So we have

I (Yont2, Yont1, kt) > (M (Yon+1, Yon, t)s M(Y2n+1, Y2n+2, kt),
M(Y2n, yon+1.t), M(Yont1, Y2nt1, 1),
M (y2n, Yont2, (K + 1)1))

and from (¢1) we have

M (yant2, Yon+1, kt) > d(M(yan+1,Y2n, t), M (Yon+1, Yont2, kt),
M(an, Yon+1, t)v 1a
T (M (y2n, Yant1,t), M (Yon+2, Yont1, kt))).

If M (yon+1,Y2n,t) > M(y2n+2, Yon+t1, kt) using (¢1) we have

M (yon+2, Yan+1, kt) > (M (yan+2, Yoan+1, kt), M (Y2n+2, Yan+1, kt),
M(y2n+27 Yon+1, kt)? M(y2n+27 Yon+1, k‘t),
T (M (Y2n+2: Yon+1, kt), M (Yont2, Yon+1, kt))).

and then using (¢2) we have
v > o(v,v,0,0,T(v,v)) > v.
This is a contradiction and so

M (yon, Yon+1, kt) > M (y2n—1, y2n, t).

Thus for every n € N we have

M(yn+17 Yn, kt) > M(yTu Yn—1, t)
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ie.,
t t
=) > > M(yo,y1, ) — 1

M(yruynJrl,t) Z M(y’nflayna K= L

when n — oco.
STEP 3. The proof that sequence {y,} is a Cauchy sequence is as in Theorem
4 and from the completeness of X, there exist p € X such that lim y, = p.
n—o0

Thus
p= lim y, = lim y9, = lim Jxo,11 € lim Fxo,
n—oo n—oo n—o0 n—oo
and
= lim = lim = lim Ix € lim Gz .
p n—o00 Yn n—o00 Yan+1 n—o00 2n+2 n—o0 2n+l

Without loss of generality we can assume that the set J(X) is closed. Then for some
u € X we have
p=Jue J(X).

STEP 4. Putting x = z9, and y = u in (c.1) we have

v (Fxopn, Gu,kt) > o(M(Izoy, Ju,t), M(1z2y,, Fxon,t), M(Ju, Gu, kt),
M(Izay, Gu, (k + 1)t), M(Ju, Fxop,t)).

So we have

M(y2na Gua kt) 2 (b(M(an—l:pv t)a M(an—la Yon, t)a M(p7 Gu7 kt)7
M (y2n—1, Gu, (k + 1)t), M (p, yan, 1))

On making n — oo we have

M(p,Gu,kt) > ¢(M(p,p,t), M(p,p,t), M(p,Gu, kt),
M (p, Gu, (k 4+ 1)t), M(p,p,t))
> ¢(1,1, M(p, Gu, kt), T(M(p, p, kt), M (p, Gu, t)),1).

From the condition (¢1) we have
»(1,1,1,T(1, M(p, Gu,t)),1)
o(M(p, Gu,t), M (p, Gu,t), M (p, Gu,t), T (M (p, Gu, ),

M (p, Gu,t)), M (p, Gu,t))
M (p, Gu,t).

M(p, Gu, kt) >
>

V

So
{p} = Gu={Ju}.
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Since the pair (G, J) is weakly compatible it follows GJu = JGu. Hence
Gp = {Jp}.

STEP 5. Putting = = x5, and y = p in (c.1) we have

6M(Fx2n7Gp7 kt) Z QS(M(I*TQH:Jpat)uM(IxQTHFm?nut)aM(Jpa Gpu kt))
M(Ixoy,, Gp, (k+ 1)t), M(Jp, Fra,, t)).

So we have,

M (y2n, Gp, kt) > ¢(M(y2n—1,Gp,t), M (y2n—1,Y2n,t), M(Gp, Gp, kt),
M (y2n—1, Gp, (k + 1)t), M(Gp, y2n, t))

d(M (y2n—1,Gp, t), M (Y2n—1,Y2n, t), M(Gp, Gp, kt),
T'(M(y2n—1,yon, kt), M (y2n, Gp, 1)), M(Gp, yan, t)).

On making n — oo we have

(M (p, Gp,t),1,1,T(1, M(p, Gp,t)), M(Gp,p, 1))
¢(M(p, Gp,t), M (p, Gp,t), M(p,Gp,t), T(M(p,Gp,1),
M(p,Gp,t)), M(Gp,p,t))

M (p, Gp,t).

v

M (p,Gp, kt)

AV

\%

So,
{p} = Gp.
STEP 6. Since Gp C I(X), there exists w € X such that
{Iw} = Gp = {Jp} = {p}
Putting * = w, y = p in (c.1) we have
Svi(Pw,Gp,kt) > o(M(Iw, Jp, £), M(Tw, Fu, £), M(Jp, Gp, kt),
M(ITw,Gp, (k+ 1)t), M(Jp, Fw,t)).
and so
M(Fw,p, kt) = ¢(M(p,p,t), M(p, Fw,t), M(p, p, kt),
M(p,p, (k +1)t), M(p, Fw, 1))
o(1, M(p, Fw,1),1,1, M(p, Fw,t))
¢(M(p7 Fw’ t)? M(p’ Fw7 t)? M(p’ Fw7 t)7
M (p, Fw,t), M (p, Fw,t)).

Y
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Therefore Fw = {p}. The pair (F,I) is weakly compatible i.e., from Fw = {Iw}
follows F'Iw = I Fw, and we obtain that Fp = {Ip}. Well,

{Iw} = Fw = Gp = {Jp} = {p}.
STEP 7. Putting x = p, y = x2p+1 in (c.1) we have

5M(Fp7 G$2n+17 kt) > ¢(M(Ip7 Jx2n+17 t), M(Ipa Fp7 t)a M(J$2n+1a G$2n+17 kt)7
M(Ip, Gzopy, (k+ 1)t), M(Jz2n41, Fp,t)).

and making n — oo we have

¢(M(F'p,p,t), M(Fp, Fp,t), M (p,p, kt),
M(Fp,p, (k+1)t), M(p, Fp,1))
¢(M(Fp,p,t),1,1,T(1, M(Fp,p,t)), M(p, Fp,1))
¢(M(Fp,p,t), M(Fp,p,t), M(Fp,p,t),
T(M(Fp,p,t), M(Fp,p,t)), M(p, Fp,t))

M (Fp,p,t).

M (Fp,p, kt)

(VALY v

\%

Now,
Fp={p} ={Ip}.
Thus,
Fp=Gp={Ip} = {Jp} = {p}.
STEP 8. Let z be another common fixed point i.e.,
Fz=Gz={Iz} ={Jz} = {z}.
Putting x = p and y = z in (c.1) we have
om(Fp, Gz kt) > ¢(M(Ip,Jz,t), M(Ip, Fp,t), MM (Jz, Gz, kt),
M(Ip,Gz, (k + 1)t), M(Jz, Fp,t)).
Accordingly,
M(p,z,kt) = ¢(M(p,2,t), M(p,p,t), M(z, 2 kt),
M(p, z, (k+1)t), M(p, z,t))
= ¢(M(p,2,1), M(p,z,t), M(p, 2, t),
T(M(p,z,t), M(p,z,t)), M(p, z,1))
> M(p,z,t)

and so p = z. Similarly the theorems follows when I(X) is closed.
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Remark 2. Again the second condition can be substituted with assumption “t-norm
T is of H-type”. Also, analogously to the Corollary 6-Corollary 8, the previous
theorem can be reformulated for a t-norm from Dombi, Aczél-Alsina or Sugeno-
Weber class.
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