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NEARLY PARTIAL TERNARY CUBIC DERIVATIONS ON
NON-ARCHIMEDEAN RANDOM BANACH TERNARY ALGEBRAS

A. EBADIAN, S. ZOLFAGHARI, S. OSTADBASHI

ABSTRACT. Let (4, u,t) (i =1,2,--- ,n) be non-Archimedean random normed
ternary algebras over a non-Archimedean field K and let (B, u, T') be non-Archimedean
random Banach ternary algebra over a non-Archimedean field K. A mapping &, from
Ay X -+ X A, into B is called a k-th partial ternary cubic derivation if there exists
a cubic mapping g : A — B such that

Ok(z1, s lakbrek], -y zn) = [gk(ak)gr(br)ok(z1, - s ey s a0)]
+ lge(ar)dr(z1, -+ bk, xn)gr(cr)]
+ [Ok(z1,- - s ak, - xn)gr(br)gr(ck)]
and

6143(3517"' 72ak+bk)”' 7xn)+5/€($17"' 72a/€_bk7"' 71‘71)
:26k($17 7ak+bk7"' axn)+25k(ﬂjl)"' 7ak_bk7"‘ ul‘n)
+126k(z1, -+ ak, 5 Tn)

for all ag,bg,cr € Ag and all z; € A; (i # k). We prove the stability of the partial
ternary cubic derivations on non-Archimedean random Banach ternary algebras.
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1. INTRODUCTION

In the sequel, we adopt the usual terminology, notations, and conventions of the
theory of non-Archimedean random normed spaces (non-Archimedean RN-spaces)
as in ([6, 30, 43, 45]). Let AT is the space of all probability distribution functions,
i.e., the space F' : RU {—o0,+0o0} — [0, 1] such that F' is left-continuous and non-
decreasing on R, F(0) = 0, and F(+00) = 1. DT is a subset of AT consisting
of all functions F € A" for which I~ F(+00) = 1, where [~ f(z) denotes the left
limit of the function f at the point x, i.e., I~ f(z) = lim;_,,— f(t). The space AT is
partially ordered by the usual point-wise ordering of functions, i.e., F' < G if and
only if F(t) < G(t) for all t € R. The maximal element for AT in this order is the
distribution function ¢ given by

@ 0, ift<o0,
£ =
0 1, ift>o0.

A triangular norm (¢-norm) is a binary operation T : [0, 1] x [0, 1] — [0, 1], which is
commutative, associative, and monotone, and has 1 as the unit element.

By a non-Archimedean field, we mean a field K equipped with a function (valuation)
| . | from K into [0,00) such that |r| = 0 if and only if » = 0, |rs| = |r||s|, and
|r + s| < max(|r|,|s|) for all r,s € K. Clearly, |1|] = | —1] = 1 and |n| < 1 for all
n € N. The function | . | is called the trivial valuation if |r| = 1, Vr € KC, r # 0, and
|0] = 0. Let X be a vector space over a field K with a non-Archimedean non-trivial
valuation | . |. A function || . || : X — [0, 00) is called a non-Archimedean norm if it
satisfies the following conditions:

(2) ||lz|| = 0 if and only if x = 0.
(i) for all r € KL and = € X, |[rz|| = |r|||z].
(7it) the strong triangle inequality (ultrametric)

[l +yll < max(|lz]], lyl}) ~ (z,y € X)

is satisfied.
Then, (X, || . ||) is called a non-Archimedean normed space due to the fact that

[ = 2|l < max{[lz;11 — 2l :m <y <n—1}

in which n > m, the sequence {z,} is Cauchy if and only if {z,4+1 — 2y} converges to
zero in a non-Archimedean normed space. In a complete non-Archimedean normed
space, every Cauchy sequence is convergent.
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In 1897, Hensel [22] discovered the p-adic numbers, which is a theoretical analogue to
power series in complex analysis. Fix a prime number p. For any non-zero rational
number z, there exists a unique integer n, € Z such that x = {p"*, where a and b are
integers that can not be divided by p. Then, |z|, := p~"* defines a non-Archimedean
norm on Q. The completion of Q with respect to the metric d(x,y) = |z — y|, is
denoted by Q,, which is called the p-adic number field.

Definition 1. A non-Archimedean RN-space is a triple (X, u,T), where X is a
linear space over a non-Archimedean field IC, T is a continuous t-norm, and [ is a
mapping from X into DT such that the following conditions hold:

(NA — RN1) puy(t) =eo(t) for all t > 0 if and only if x = 0;

(NA — RN2) pioe(t) = pe(iL) for allz € X, t >0, and a # 0;

laf

(NA — RN3) pgyy(max(t,s)) > T(px(t), py(s)) for all z,y,z € X and
t,s > 0.

It is easy to see that if (NA — RN3) holds, then

(RN3) iy (t +8) > T(pa(t), 1y (5)).

Definition 2. Let (X, u,T) be a non-Archimedean RN-space and {x,} be a sequence
in X. Then, {x,} is said to be convergent if there exists x € X such that

hm I’Lilin_l’(t) = 1

n—oo
for allt > 0, where x is the limit of the sequence {x,}.

A sequence {x,} in X is called Cauchy if for each € > 0 and ¢ > 0, there exists
ng such that for all n > ng and all p > 0, we have

/"L-Tn-!—p*fl'n (t) > - €.

If each Cauchy sequence is convergent, then the random norm is said to be complete,
and the non-Archimedean RN-space is called a non-Archimedean random Banach
space.

Let K be a non-Archimedean field and (X, 4, T") be a non-Archimedean random
normed algebra.
A non-Archimedean random ternary algebra (X, u, T') is a non-Archimedean random
vector space over I, endowed with a linear mapping, the so-called a ternary product,
(x,y,2) — [zyz] of X x X x X — X such that [[zyz|tu] = [z[yzt]u] = [xy[ztu]] for all
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z,y,z,t,u € X. If (X,®) is a usual binary non-Archimedean random algebra, then
an induced ternary multiplication can be defined by [zyz] := (z ®y) ® z. Hence, the
non-Archimedean random algebra is a natural generalization of the binary case. A
normed non-Archimedean random ternary algebra (X, u,T) is a non-Archimedean
random ternary algebra such that

Hlzyz] (Ste) > /‘x(s)/‘y (t)ﬂz(e)

for all z,y,z € X and all s,t,e > 0. Banach non-Archimedean random ternary
algebra is a complete non-Archimedean random normed algebra.

The ternary algebras have been studied in nineteenth century. Their structures
appeared more or less naturally in various domains of mathematical physics and data
processing. The discovery of the Nambu mechanics and the progress of quantum
mechanics [31], as well as work of Okubo [32] on Yang-Baxter equation gave a
significant development on ternary algebras (see also [1, 5, 27, 44, 46]).

We say that a functional equation (¢) is stable if any function g satisfying the
equation (¢) approximately is near to true solution of (). We say that a functional
equation (¢) is superstable if every approximately solution of () is an exact solution
of it (see [42]).

The stability of functional equations was first introduced by Ulam [47] in 1940.
In 1941, Hyers [23] gave a first affirmative answer to the question of Ulam for Banach
spaces. In 1978, Rassias [41] generalized the theorem of Hyers for linear mappings
by considering the stability problem with unbounded Cauchy differences || f(x+y) —
f@) = fFWI < e(ll=]|” + lly[[?), (> 0,p €0,1)).

Moreover, D. G. Bourgin [3] and Gavruta [19] have considered the stability
problem with unbounded Cauchy differences (see also [2, 18, 26, 33, 34]). On the
other hand, J. M. Rassias (see [35]-[40]) considered the Cauchy difference controlled
by a product of different powers of norm. However, there was a singular case; for
this singularity a counterexample was given by Gavruta [20].

In 1949, Bourgin [4] proved the following result, which is sometimes called the
superstability of ring homomorphisms. Suppose that A and B are Banach algebras
with unit. If f: A — B is a surjective mapping such that

[f(x+y) = fz) = fy)ll <e
[ (zy) = F@) f ()l <6

for some € > 0, 6 > 0 and for all x,y € A, then f is a ring homomorphism.
Badora [2] and Miura et al. [29] proved the Ulam-Hyers stability and the Isac and
Rassias type stability of derivations [24].

The cubic function f(x) = az? satisfies the functional equation:

fRx+y)+ f(2x —y)=2f(z +y) +2f(z —y) + 12f(2). (2)

(1)
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We promise that by a cubic function we mean a solution of the cubic functional
equation (2). The functional equation (2) was solved by Jun and Kim [25]. In fact,
they proved that a function f : X — Y between real vector spaces is a solution of (2)
if and only if there exists a function F': X x X x X — Y such that f(z) = F(z,z, )
for all x € X, and F' is symmetric for each fixed one variable and is additive for
fixed two variables. The function F is given by

Lty f@—y—2)— faty—2) - fe—y+2)

F(:):,y,z) = ﬂ[

for all x,y, z € X. Moreover, they investigated the Hyers—Ulam—Rassias stability for
Eq. (2). For more detailed definitions of such terminologies, we can refer [8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 21] and [28]-[34].

2. MAIN RESULTS

Let (A;,pu, T) (i =1,2,--- ,n) be non-Archimedean random normed ternary algebras
over a non-Archimedean field K and (B, p, T') be a non-Archimedean random Banach
ternary algebra over a non-Archimedean field K.

A mapping 0 from A; X --- X A, into B is called a k-th partial ternary cubic
derivation if there exists a cubic mapping g : A — B such that

01, [arbrer), -+ s on) = [gr(ar)gr(br)dr (w1, ey )]
+  gr(ar)ok(@r, - bg, -+, x0)gr(cr)]
+ [Ok(z1, - s ak, -, n)gk(br) g (cr)]

and

5k(l’1,"' 72ak+bk‘7"' 7xn)+5k($17"' 72ak‘_bk’7"' ,ZEn)
:2(5k($1, )ak+bk‘)"' ,[En)+26k(ﬂf1, 7a’k‘7bk7"' ,IEn)
+12(5k($1, s Qfgy v v a$n)

for all ag, b, cr, € A and all z; € A; (i # k). We denote that 0y is zero element of
Ap.

Let ¢; (i =1,2,--- ,n) be distribution function on X x X x X x [0, 00) such that
vi(z,y, z,.) is nondecreasing, and

t
vi(cx,cx,cx,t) > pi(z,x,x,—), VreX,c#0,(i=1,2,---,n).

]
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Theorem 1. Let Fy, : A;x---x A, — B be a mapping with Fy(z1, -+ ,0%, -+ ,xp) =
Op. Assume that there exist a distribution function ¢ on Ap X Ap x Ag x [0, 00)
such that for some o € R, a > 0, and some integer £, £ > 2 with |2¢| < a,

(Pk<2_éxka 2_€yk7 2_82167 t) Z Lk (wky Yks Rk Oét) (3)
for all xp, yr, zi € A and all t > 0,
and ,
. 0o e} -
n}gnoo T]:mM(xk, Wt) =1 Va € Ak,t > 0, (4)

and a cubic mapping g : A — B such that satisfying

(Fk(xlr" 20k +bg, 0 ) FF (21, 205 —=bg, 20 ) —2Fg (21,7, +b,+ 1 2n)

)(t) > op(ak, bg, O, t)

—2F (21, ,a—bg, ,xn)—12Fk (21, ,ak, ,Tn

and

(Fk($17"' larbrerl, - xn) =[x (ar) gr (be) Fr (21, ¢y 0]

(6)

(t) > or(ak, by, cx, t)
—[gr () Fr(@1, br, - @n ) gr ()| = [Fr (21, ag, 7xn)gk(bk)gk(0k)])

for all ay, by, c € Ag, z; € A; (i # k) and t > 0. Then there exists a unique k-th
partial cubic derivation 0 : A1 X --- X A, — B such that

al+1
HEy (1, sn) =6k (w1, ,In)(t) > T2 M (g, |2‘el t) (7)

forallx; € A; (i=1,2,---,n) and t > 0 where
M(.fl?k,t) =T (Sok(xkv Oka Okvt)7 @k(zl:k,Ok, Okat)7 et 790k(2271xk70k70k7t)>

for all x, € A and t > 0.

Proof. First, we show by induction on j that, for all 2; € A;, t > 0 and 7 > 1,

HFk(Ilv'“ ,2]17}9,"‘ 7xn)_23]Fk(x17"' »Lhy 7xn)(t) 2 M](ﬂ?k, t) = T(s@k(l’k, 0k7 Ok’ t)?

(8)
QDk;(Q.’,Uk, Ok’7 Oka t)v to 7(70]{?(2]_13:]67 0k7 0k7 t))

Replacing ap, = zj and by, = 0 in (5) yield

H2F, (21, 2o @) ~16F (@1, oo o) (8) = Pk(hs Ok, Oks £), Vg € Aiyt >0,

6
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HFy(z1, 2T, 2n) —8Fk (@1, T, ,a:n)(t) 2 (Pk(xkﬁ Ok, O, 2t) > @k(wlw Ok, Ok, t)

for all z; € A; (i =1,2,--- ,n) and ¢t > 0. This proves (8) for y = 1. Let (8) hold for
some 7 > 1. Replacing a; by 2’z and by by 0x in (5), we get

BFy (21, 20 g, 0 ) —8EF) (21, 20T, 1) (t) > (pk(2]$k> Oka Oka t)
where z; € 4; (i=1,2,--- ,n) and ¢t > 0. Since |8 < 1,
MFk(xlv'”721+11'k7"'7$n)*23(]+1)Fk(5’31:"':ivky“'ywn)(t)
Z T('U/Fk(xlz 72]+1xk7'" 7$n)723Fk(x17'" 72J:Bk7"' 7xn) (t)
vﬂ23Fk(a:1,~~-,2Jxk,-~~,xn)—23<ﬂ+1>Fk(:c1,~~7xk,~~-,ccn)(t)>
= T</‘Fk(m,--- 29 gy e ) =23 Fy (21,0, 20 7-77n)(t)
t
,qu(zl,-~~,2ka,-~-,xn)—23aFk(xl,---,xk,--~,xn)(@))
Z T<MFk(x17 72]+1xk7"' ,wn)—QSFk(l'l,"’ 72]wk)"' 7:ﬂn) (t)

’ MFk(xlv 72J$k¢7“' 7‘7:”)_23ij($17"' 3Ty 7x’ﬂ) (t))
> T (pr(2'2g, Ok, Ok, t), My(xp, 1)) = Myp1(zk,t)

for all z; € A; (1 = 1,2,---,n) and all ¢ > 0. Thus (8) holds for all y > 1. In
particular,

:U’Fk(zl,---,2erpk,---,xn)fZSZFk(:rl,---,xk,---,xn)(t) Z M(Ik”t)? vml € A“t > 0 (9)

Replacing x;, by 2~z in (9) and using inequality (3), we obtain

T

m—+1
MFk(llf"7%1'"wn)—SZFk(CClv"1%7]““7"'@@(75) = M(Wat) > M(xkaa t) (10)

forall z; € 4; (i=1,2,---,n), t >0 and m > 0. Then it follows that

am—l—l
((230%(21,---,;—’:n,---,xn>7<23f>m+1Fk(z1,---,Qlﬁm—kﬂ,---,xn>) |(236)™| a1)
am—i—l
> M(wk, ’(2€)m|t)’

forall x; € A; (i=1,2,---,n),t >0 and m > 0,
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and so

o t
<(23£)ka(I17'" s ) = (236)MEP Fy (21, (2@;7/24@ 7$n)>

> TrP (t)
J=m ((235)3&(“7...7(5713]7.."zn)_(gseerka(zh.”’(2;;%,...@“)
" aj—l—l
m-+p
> T‘J:m M(xka |(2€)j’t)
forallz; € A; (i =1,2,--- ,n),t > 0and m > 0. Since limy, 00 T72,,, M (2, %t) =
1 (z € Ap,t > 0), {(23)"Fy(z1, - - ,(252#,--- ,Tn) tmen is a Cauchy sequence in

B. By the completeness of B, this sequence is convergent and so we can define a
mapping 0 : A1 X -+ X A, — B given by

n%i_ffloo Hosem gy (z1,..- 7%7... ) =0k (1, ) (t)=1 (12)

forall z; € A4; (i=1,---,n) and all £ > 0.
As T is continuous, from a well-known result in the probabilistic metric space (see

Chapter 12 in [45]), it follows that
lim
m—00 ((QJZ)ka(‘T17 72_Zm(2ak+bk')7'“ 7In)+(25£)ka (Il,'“ 72_2m(2ak_bk)7'“ ,ﬁn)

—2(23O)M F (1, 27 (ap+by), - o0 ) —2(230)™ Fr (@1, .27 (ag,—bg ), ,n)

(t)
—12(239)m Fy (1, ,27 6 (ag ), n)
=u
O (w1, , 201 +bg, ,Zn ) F0p (21, 208 —bk,+ T0n ) =20k (@1, ,ag +Dk, 5 Tn)

) (t)
726k(21’.. ?akibk7..- 7':L‘n)7125k(£v17..- 7ak:’-.. ’zn)
for all ag, by, € Ak, z;i € A; (i £ k,i=1,2,---,n)and t > 0.
On the other hand, replacing ay, by, by 27 "ay, 27"b; in (3) and (5), we get
1
((SZ)ka(I17 72_£m(2ak+bk)7'“ 7xn)+(8€)ka(I17 72_€m(2ak7bk)7'“ 7x’ﬂ)

—2(8)™ Fy (w1, , 270 (ap4bg), - 2n) —2(8) M Fi (1, 276 (ag—bg ), »n)

t)
—12(8Z)ka (CCl,M ,272"7‘(&)@),'“ ,ccn)>
t m

> ka(Q_Zmak, 2—Zmbk7 Og, W) > Spk(aka bk, Ok, Wt)
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for all ag, by, € Ag, x;i € A; (i #k,i=1,2,--- ,n)and t > 0.
Since limy,—o0 @ (ag, bi, Ok, %t) = 1, we infer that 0 is cubic with respect to the
k-th variable.

Next, for each m > 1, x; € A; (1 =1,2,--- ,n) and ¢t > 0,

It (t)
(Fk(m,m Tkt T ) —(230) ™ Fy (21, (;ﬁ ,xn))

(22’51@32)%(3&1;" ﬁ7 )= (2 T B (w1, i ,ccn)>
> T”_”‘*l( t )
= =0 M((23£)1Fk(w1,---,7(52“)1,---,xn)*(QM)Z“Fk(xh---74(2;;If+ff",rn))( )
141

_ «
> Tzn:%o 1M(xk7 Wt)

and so
BF (@1, hy @) =0k (@1, Ty Tn) (t)

>
- T(M (Fk(.Tl,”' »Lhs " ,Z‘n)—(23l)ka(Z‘1,--~ 7(232%7"' 7m")) (t)
(13)
H((@tym B, b e o) e ) )
2+1

> m—1 L - >'
> T (1 M 2 (@20 Fiton e 2 e o)t e e ) )

Taking the limit as m — oo in (13), we obtain

1+1
BB (21, Thy e Tn) =0k (T1, ,@gye ,Tn) (t) > TZLO:OIM(:Ek? Wt)

for all z; € A; (i=1,2,---,n) and ¢t > 0. This proves (7).
Replacing ay, by, ¢, with 27 ay, 27b,,, 27 ¢, respectively, in (6) and using (3),
we obtain

W
lag byl 9k (k) 9k (bk) c
(Fk(xlv'”v §3é‘mk 7"'7xn)_ 53475 nghlfl Fk(xly'”:lefnv'”vxn)

t)
9k (ag) b 9k (k) ag 95 (bg) 9 (cx) (
- |: 23fm By, (l‘l,"' Y4 " ,Z‘n) 23fm | By, ($17"' ' ofm " 7x”) 23fm  23fm

ap  br ¢
Z@k(%a%,%at)-
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Then we have

u
(QQZka(Il,--wi[a’“bkck] ) =200 [gk'(ak) WOk B (1, , 5 7---#’3”)}

230m ' 23fm  93fm ' olm
_99tm | 9k (ak) oo B yIE(CR) | _goe o S gy 98Ok gk (ey) ®)
2 m|: 230m Fy (1, ) 50m ) 230m 296m | Fy (21, > 50m ) 230m_ 530m

ar br ¢ t
= @k(%7%7%7 ‘2|ggm)

m

«
> @k(ak;bkackawt)'

for all ay, by, c € Ag, v, € A; (i #k,i=1,2,--- ,n)and t > 0.
Since limy, 00 @k (ak, bk, Ck, %t) =1, we have

O(w1, -+, [awbrer], -+ 2n) = [gr(ar)gr (b )On (21, - s Cy - -+, )]
+ [gr(ar)dp (@1, - S bgs -+, 2n)gr(cr)]
+ [6k(x17 Qg >xn)gk(bkz)gk(ck)]

for all ay, by, cx, € Ag, and all z; € A; (i # k,i=1,2,--- ,n).

Finally, to prove the uniqueness of g, let (5;€ : A1 X --- x A, — B be another k-th
partial ternary cubic derivation satisfying (7). Then, for each m € N, x; € A; and
t>0,

>

Mooy, )=y e ) () T<“(ak<x1,--~,mn>—<23e>ka<mw~vJ«’fmf"mw)(t)

) €T / t )-
M(@“)’"Fk(:ﬁw-,W,m,xn)—%(xlw,xn))( )
Therefore, from (12), we conclude that &y (z1,- -+ ,25) = 8, (21, - ,2,). This proves

the uniqueness of §j.

Theorem 2. Let Fy, : Ajx---x A, — B be a mapping with Fy(x1, -+ 0%, ,Tp) =
0p. Assume that there exist a distribution function pp on A x A X Ay % [0, 00)
such that for some a € R, a > 1, and some integer £, £ > 1 with W < a,

o
Sok(2£xk‘a QZyk‘a 262]67 t) > Sok(xkv Yky 2k Wt) (14)

for all xy, yx, zr € A and all t > 0,

and
lim 772, M(xg,a’t) =1 Vi, € Ag,t >0, (15)

m—o0

10
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and a cubic mapping g : Ax — B such that satisfying (5) and (6). Then there exists
a unique k-th partial cubic derivation 6y : Ay X --- X A, — B such that

HFy (21, 2n) =0k (21, 2n) (t) > TlozolM(xk? al+1t) (16)

forallxz; € A; (i=1,2,---,n) and t > 0 where
T T T
M(Q:kat) =T <g0k(?k70k‘70k7t)7 (pk(zk70k70k7t)7 o 79016(27];7 Oku Okvt))
for all x, € A and t > 0.

Proof. Tt follows from (9) that,

MFk(zla"' sThgyt 71'71)723[}776(11’“' »L];f" 733“) (t) Z MZ(xk, t)

2l

=T (@k(%; Ok, Ok, 1), @k(%, O, Ogs 1), - - - 7<Pk(%, O, Ok, 1), Wk(%»ok,okat))
= M (xg,t)
(17)
and so
IU‘Q%Fk(xl,---,xk,---,xn)ka(:vl,---,Z—’g,---,xn)(t) > M (zy, [2*). (18)

Replacing ay, by 2™z, and by by 05 in (18) and using inequality (14), we get

MﬁFk(Zl,"',2Z”L+emk,'",rn)—Fk(wlf",2["L$k,-"@n)(t) = M(2gm+£xkv |2|3€t)

amtl
e (19)
m-+1

> M (z, |2*

(07

for all z; € A; (i=1,2,--- ,n), t >0 and m > 0. Then,

aerl
)(t) > M($k7 |2|3€m ‘2‘3gmt)

,u
1 1
23013fm F, (Il,"‘ y2Zm+£xk7'“ 7xn)7 230m Fy, (11,'“ 72€mxk7“' 7':077«)

= M (zy, am+1t)
(20)

forall x; € A; (i=1,2,---,n),t >0 and m > 0. Hence
I (t)
(ml‘_‘k@lf” 26mA D) gy e @n)—ﬁFk(ml,”' 20y @n))
> T]n;;rlp (N 1
(23€(p+1)

> T]ZEPM(@”;C, o’ it)

)
B, 20 gy ) s o 20 2) ()

11
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forall z; € 4; (i=1,2,--- ,n), t >0 and m > 0. Since

lim T;ﬁmM(:L"k,oz]Ht) =1

m—r0o0
in which zp € A, and ¢t > 0, {ﬁ%Fk(xl, 20k, 2n) hmen is a Cauchy
sequence in B. By the completeness of B, this sequence is convergent. Hence, we
can define a mapping d; : A; X --- X A,, = B given by
(21)

nll—rgo lu23%m Frp(z1, ,2fmag - 2n) =0k (21, ,xn)(t) =1

forall z; € 4; (i=1,---,n) and all £ > 0.
As T is continuous, from a well-known result in the probabilistic metric space (see
Chapter 12 in [45]), it follows that

lim
m—00 (23}{’0‘1 Fk(ml)"' 72£"L(2ak+bk)7”' 7$n)+23%Fk($17 7257n(20‘k_bk)7"' 71'71)

72(23%)Fk(x17 52£m(ak+bk)7'“ 7x”l)72(23%)Fk(11?'“ 72€m(ak7bk)7'“ 7I’ﬂ)
1 (, 0
712(%)1?16(1‘17 ’2 'm(ak)f" ’In)
=
ék(xlz"' ,2a+bg, e 7wn)+6k(x1)”' 20k —bp, ,(En)—26k($1,~~~ sk b, ,l’n)

)(t)
=26k (z1, ,ak—bg, " ,xn) =120k (T1, ,ak,* ,Tn)
for almost all ¢ > 0.

Moreover, replacing ag, bx by 2™ ag, 2°™by, in (14) and (5), we get

U
(WFk(x17 72£m(2ak+bl€)7"' 7‘7‘,’"«)+ka(1‘17 722m(2ak_bk)7“' 7x’ﬂ)

—2(W)Fk($1,"' 26 (ag+by), - ,rn)—Q(W)Fk(Il,"' 26m(ap—bg), - xn)

t)
A2 ) Pl 2 (0, )

> op(2may, 2° by, O, [2]37t)

3em "
> o (ak, b, O, 2| m|2‘3gmt)

= pk(ak, by, O, a™t)
for all ay, by, € Ay, v, € A; (1 #k,i=1,2,--- ,n) and t > 0. Since

lim g (ak, by, O, &™t) = 1,
m—00

12
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we infer that J; is cubic with respect to the k-th variable.
Next, for each m > 1, x; € A; (i=1,2,--- ,n) and t > 0,

) ) (t)
Fi(@t, o @k )= g Fi (1,0 260,00 n)

:M(Zm_l 77 Fr (@1, 202k, ) Fk(xl,"’7(2z)l+lmk7’”azn)) ®)

1
1=0 330 - (230)1+1

> T”l‘l( t )
2 T2 (e Puore 200 ) ey Fulr e (20 e ) ()

> T M (g, o' tt)
and so

/J/Fk:(mlf" 3Ly 7xn)_6k(x17”' Ll »In) (t)

> T(
- M(Fk($17 Thy 111:71)_23%Fk($11"' )2ém$k7"' ,.’l‘n))

(t)

7/Ill( 1 Fk(w17... 72£m‘zk7... ,xn)_dk($17"',xk7"'7$n)) (t))

23fm

m—1 141
2 T (1;0 M(-:Uka « t)? M(ﬁFk(ﬂfl, 72Zm37k7"' 7xn)_6k(x11'” Ty 1$n)) (t)> .

By letting m — oo in (22), we obtain

HE (1, e )~y e o) (£) 2 TELM (g, @ THE)

for all z; € A; (i=1,2,--- ,n) and ¢ > 0. This proves (16).
Replacing ay, by, ¢, with 2% ay, 207y, 2™ ¢y, respectively, in (6) and using (14), we
obtain

(Fk(wlv"' ,230m [apbgcg), e Tn)— |:(23£m)9k(ak)(23£m)9k(bk)Fk (x1,,26Mep, @n)

- [(23“’”)91@(%)& (1, ,26m by, ,rn)(23"m)gk(0k)}

(t)
- |:Fk (w1, ,26may, an)(23£m)9k(bk)(23£m)9k(ck)} )

> g@k(QZmak, 2€mbk, QEka, t).

13
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Then we have

H . . )
(294m Fi (1,230 [agbicr], @) = sopm | (239)gn (ar)(236™) gk (bk) Fi (21, 26y - 7xn):|

29%m |:(23£m)gk (ak)Fk (xlv"' 722mbk7"' 7x’ﬂ)(23£m)gk(ck):|

t
2915m |:Fk (ml’ 2zmak7"' 773”)(23ém)9k (bk)(Qsem)gk (Ck):| )

> or(2may, 2° by, 2 ey, |2%7)

> orlan, b, o, [2196m %4
= Yr\ag, Ok, Ck, ‘2’3Em
= pr(ak, by, c, [2/%Ma™t).
for all ag,bg,cr, € Ax, z; € A; (1 # k,i=1,2,---,n) and ¢t > 0. Since |2‘6¢ < a, we
have
lim o (ag, bi, o, [2/"a™t) = 1.
m—00
Hence
Ok(1, - [awbrer), -+ s o) = [gk(ar) gk (k)0 (1, -+ s Cly -+, Tn)]

+ [gk(ar) 0k (z1, -+ bk, 2n) gr(cr)]
+ Ok (1, s ak, - 20) gk (bk) gr(cr)]

for all ag, by, c, € Ag, and all x; € A; (Z 7é k,ii=1,2,--- ,n).

Finally, to prove the uniqueness of g, let 5;€ : Ay X .-+ X A, — B be another k-th
partial ternary cubic derivation satisfying (16). Then, for each m € N, z; € A; and
t >0,

’U/lsk(wl,”',wn)—(s;(fﬂl,"',xn)(t) 2 T('Ul((sk(xl,7 n) Fk($17 (2£)m$k7"'71‘n)) (t)

(QSZ)m

’ ,LL( (23l)m Fk(xl’ (2[)7711.,“._. 7x’ﬂ)75]/g(x1,”' ,Cl?n)) (t)> ’

Therefore, from (21), we conclude that og(z1,- -+ ,z,) = 6;6(331, -+, xp). This proves
the uniqueness of §;.
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