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ABOUT A CLASS OF LINEAR AND POSITIVE STANCU-TYPE
OPERATORS

ADRIAN INDREA AND ANAMARIA INDREA

ABSTRACT. The objective of this paper is to introduce a class of Stancu-type
operators with the property that the test functions ey and e; are reproduced. Also,
in our approach, two theorems of error approximation and two Voronovskaja-type
theorems for this operators are obtained.
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1. INTRODUCTION

Let N be a set of positive integers, Ny = N U {0} and «, 8 positive real numbers.
We denote by e; the monomial of j degree, j € Ny. In 1969 D.D.Stancu [9], for any
m € N and 0 < o < 3, has introduced the linear positive operator

(Per) @)= W)k -ty (A1) (1)

k=0

defined for any f € C([0,1]) and = € [0, 1]. The author proved that if f € C([0, 1])

then Pr(na’ﬁ)(f) — f uniform on [0, 1]. Note that the operator from (1.1) preserves
only the test function eg. Following the ideas from [3], [4], [5], [6] and [8], in this
paper we introduce a general class which preserves the test functions ey and e;. For
our approach two convergence theorems and two Voronovskaja-type theorems are
obtained. The paper is organized as follows: in Section 2 we recall some results
obtained in [7] which are essentially for obtaining the main results of this paper;
Section 3 is devoted to the properties that the class of linear and positive operators
that preserves the test functions ey and ey, it has; finally, in Section 4, we plot on
the same graph the images generated for exponential function by our operator and
by the classical Stancu operator.
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2. PRELIMINARIES

In this section, we recall some notions and results which we will use in what follows.

We consider I, J real intervals with the property I N.J # () and we shall use the
function sets: E(I), F(J) which are certain subsets of the set of real valued functions
defined on I, respectively J,

B(I) ={f|f: I — R, f bounded on I},

CI)=A{flf:I—R,f continuous on I}

and
Cp(I)=B(I)NnC().

For x € I, we consider the function ¢, : I — R;¢,(t) =t —x. For any m € N
we consider the functions ¢, : J — R, with the property ¢, ,(z) > 0, for any
xz € J,k € {0,1,...,m} and the linear positive functionals A,,; : E(I) = R, k €
{0,1,...,m}. For m € N we define the operators L, : E(I) — F(J) by

(Linf)(@) =D om (@) Am i (f)- (2.1)
k=0

Remark 1. The operators (L;,)men are linear and positive on E(I N J).

For any f € E(I),x € I NJ and for i € Ny, we define T}, ; by
(TrniLm)(2) = m' (Linpy,) () = m’ Z ‘Pm,k(m)Am,k(wi) (22)
k=0

In the following, let s be a fixed even natural number, we suppose that the operators
L,,,m € N verifies the conditions: there exists the smallest oy, as+1 € [0,00) such
that T o1

lim TongLm) (@) _ Bj(z) € R, (2.3)

m—>00 mi

for any z € INJ,j € {s,s +2} and
Qsto < ag + 2. (2.4)

If I C Risagiven interval and f € Cg(I), then the first order modulus of smoothness
of f is the function w(f;-) : [0,4+00) — R defined for any § > 0 by w(f,d) =
sup{|f(z") — f(&")| : o', 2" € I, |a" — 2"| < §}.
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Theorem 1. ([7]) Let f : I — R be a function. If x € INJ and f is a s times
derivable function in x, the function f) is continuous in x, then

lim mS~%s ((L f)(l‘) o i f(l)(fE)

" mii!

m—»00 ¢
=0

(Tm,iLm)(:c)> — 0. (2.5)

If f is a s times differentiable function on I, the function f®) is continuous on I
and there exists m(s) € N and k; € R such that for any natural number m > m(s)
and for any x € I N J we have

(L, L) (@)

mai

< ]{Ij, (26)

where j € {s,s+ 2}, then the convergence given in (2.5) is uniformly on I N J and

5. @
mS—%s (me) (.CE) _ Z fmz(;'v) (TmﬂLm)(:p)‘ < (27)
i=0 ’
1 5. 1
< ks + koo (1 o),

for any x € INJ and m > m(s).

3. THE PROPERTIES OF THE CLASS OF LINEAR AND POSITIVE OPERATORS
Let « be a real number, o > 0. We impose the condition that mg > [a]+ 1, then we

have -% < 1 for mg € N. If m > mg then [&1} C [%;l] Let Ny = {m € Ng|m >

mo mo’
mo}. In the above conditions we introduce the operators

QN @) = g () Jme - @)t a—mayty (22) )

for any f € C([0,1]),m € N; and any z € [i 1}.

mo’
Proposition 1. The operators (Q%)>m, are linear and positive.
Proof. Tt follows from (3.1).

Remark 2. For a =0, in (3.1), we obtain Berstein’s operators.
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Lemma 1. For m € Ny and z € [ a '1} we have

(Q2eo)(@) = 1. (3.2)
(Qm'er)(x) =z, (3.3)
@pea)a) =" L2 IR0, almra) (3.4)
(@es)(z) = MR S DONE20) 2 (g5
(6m — 3m?)a? + (6m? —3m3)a+m>  —2ma? + (3m3 — 6m?)a? — m3a
+ 5 x4+ 6
m m

(%) () = (m— 1)(mm; 2)(m — 3) o 6(m — 1)(mw;2)(m + Za)x3+ (3.6)

m 6a”(m —2)(m — 3) _ 3a(6 + da)(m — 2) + 7+ 12a + 6a% ) 22
m3 m2 m

1 [(—4a3(m—1)(m—2)(m—3) 3a?(6+4a)(m —1)(m —2
m3< ( )( )( )+ (6 + 4a)( )( )

m3 m?2

20(7 4+ 12 60 -1
_ 20(7+ 120 + 6a%)(m )+1+4a+6a2+4a3>1‘+

m

o —

« <(m—1)(m—2)(m—3) 3 (m—l)(m—?)a2(6—|—4a)+
m?3 m?

+0¢(7 +12a + 6a?)(m — 1)

— (1 +4a + 602 +3a3)> :
m

Proof. After some calculus we obtain these results.

Lemma 2. For m € N; and x € [m%), 1}, the following identities
(T, 0@ ) () =1, (3.7)
(T 1 @) () =0, (3.8)
(T 2@ (@) = —ma? + (m + 20) — “"50) (3.9
(T 3Q:2) () = 2ma® + (2m* (1 + 2a) — 3m — 6a) 2+ (3.10)

m3 + 6m?a + 6ma? . m3(3a? — a) — 6m?a? — 2ma?
x

m2 m3
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(TrnaQi) () = (3m? — 6m)a? + (—6m? + 12m(1 — a) + 24a) x>+ (3.11)
+3m3 +m?(18a — 7) + m(18a? — 36a) — 3602
m
m3(—12a% — 6a + 1) + m?(—6a? + 14a) + m(—12a2 + 36a?) + 24a3 N
X
m2
m3(—6a* — 100 + 202 + 1la + 7) + m?(18a* + 18a3 — 6a? — 12a — 7)
m3 *
m(3a* —1203) — 6a*
+ 3
m

2+

+

_'_

hold.

Proof. We take (2.2) and Lemma 1 into account.

Coming back to Theorem 1, for our operator (3.1) we have I = [0,1
E([0,1+a]) = C([0,1+a]) and from (3.7)-(3.11) we obtain ko = 2, ko = 2,
ap =0, ar=1and ay = 2.

+afa
ka = 16’
Theorem 2. Let f: [0,1+ o] — R be a continuous function s times differentiable
on [0,1 + a], having the s-order derivative continuous on [0,1+ a]. For s = 0 we
have

lim Q=f (3.12)

m—0o0

uniformly on J = [mio, 1] , there exists m* = max(mg, m(0), m(2)) such that

Qo) (@) — f() < 2 (f; jm) | (3.13)

for any x € [m%);l} ,m e N,m>m*. Fors=2 we have

lm m((Qi2f)(x) — f(a)) = "L oy (3.14)

m—s00 2

8]

uniformly on J = { '1] , there exists my = max(m*,m(4)) such that

@) - 1) - L D agiwl < Bo (10 5).
forany:ne[ 1} m € N,m > my. For s =4 we have
Jim o (@1~ 1) - H ) - B o)) = gaae)
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_ a2 —1) FO () + z(1—x)(1 —2x) 2?(1 —x)?

(3)
5 G Fox) + ——
Proof. We use Theorem 1, Lemma 2 and the relations (3.7)-(3.11).

fW(2)

The relations (3.14) and (3.16) are Voronovskaja-type theorems.

4. APPLICATION

Next, using graphical representation, we will plot some graphs for this type of poly-
nomials. We choose 1 = a < 8 = 6 and we compare the following polynomials: the
classical Stancu operator

(P £) (x) :f: <7Z>xk( )™= kf<ki‘16> z € [0,1], (4.1)

k=0
with the particular class of Stancu-type operators

it~ 5 (Do (552 o]
4

We fix my = 2. For m = 3, we plot - with dashed line f : [0,1] — R, f(z) =

with dash-dot line (Pg(l’ﬁ)exp(-))(x) = (1—=)%exp (§) +3z(1 —z)%exp (3) +322(1 -
x)exp (%) + 23exp (%), for x € [0,1] - with dotted line (Q3'exp(:))(x) = 2—17(
3z)3exp (3) + 23z — 1)(4 — 3z)%exp (3) + £ (3z — 1)%(4 — 3x)exp (3) + (3

28| p
26} T
24| o _

22F e b

181 ,.""/ i
16 E

S 1

1 1 1 1 1
05 055 06 065 07 075 08 08 05 0895 1
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We fix my = 2. For m = 4 we plot - with dashed line f : [0,1] — R, f(z) =
exp(zx) - with dash-dot line (Pil’ﬁ)exp(-))(x) (1 x)texp (§5)+4z(1—z)exp (&) +
62%(1 — x)%exp (55) + 4a:f (1 —2)exp (&%) + l‘ ea:p (10), for z € [0,1] - with dotted
line (Q3lexp(-))(z) = 525 (5 — dx)*eap (7) + 525 ( 1)(5 — 4x) ea:p( ) + 505 (4w —
1)2(5—4x)%exp (%)+%(4x 1)3(5—4x)exp (3 )—|-256(4:L'—1)4€l‘p( ), forz € [£,1].

3

28¢ r
261 R
24} / .
22¢ S .
18} e -
16f o

T 1

1 1 1 1 1
05 05 06 06 07 075 08 08 09 0895 1

Note that our operator in the interval [%, 1] for this function, approximates
better than the classical Stancu operator.

REFERENCES
[1] O. Agratini, An asymptotic formula for a class of approximation processes of
King’s type, Studia Sci. Math. Hungar., 47 (2010), Number 4, 435-444.

[2] D. Barbosu,Introduction in numerical analysis and approximation theory, Ed.
Univ. de Nord Baia Mare, 2009.

[3] P.I. Braica, O.T. Pop, and A.D. Indrea, About a King-type operator, Appl.
Math. Inf. Sci, No. 6 (1)(2012), 191-197.

[4] A.D. Indrea, A particular class of linear and positive Stancu-type operators,
Acta Univ. Apulensis, No. 31(2012), 249-256.

[5] A.D. Indrea, O.T. Pop, Some general Baskakov type operators, Miskolc Math-
ematical Notes, furthcoming.



Adrian Indrea and Anamaria Indrea — Stancu type-operators

[6] J. P. King, Positive linear operators which preserve x?, Acta Math. Hungar.,
99 (2003), No. 3, 203-208.

[7] O. T. Pop, The generalization of Voronovskaja’s theorem for a class of liniar
and positive operators, Rev. Anal. Numer. Théor. Approx., 34 (2005), No. 1, 79-91.

[8] O. T. Pop, A.D. Indrea and P.I. Braica, Durrmeyer operators of King-type,
Annals of the University of Craiova, Math.Comp.Sci.Ser. 39(2), (2012), 288-298.

[9] D.D. Stancu, On a generalization of the Bernstein polynomials, Studia Univ.
”Babes - Bolyai”, Scr. Math - Phis 14, (1969), 31-45 (in Romanian).

Adrian D. Indrea

Babeg Bolyai University, Faculty of Mathematics and Computer Science
1 Kogalniceanu Street, 400084, Cluj-Napoca, Romania

email: adrian.indrea@yahoo.com

Anamaria Indrea

Babeg Bolyai University, Faculty of Mathematics and Computer Science
1 Kogalniceanu Street, 400084, Cluj-Napoca, Romania
email:anamaria.indrea@yahoo.com



	Introduction
	Preliminaries
	The properties of the class of linear and positive operators
	Application

