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ABSTRACT. In this paper, we proved the vector-valued multilinear commutator
\5’3) s|r» which is generated by the fractional area integral operator and functions in
Lipg(R"), is bounded on Triebel-Lizorkin and Lebegue spaces.
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1. INTRODUCTION

As the development of the singular integral operators, their commutators and mul-
tilinear operators have been well studied ([1-3]). A well known result of Coifman,
Rochberg and Weiss (see [4]) states that the commutator [b, T'](f)(z) = b(z)T(f)(z)—
T(bf)(z) (where b € BMO) is bounded on LP(R") for 1 < p < co. Chanillo (see [5])
proves a similiar result when 7T is replaced by the fractional operators. In [6-15], the
authors study these results for the Triebel-Lizorkin spaces and the case b € Lipg,
where Lipg is the homogeneous Lipschitz space. In this paper, we will prove the

vector-valued multilinear commutator \Si s|r» which is generated by the fractional
area integral operator and functions in Lipg(R"™), is bounded on Triebel-Lizorkin
and Lebegue spaces.

2. DEFINITIONS AND RESULTS

Throughout this paper, Q will denote a cube of R with side parallel to the axes.

Let f is locally integrable function with f(Q) = fQ f(z)dz, fo =1Q|7! fQ f(x)dz,
and

# Xr) = Su L — .
M (£)(a) = s /Q W) — foldy
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It is well known that (see [6]]7])
# ~ _ _
M7(f)(x) ~ Zgliclgg 1] / |/ (y) = cldy.
Let

Mf)le) = Eﬁmm/” iy

For 8 >0 and p > 1, let Ff "> be the homogeneous Tribel-Lizorkin space. The
Lipschitz space Lipg(R™) is the space of functions f such that

[f(x) = f(y)]
ipg = SuUp ——————— < 00.
Ml = i, 3=
Ay
Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j < m,

we denote by C7" the family of all finite subsets o = {o(1),---,0(j)} of {1,---,m}
of j different elements. For o € C7", set 0¢ = {1,---,m} \ 0. For b= (b1, -+, bm)
and o = {0(1), c ,(7(])} S ij, set bg = (ba(l),- . 'aba(j)>a bg = ba(l) s ba(j) and
HbUHLipg(w) = ||b0(1)||Lip5(w) tU Hbo(j)HLipg(w)'

In this paper, we will study vector-valued multilinear commutator of fractional
area integral operator as follows.

Definition 1. Let 0 < d < n. Suppose functions ¢ satisfies the following properties:
(1) fRn x)dx = 0;
(2) ()] < O+ faf)~+1=9);
(3) Wz +y)—¢(@)] < Cly (1 +[x]) =20 where 2]y| < |a.

Set 1 <7 <00, bj(j=1,---,m) are fixed local integratiable function on R". Let
I'(z) = {(y,t) € R : |x—y| < t}, its characteristic function is XT(z), vector-valued
multilinear commutator of fractional area integral operator is defined as follows:

- 0 R 1/r
rﬂﬂﬁ@mz(gx%ﬂmmw),
=1
where ) ) » s
%Mﬂw=<émwwm%inJ
and

Fti’( / H —b(2)) | Ye(y — 2) f(2)d=.

J=1

Now we state our theorems as following.
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Theorem 1. Let 1 <r < 00,0 < < 1/2m, 1< p < o0, b= (b1, ,bm), with
bj € Lipg(R") for 1 < j<m, then1 <p<n/d,1/p—1/q=46/n, |Slbp,5\r is bounded
from LP(R™) to EJ"P>°(R™).

Theorem 2. Let 1 <r <o00,0< <1/2m, 1 <p< 0, b= (b1, ,bm), with
bj € Lipg(R"), 1 < j < m, then 1/p —1/q = (mB +0)/n, 1/p > (mfB + 6)/n,
‘Sqll,dlris bounded from LP(R™) to L1(R").

3. PROOF OF THEOREMS

The proofs of our main results are based the following lemmas.

Lemma 3. (see [9]) For 0 < <1, 1 <p < oo, we have

1

Q%

1
sup inf 3 / |f(x) — c|dx
<€ Q" n Je

Lemma 4. (see [9]) For 0 < g <1, 1 <p < oo, we have

llppe

/ (@) — foldx
Q

sup
Q Iy

Lp

1
QI x

1 /1 ) )1/”
~ — | = — d :
Sgpm% (,Q‘/Qlf(w) folPdz

Lemma 5. (see [15]) Let 1 <r < oo, 0<d<n,1<p<n/d, 1/¢g=1/p—d/n,
w € Ay. then |Sys|r is bounded from LP(w) to L(w).

/ (@) — foldx
Q

1fllLips =~ sup
Q

Lemma 6. (see [5]) Let 1 <l < oo, 1<r <oo, >0, with

. 1/1
— l
Mys(f)a) = sup (|Q’1_il | i dy> ,
ifl <p<n/B,1/q=1/p— B/n,then

Mis(1f || a < ClIIfIrl|zo-
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Lemma 7. (see [9]) Let Q1 C Q2,then

[far = faul < ClIf||Lipg | Q2™

Proof of Theorem 1. Fix a cube Q = (zo, l) and 7 € Q We first consider the
case m > 2. Set bg = ((b1)Q,- -, (bm)g) with (bj)g = |Q|~ fQ y)dy, 1 <j<m.

Let f decompose into f =g+ h = {g;i} + {hi}, with ¢; = fixq, h = fix(q)e- We
have

j=o ECJ
= (bi(x) = (b1)@) -+ (bm(x) — (bm)Q) Fr(fi)(y)
+(=D)"™E((br = (b1)@) -+ (bm — (bm)@) fi) ()
m—1
+) > ()" (b(x) - bg)s (b(2) = b@)oethe(y — 2) fil2)d=
7=1 UGC;-”
= (bi(@) = (b1)@) -+ (bm(x) — (bm)Q) Fr(fi)(y)
H(=D)"™F((br = (b1)@) -+ (bm — (bim)Q)9:i) (y)
+(=D)™EF((br = (b1)@) - - (bm — (bm)@)hi) (y)
m—1
+ (=)™ (b(x) = bQ)o Fi((b — bg)oe fi) (x,y)
j=1 ceC™
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by Minkowski’s inequality, we obtain

15,50 @)lr = 1.5((((B1)ag — 1) -+ (bm)ag — bm)) ) (w0)

(ZH (b1() — (01)20) - (on (&) — ()2 xriy (i) (0 H)

0o m—1 . U
(ZZ S [ 0@ = @rdoxren F (i) ) )

i=1 j= 1060}“

() 1/r
+(Z HXF(J})Ft((bl - (bl)2Q) o (b — (bm)2Q)gi)(y)Hr>
i=1

IN

m m

Xr@ P (L[5 = (07)20)0) (@) = xr@o) F (][ (85 — (85)20)R) ()

7j=1 j=1

_|_

r

= Li(x) + Lo(z) + Ls(z) + La(z),

g I8 O@l ~Sus((((r)0 b))z — b)) @)l
1 1
< W/QLl(x)dx—i-W/QLg(x)das

1 / 1
+———— | Ls(z)dx + / Ly(z)dz
|Q’1+m6/n 0 ’Q|1+mﬁ/n 0
= L1+ Lo+ Ls+ Ly.
For Ly, by using Lemma 6, we have

L = M/|XF($)(bl(x)—(b1)Q)-"(bm(l‘)—(bm)Q)Ft(f)(y)”rdx

1/2
- (/ / ) (1(0) = (Br)e) -+ (o) = (Bl IFDWDIE R ) da

- IQl“mﬁ/"/ |(b1(2) = (b1)@) -+ (b () = (bm) QIS5 (f) ()] d

IN

A7 SB[ (2) = ()l ou(x) — (bl /Q 1S54/ (@) d

1 m n
Ol szl A" | 1S

Cl1Bl Lips M (1S, (£)]:) ()
Cl1Bl| Lips Mi (1S5 ()]r) (&)

IN

IAIA
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For Ly, with 1 <l < oo, by Holder inequality, we obtain

Ly < Z Z ,Q‘Hmﬁ/n / 5@ = 5Q)ol|Sus(F = 5o ) @)

b —_’ L _’—_‘ X ! X 1/l
g7 S (e) bQ»f\(@, /Q 15500 — 5a)oe ) >|Td)

. . 1/1
Z ,Q‘mﬁ/n!\ bolliny Q17" sup | (B(z) — ). \(,Q‘ / [Sua(f ><x>£dx)

Jj=1oceCy"

IN
M
i -

§
%
3
4]

IN
Q

Q
]
M

1/1
,Q‘mﬁ/nr\ bol | 1ins Q117" b6 ips 191 f”/”(,Q| / Sus(H @)l dx)

j=1 O'ECm
m—1
1 olB/n) 1% o¢|B/n ~
<y Yy gl ol 2ing | QU™ 1Boe | i, | Q1717 Mi (1S 6 (f)1:) (2)
j=1 aeCm
< OBl Lips Mi(|S s (1) (F)-

For L3, weset 1 <l <q<n/d,1/qg=1/l—5/n, by |gus|- bounded on (L', L9)
and Hoélder inequality, we obtain

L = g 19650 = (1)) (b~ (b)) )@l
1
< Qiﬁ/n(@/ ISwalf[ D xo)e >zdx> ’
< WQ\SWIQIl”" Uigg [bj () = (b))ql </Rn \f(x)\ixcg(:v)d:r) .
< Q‘I/q H|| bllins Q1 (i / s ) !
<

ClIBl|zips Mo (1 f10) (@).
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For Ly, if y € (2Q)¢, then |xg — y| =~ |x — y|, by the properties of ¢, we obtain

Ly, = HXF(x)Ft((bl - (bl)Q) oo (b — (bm)Q)h)(y) — XF(zo)Ft((bl — (bl)Q) o (b — (bm)Q)h)(y)Hr
1/2
e dydt
= XT(z) — XT(z) | f(2)]r bi(2) — (b:)oldz)?
t/ﬂgﬂngy|m> rew e T s(2) = @)olds 325
< cof e ITne -
(20)° H !
1/2
tl "dydt // tl_"dydt .
o—yl<e (E+ |y — 2[)2n 272 wo—y|<t (£ 4y — 2[)2nF2=20
m | ‘tl—n 1/2
r — X
= ¢ G L1 (=) = (b // dydt | d-.
(QQ)Cl (2)] jl;[1| J J)Q‘ <t jety—z <t (t+|z+y— Z|)2n+3726

Because if |y| <t, that 2t + |z +y — 2| > 2t + |z — 2| — |y| >t + |z — 2| and

x tdt —2n—1+26
|, T G

therefore, if x € @, then we have

m 1/2
‘.’L‘o—$|t1 n22n+3 26dydt
L, < C/ f(2)|r bi(z // dz
4 (2Q)C| ( )\ 31;[1| ]( ) Q( i<t 2t+2|a:+y Z‘)2n+3 25
1/2
ti—"dydt
< C’/ b;( T — x0|"/? // dz
o \Ill bi)elle - o] o T
tdt 12
< ¢ e TT 165 2) = B)olle — o2 (/ ) i
(QQ)C H i)Q o (t+ |z — 2|23
|z — zo|1/2
< C b;( ol—————»—d
= /(2Q) 2)lr Hl |x0_2|n+1/2 4%
oo
< C / lzo — x|V @ — 2|~ (279 f (2 b;( dz
DY ) |II\ )
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m

< O 2R /2k+1Q|f(Z)T-H(ij(Z) = (b)arrigl +[(bj)arrig — (b)el)dz
k=1 j=1
y 1
00 k2 1 . 1/1 1 m
< 0y 2 7/ Ld ) 7/ b;(y) — (b d
kzﬂ (|2kQ|1_§/n 2kQ'f(y)l Y |2kQ|1—6l/n 9% Q Jl;[l( ](y) ( ])Q) Y

< Y 2B | | QI Mus (| 1) (#)
k=1

< Cllbllzp, Q™™ Mis(|f1:) (@),

we can obtain that
Ly < C|bl|Lips Mi,s(] f1r)(2).

Comprehensive above estimates, let 1 < [ < p, take supremum of all cube on Z € @
and by using Lemma 5, we obtain

!H%,g(f)b!\p;mﬁm < OBl zins (1Mi(|Sy.5 (1) + Mo (| f10)] |1)

A

< ClIBlzips (1M1 y,5 () 120 + [[Ms(1f 1] |£)
< CbllLips (1S5 (FlrllLa + 1Mi5(1f17)] | 2a)
< Clbllzips I flrllze-

This complete the proof of Theorem 1.

Proof of Theorem 2. Similar to (L;), we have

|C12 /Q HSi,a(f)(x)\r 1805(((b1)g — b1) -+ (bm) o — b )h) (o) || dz

< OBl Lipy (Mimp (1S5 ())]r) (&) + Mymps(1£1:)(F)).

So ~ .
(158,61 * < ClIBl Lips (Mg (1,5 (£)1r)(E) + Mimp(1 f1r)(2))-

Let 1 < I < p, suppose 1/s = 1/p — §/n, then 1/q = 1/s — mf3/n, by using
Lemma 7 and the boundedness of |Sy |-, we obtain
11S55(A) eIz < CUASE 5] o
Cl18]| Lips | My (16,6 (F)r) + Mimps(|f1:))]] Lo
CIB||ips || Mims (19,6 (F) ) + [ £1]| o
Cl1Bl zipa 15,5 (£l e + 1111+l
C18l1 Lip || f1r ]| o-

(VAN VAN VAN VAN

IN
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This complete the proof of Theorem 2.
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