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ABSTRACT. In this paper the author established certain results concerning the
quasi-Hadamard product for generalized subclasses of p-valent functions with posi-
tive coeflicients.
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1. INTRODUCTION

Let A(p) denote the class of analytic p-valent functions in the unit disc U = {z €
C: |z] < 1} of the form:

F(2) =2"+) anpz™™ (peN={1,2,..}). (1)

n=1

A function f(z) € A(p) is called p-valent starlike of order « if f(z) satisfies

2f (2)
R >« 2
{ 1) } 2
for 0 < a < p and z € U. We denote by S;(a) the class of all starlike p-valent
functions of order . Also a function f(z) € A(p) is called p-valent convex of order

a if f(z) satisfies
afe{1+zf (Z)}>oz (3)

f(z)
for 0 < a < p and z € U. We denote by C)(«a) the class of convex p-valent functions
of order a.
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Forp< pg<p+ % and z € U, let M () denote the subclass of A(p) consisting
of functions f(z) of the form (1) and satisfying the condition

f'(2)
R <p 4
{ 1) } @
and let M, (5) denote the subclass of A(p) consisting of functions f(z) of the form
(1) and satisfying the condition

2f(2)
3%{1+ ) }<B, (5)

it follows from (4) and (5) that

z2f'(z
F(2) € My(B) == fp( ) e (8) (6)
The subclasses 9, (3) and M, (5) and some related classes have been studied by
several authors (e.g. [5], [8], [10] and [11]).
Furthermore, let V(p) denote the subclass of analytic p-valent functions of the
form:

f(z) = ap? + Z anip2" P (ap > 0;an4p > 0). (7)
n=1
Also, let

fi(z) = ap,izp + Z an+p,izn+p (ap,i > 0;an4p,i > 0), (8)

n=1

and -
9i(2) = bp ;2" + Z bntp 2" (bpi > 0 bpapi > 0), (9)

n=1

the quasi-Hadamard product (f; * g;) (z) of the functions f;(z)
and g;(z) by

o0
(fi* gj) (2) = apibp 2z + Z an+p,ibn+p,jzn+p (i, =1,2,3,...).

n=2

Similarly, we can define the quasi-Hadamard product of more than two functions.
Also, let V,,(8) = M, (B8) NV (p) and U,(B) = Ny(5) NV (p), following the tech-
nique of Uralegaddi et al. [12], we can obtain the following lemmas.
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Lemma 1. Let the function f(z) € V(p) , then f(z) € V,(B) (p < B < p+3) if and
only if

> (n+p—B)anty < (B—play (10)
n=1

Lemma 2. Let the function f(z) € V(p) , then f(z) € Up(B) (p < B < p+ %) if
and only if

5 (ML) (0 p - Blansn < (3 iy (11)

n=1

Let ¢(z) be a fixed function of the form:
z) =cpz + Z Cntp?™ P (Cps Cpap 2 0). (12)

Using the function defined by (12), we now define the following new classes.

Definition 1. A function f(z) € Vp o(Cngp,9) (cn > c2 > 0) if and only if

Z Cspntp < 6ap (6 >0). (13)

n=1

Definition 2. A function f(z) € Up o(Crntp;6) (Cngp = cpp1 > 0) if and only if

Z (n;p) Crtplntp < 6ap (6> 0). (14)
n=1

Also, we introduce the following class of analytic p-valent functions which plays
an important role in the discussion that follows.

Definition 3. A function f(z) € Vp]fw(cmrp, ) (entp = cpy1 > 0) if and only if

o0 k
Z <71 +p> Ctplntp < bap (6> 0), (15)

n=1 p

where k is any fized nonnegative real number.

For suitable choices of ¢, d, k and ag = 1 we obtain :
n h(z z
() Vi (("52) (0 + 0 = )0 p), 7 = p) = A47(0,5,7) (h(2) = £5,0(n,p) =
%( 0, g <s+1(c; >0 fori=1,2,...,q; ; >0 for j=1,2,....8),p <
v < p+3) (Najafzadeh et al. [5]);
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(ii) Vp%((n—i-p— A n+p—2a+A),2(a—p) = M(a,N) (0< A< p,a>
p) (Sun et al.[11]);

(iif) V! ((”ﬂ’) (n+p—A+|n+p—2a+A)2a—p) = Mla,\) (0< A<
p,a > p) (Sun et al.[11]);

(iv) Vhp(( —8),(8-1)) =V(B) (1 <8< 3) (Uralegaddi et al.[12]);

(¥) Vil (nfn ~ 5),(8 1)) = U(8) (1< 8 < §) (Uralegaddi t al. 12

vi) V] ((n -1+ n—=28+1,2(8—-1)) =M(B) (8> 1,a9 =1) (Niswaki and
Owa [3] and Owa and Niswaki [6]);

(vii) V', (n{(n = 1) +|n =28 +1},2(8 — 1) = N(B) (8 > 1,a0 = 1) (Niswaki
and Owa [3] and Owa and Niswaki [6]).

Evidently, V) (¢, 0) = Vpp(cn, 6) and V! (cn, 6) = Up o (cn, 6). Further V! (cn, 8) C
Vo (cn, 6) if 41 > 72 > 0, the containment being proper. moreover for any positive
integer k, we have the following inclusion relation

X/;,If@(cn,é) C Vp’fgl(cn,é) C..C Vp%ga(cnﬁ) C Up(cep,d) C Vy(cp,0).

We also note that for nonnegative real number k, the class Vp’f@(cn, d) is nonempty
as the function

= (n+p\ " ba
f(z) = apz” + Z < p) — Antpln4p?" P, (16)

C
n=1 p n+p

oo
where a, > 0, \p4p > 0 and Y A4, < 1, satisfy the inequality (15).
n=1
The quasi-Hadamard product of two or more p-valent functions has recently been

defined and used by Aouf et al. [1], Hossen [3] and Sekine [9].
The object of this paper is to establish a results concerning the quasi-Hadamard
product of functions in the classes Vp]f@(cn, 0), Up,p(cn,0) and V), ,(cn,0).

2. THE MAIN RESULTS

Theorem 3. Let the functions fi(z) defined by (8) belong to the class Uy ,(cy,6) for
every i = 1,2,...,m; and let the functions g;(z) defined by (9) belong to the class

Vpo(Cn, 0) for every i =1,2,...,q. If ¢ > (M)(;
p

(n € N). Then the quasi-Hadamard product fi# fa*....x fr, kg1 % go*....xge(2) belongs
to the class Vot (¢, 0).
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Proof. 1t is sufficient to show that

ee} 2m+q—1 m
n-+p
g ( P > Cn+p H|an+p,i
i=1

n=1

q
=1

q

m
< ) H Qpj- H bp,j
i=1 j=1

Since fi(2) € Up,,(cn,0), we have

Z <n +p> Cntplntpi < 0ap, (17)

n=1 p

for every i = 1,2, ...,m. Therefore

-1
n-+p 0 >
a 0 < Ui
n+p,i = < » > (Cn+p Dt

n—+p -2
an+p,z'§< ) ) Apis (18)

the inequalities (17) and (18) hold for every ¢ = 1,2,...,m. Further, since g;(z)
€ Vio(cn,0), we have

and hence

[e.e]
n=1
for every j = 1,2, ....,q. Hence we obtain
n+p\ "
bnip,j] < ( ) > bo.;; (20)

for every j =1,2,...,q.
Using (18) for i = 1,2,...,m , (20) for j = 1,2,....,¢ — 1 and (19) for j = ¢, we

have
e e} 2m—4q—1 m q
n-+p
Z ( > Cn+p H |antp,il - H [
n=1 p i=1 j=1
00 2m—+q—1 —2m —(g—1) m q—1
n-+p n-+p n+p
< Z ( > Cn < ) ( ) H Ap,i- H bp,j | [bntpg
n=1 p P p i=1 j=1
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m q—1 0o m q
= H Qp,i- H bp,j E Crtp |bnpgl <0 H Ap,i- H bp.j
i=1 j=1 n=1 i=1 j=1

Hence fi* fo % ...x fru g1 % ga*....%gq € Vgnﬁq*l(cn,é).

We note that the required estimate can also be obtained by using (18) for i =
1,2,.....,m—1, (20) for j =1,2,....,q, and (17) for i = m.

Taking into account the quasi-Hadamard product functions fi(z), fa(2),
.oy fm(z) only, in the proof of Theorem 1 and using (18) for i = 1,2,...,m — 1, and
(17) for ¢ = m, we obtain

Corollary 4. Let the functions f;(z) defined by (8) belong to the class Up(cy, ) for
every i = 1,2,....,m. If ¢, > nd, (n € N), then the quasi-Hadamard product fi * fo *
. % fm(2) belongs to the class V]fg%l(cn,é).

Also taking into account the quasi-Hadamard product functions gi(z), g2(z),
..,9¢(2) only, in the proof of Theorem 1 and using (20) for j = 1,2,...,g — 1, and
(19) for j = q, we obtain

Corollary 5. Let the functions g;(z) defined by (9) belong to the class Vi,(cp,0) for
every i =1,2,....,q. If ¢, > nd, (n € N). Then the quasi-Hadamard product gy * ga *
.. % gq belongs to the class Vi, (cp,6).

Remark 1. (i) Putting p = 1 in the above results, we obtain the results obtained
by El-Ashwah [2];

(it) Putting cpip = (k+p—)0(k,p) and 6 = v —p (p < v < p+ 3) in the
above results we obtain results corresponding to the class A]};(z)(m,n,'y) (h(z) =

2P _ (a1)g-(am)k 1
Eaae(kvp) = mm,n§m+l

(a; >0 fori=1,2,....,q; B; >0 for j=1,2,.....,8),p<y<p+ %),

(i) Putting cpnyp = (n+p—A—|n+p—2a+ A|) and 6 = 2(y—p) in the above
results we obtain results corresponding to the classes M, (o, A) and Np(a, A)(0 < A <
p,a>Dp).
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