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SPECIAL SUBCLASSES OF HARMONIC FUNCTIONS
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ABSTRACT. In the present paper we have introduced and studied special sub-
classes of harmonic function, we obtain the basic properties such as coefficients
characterization and distortion theorem, extreme points and obtain convolution and
convex combinations results
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1. INTRODUCTION

A continuous function f = wu 4+ iv is a complex valued harmonic function in a
simply connected complex domain D C C if both v and v are real harmonic in
D. Tt was shown by Clunie and Sheil-Small [2] that such harmonic function can be
represented by f = h + g, where h and g are analytic in D. Also, a necessary and

sufficient condition for f to be locally univalent and sense preserving in D is that
’hl(z)’ > ‘g/(z) , (see also, [3, 4] and [6, 7].

Denote by Sy the class of functions f that are harmonic univalent and sense-
p}"eserving in the open unit disc U = {z € C : |z| < 1} for which f(0) = h(0) =

f.(0) =1 =0. Then for f = h+ g € Sy we may express the analytic functions h
and g as

o0 oo
h(z)=z+Y anz" , glz)=> buz" ,|b| <1. (1)
n=2 n=1
Clunie and Shell-Small [2] investigated the class Sy as well as its geometric sub-
classes and obtained some coefficient bounds.

Also let S denote the subclass of Sy consisting of functions f = h + g such
that the functions h and ¢ are of the form

hz)=z=Y lan|2" , g(z)=> |bal2" ,|b2| <1 (2)
n=2 n=1
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In this work, we may express the analytic functions 2° and ¢ as follows (see e.g.[1])

Wz)P =2+ 3 Bagz"PL | g(2)P =3 Bba T b <L (3)
n=2 n=1
Therefore,
F(2) = h(2)" + g(2)" (4)

We let H(c, B) denote the class of harmonic functions of the form (4) , which satisfy
the condition

§R{(1 + eie)zlj;iéz;z — Bew} >af (0<a<1;0eR;5>1), (5)
where f/(2)f = afa(;) and z' = g;

Replacing h(2)? 4 g(2)8 for f(2)? in (5), we have:

R {(1 + ewﬁﬁ;gﬁ ;;?z()?ﬁ - Be“’} >af(0<a<;0eR;B>1). (6)

It is clear that the class H(«,1) = Gu(a)(0 < a < 1) defined by Rosy et al. [5].
We let the class H (o, 3) consist of harmonic functions f € H(a, 3) so h? and ¢”
of the form

o0 o0

Wz)P =27 =3 Banz"PN L g(2)P =3 Bba Pl <L (7)

n=2 n=1
In this paper, we extend tﬂs results of the class Gg(«) defined by Rosy et al.
[5] to the classes H(a, ) and H(«, 3), we also obtain some basic properties for the
class H(a, ).

2. COEFFICIENT CHARACTERIZATION AND DISTORTION THEOREM

Unless otherwise mentioned, we assume throughout this paperthat 0 < a < 1,8 >1
and 6 is R. We begin with a sufficient condition for functions in the class H(«, 3).

Theorem 1. Let 7 = W48 be such that h? and g° are given by (3). Furthermore,
let -
26(n+8 B(1+ 2B8(n+p—-1)+B8(1+
Z (B(l Z)+1 ~IB0= aa 1|) |an] +Z< = Z+1 —IB(- aa ) |bn] < (8)

n=2

Then f € H(a,p).
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Proof. Now, suppose that the condition (8) holds. It suffices to show that Re{A(z)/B(z)} >
0, where

Az) = (1 + eie) (zh’(z)ﬁ + zg’(z)ﬂ) — <a6+ Bei9> (h(z)ﬁ —i—g(W)
B(z) = h(z)"+g(2)? (9)

Substituting for A% and ¢” in (9) and using the fact that R (w) > 0 if and only if
|w+ 1| > |w — 1| in U, it suffices to show that |A(z) + B(z2)| — |A(z) — B(z)| >
0. Substituting for A(z) and B(z) gives

|A(2) + B(2)| — |A(z) — B(2)]
= ‘ﬁ(l —a)+1 +Zﬂ(n+ﬁf 1) <1+ew> - (aﬁJrﬁew ,5) an2" !

n=2

- <Z>ﬁ iﬂ(n +B-1)(14e %)+ (aﬁ + Bet — ﬁ) bz
o n=1 '

—‘B(l—a)—l—l—i(l—i—eie) (n+8-1) = (aB + Be + 8) anz"""!

n=2

\P . .
~(Z) Tase 51+ (as+ 56 4 5) b,

n=1

[e.e]

> (5(1—a)+1)—’5(1—04)—”—2(4ﬂ(n+5—1)—25(a+1))anHZ’n1
il (4B(n+ B —1) +28(1+a)) [ba| [z]"
z (B-a)+)—-[F{-a)—1] {1—22( e ) la
23 () b |}
> 0, by()

The harmonic functions
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_ 31 a)+1)—|f(1-a)—1| n+p—1
=2+ Z n+5 D pita)] SntB-17"

BU—a)+1)—|B(1-a)—1| Bt
+ 2(n+B—1)+A(1+a)] In+B— 1z ’ (10)

where Y07, |4 5-1] + anl ]ynw,ﬂ = 1, show that the coefficient bound given
by (8) is sharp. This completes the proof of Theorem 1.

Corollary 2. Let f? = hﬁ—l—g? be such that h® and g° are given by (3). Furthermore,
let B> ﬁ If the condition

> (28(n+B—1)=B(L+0a)lan+ Y (28(n+B—1)+B(1+a))|b| <1,
n=2 n=1

(11)
is satisfied, then f € H(a, ).

Corollary 3. Let f? = h5+g7 be such that h® and g° are given by (3). Furthermore,
let 1 << ﬁ If the condition

[e.9]

Y en+B-1)-(1+a) !an|+z (n+6-1)+(1+a))|bs| <(1-a),
n=2
(12)
is satisfied, then f € H(a, )
In the following theorem, it is shown that the condition (11) and (12) is also

necessary for functions 1P = hP+¢B be such that h? and ¢° are given by (7), belong
to the class H(«, 3).

Theorem 4. Let f° = hP+¢P be such that h® and g® are given by (7). Furthermore,

(i)if1 <p< ﬁ, then f € H(a, ) if and only if

i( (n—l—ﬁ 1) (1+o) ) lan] +Z <”‘*‘5(1—a)1‘m)> b,| < 1, (13)

n=2

(ii) if B(1 — ) > 1, then f € H(«,3) if and only if
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Y 2B+ 8-1)=B+a)|a|+) 2B(n+B-1)+B(1+a) b <1,
n=2 n=1

(14)

Proof. In view of Corollary 1 and Corollary 2, it is suffices to show that f € H(«, 3)
if the condition (13) and (14) does hold. We note that a necessary and sufficient
condition for functions f? = h® + g8 be such that h® and ¢° are given by (7), to be
in H(a,f3), is that the condition (5) to be satisfied. Equivalent we must have

g [ () (V" 1) (e 86) () +0CP) |
h(z)P+g(2)? 7

which implies that

B(l—a)z? - izﬁ (n+B8-1)(1+€?) — (a+e?)] |an| 2" P!

R
20— 370, Blan| 2 + Y00 Blby|zn AL

> Bln+A 1) (1+6?) + ()] by 2+

P =3l Blan] 2L+ 570 B lbn| 2O

(1-—a)— i [(1+€?) (n+B8-1)— (a+e?)] |an| 2"
— R n=2 _
L= S B lan] 2t 4 (2)7 202 8 b 2

(2)7 S [(1+69) (n+B—1) + (a+e?)] b 70!
= > 0. (15)
1= 3%, Blan] 27 + (2)7 5550, Bbn| 20

Upon choosing the value of z on the positive real axis and using & (ew) < ‘ew‘ =1,

the required condition that (15) is equivalent to

L i’é 2ln+B8-1)— (14 «)
n=2 (1 — Ct)

L= Blan| =t + 3700, B o] rnt

|an| et
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§ 2n+ B —1)+ (1+a)
Ty g >0 (16)
L= Blan| =t + 3702 Blbp|rm=t [ =

’bn‘ Tnfl

If the condition (15) does not hold, then the numerator in (16) is negative for z = r
sufficiently close to 17. Hence there exists zg = ro in (0,1) for which the quotient
in (16) is negative. This contradicts the required condition for f € H(c, 3), and so
the proof of Theorem 2 is completed.

Theorem 5. Let f € H(a, 3).Then for |z| = r < 1 we have

Lo 2+l+o
(1+|b1])r? + {2é+1—)oc 28+ 1-a |b1|}rl+ﬁ7
7)< A1~ 0) < Land |b] < 5y
< . L 2B+1+ab 148
(14 [br])r” + 5(25+1—a)_25+1—a’1’ "
B(1 —a) 21 and |bi| < gagtra
and 26+1
_ 6_) ) PH1t o
(1 — |by|)r {2ﬁ+1—a 25+1_a|b1| e
11—«
f(2)] > B1 —a) < Land |bn] < 505
> 5 . 26+1+a« 148
(1= [ba])r” — —a) iy
pR2B+1-a) 9341 -«
B(1 —a)>1and \b1|§m

The results are sharp.

Proof. We prove the first left hand side inequality for |f|. The proof for the rest
inequalities can be done by using similar arguments. Let f € H(«, 3), then we have

o0 oo
FP| = |2 = 3 Blaal 24771 4 37 B b 2P
n=2 n=1
o0
> 7P —|br 77 =Y (Jan] + [ba]) P
n=2
> P — by | P -

(1-a) =2n+p-1)—(1+a)
2/8+1—az (1-a)

(lan] + [on])r'*?
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> P — \bl\rﬁ—

1-0a) X (2m+B8-1)—(1+a)
2/3+1—az{ 1-a)

Ot DO, s
e

lan| +

n=2

1—a)
S (118 L _ 28+14a 148
> (1= ul)r? - S (1= S

1—a) 26+1+«
> (1= oy — { L . 148,
2 (1= fealyr {Qﬂ—l—l—a 25+1—a’bl‘}r

The upper and lower bounds given in Theorem 3 are respectively attained for the
following functions:

_ (1-a) 26+1+4+« 1
o - |b1|2’6— (2,8+1aa o 26+1—a |b1| zH A

206+ 1+4«
R e e T L

f(z) =

_ —a 26+1+a _
(1= )2 - (o - 35 e

264+1—
and 1(2) = TR
(1= [ba])2” ~ ) b1 p 217
pR6+1-a) 9341«

The following covering result follows from the left side inequality in Theorem
3.

Corollary 6. Let f € H(a, 3), then the set

_ 2c
1— = b
25+1—a+{2ﬁ+1_a}| 1|7

B(1 —a)<1and |bi| < 1-o)

28+1+a

w:|w\< 2
1
l_ﬁ(26+1a)+{2ﬁ+1_a}’b1‘7
\ B(1 —a) 21 and b1 < gozrrray |

is included in f(U).
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3. EXTREME POINTS

Our next theorem is on the extreme points of convex hulls of the class H(a, ),
denoted by clcoH (a, 3).

Theorem 7. Let f° = hP + g8 be such that h® and g° are given by (3). Then f €
clcoH (a, B) if and only if f can be expressed as

Z [ +}/ngn( )ﬂ] ) (17)
n=1
where
hl (Z)’B = zﬁ,
B_ (-  ntp-1 B
hn(z)ﬁ — { c 2(n+p— 1) (1+a)z n+5_71/6(1 a) < 1
BTA1) AT Bl —a)>1
(=) —ntp-1
gn(z)ﬁ { 2B+ 2 n+/3 11)+(1+a) fgflﬁ(l —a)<1
&t 2B(ntB-1)+B(11a)” Bl—a)>1
Xn>0Y, 20, Y [Xp+Y,]=
n=1
In particular, the extreme points of the class H (o, 8) are { } and { n} respectively.
Proof. For functions f(z)? of the form (17), for 3(1 — a) < 1, we have
b = X, + Y] 2% — ( R
f(2) ;[ nt Yoz ;2(”+ﬂ—1)—(1+a) n?

1 — Oé) —n+5—-1
—I—Z 2t h—1)+ (14 )Ynz .

Then

~2(n+pB-1)—(1+a) (1—-aw)
(1-a) (2(n+5—1)—(1+a)>xn

—2(n+5-1)+(1+a) (1-a)
+2 (2(n+5—1)+(1+a)>yn

oo o.9]
=D Xa+) Ya=1-Xi<1,
n=2 n=1
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and so f(z) € clcoH (a, 3). Conversely, suppose that f(z) € clcoH (a, 3). Set

2(n+pB—1)— (1+a)

Xn = (1—a)

lan| (n>1)

and
2n+B8 -1+ (14 «)

1-a)
then note that by Theorem 2,0 < X,, <1 (n>1) and 0<Y, <1 (n>1).
Consequently, we obtain

f(2)? = i [Xhn(2) + Yagn(2)°] .

n=1

Using Theorem 2 it is easily seen that the class H(a, 3) is convex and closed and so
clecoH (o, 8) = H(a, ).

4. CONVOLUTION AND CONVEX COMBINATIONS RESULT

For harmonic functions of the form:

F(2) =2 = fan| 2" 4 (b 2 (18)
n=2 n=1
and o .
G(Z) = Zﬁ - Z Anzn—’_ﬁ_l + Z ann—i-ﬁ—l (An7 Bn > 0)7 (19)
n=2 n=1

we define the convolution of two harmonic functions f and G as

(f*G)(2) = f(2) *G(2)
=28 — i anAn 2" 81 4 i b, B,z A1
n=2 n=1

Using this definition, we show that the class H(c,3) is closed under convolution.

Theorem 8. For 0 < a < 1, let f(z) € H(a, ) and G(z) € H(a, ). Then
f(z) *G(z) € H(w, B).
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Proof. Let the functions f(z) defined by (18) be in the class H(a,3) and let the
functions G(z) defined by (19) be in the class H(c, 3). Obviously, the coefficients
of f and G must satisfy condition similar to the inequality (8) and A, < 1,B, < 1.
So for the coefficients of f x G we can write

> (st ey lonl An +Z( T ey ool Ba

n=2

: Zg [<5(21ﬁ(2)+f1 Setiare) ‘“"HZ( A ) b ‘]

n—=

the right hand side of this inequality is bounded by % because f € H(a, ).
Then, f(z) * G(z) € H(a, 3).

Finally, we show that H(a, 3) is closed under convex combinations of its mem-
bers.

Theorem 9. The class H(a, ) is closed under convex linear combination.

Proof. Fori=1,2,3,...., let f; € H(a, ), where the functions ff are given by

00 00
_ Z ’an,i’ LntB-1 + Z |bn,z‘ LntB-1
n=2 n=1

oo
For > t; = 1;0 < t; <1, the convex linear combination of f; may be written as
i=1
o0 o oo oo o0
Y tifi(z)! =2 = (Z t; |an,i|) DY <Z t |bm|> VAL
i=1 n=2 \i=1 n=1 \i=1
Since

> [(2ﬁ(n+ﬂ — )= B(1+a)) |ani + > 28(n+B—-1)+8(1+a)) rbn,z-|]

n=1

IN

B(l—a),f(l—a)<1
1, B(l—a)>1
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it follows from the above equation

D @Bn+B-1)=BL+a)d tilanil+ > (28(n+B—1)+B(L+0a) > ti|bnl
n=2 =1 n=1 =1

= >t {Z [(2B(n+ﬁ —1) =B+ a) fani + Y 280+ -1)+B(1+a)) \bn,ill }
i=1 n=2 n=1

5(1—a>§ti:ﬁ<1—a>,ﬁ<1—a>s1

St =1, B(1—a)> 1.
=1

IN

This conditions required by (13), (14) and so Y t;fi(z) € H(a, ). This complete
i=1
the proof of Theorem 6.

Remark 1. (i) Putting 5 =1 in our results we obtain the results obtained by Rosy
et al. [5].
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