Acta Universitatis Apulensis No. 40/2014
ISSN: 1582-5329 pp- 219-231
http://www.uab.ro/auajournal / doi: 10.17114/j.aua.2014.40.18

SUBCLASSES OF MEROMORPHIC UNIVALENT FUNCTIONS
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ABSTRACT. In this paper, we introduce and study some classes of meromorphic
univalent functions defined in the punctured open unit disc. These classes are defined
by using convolution technique. Coefficient bounds and inclusion results are solved.
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1. INTRODUCTION

Let M denote the class of functions of the form
1 oo
1=+ )
m=

which are analytic and univalent in E* = {z : 0 < |2| < 1} = E\ {0} . We denote
MS*, MC and M), as the classes of meromorphic starlike, convex and A—convex
functions respectively. These classes were extensively studied by Pommerenke [18],
Clunie [3], Miller [10, 11], Rosihan et al [1] and many others. For any two meromor-
phic functions f and g with

) 1 & .
f(z):Z+mz_:1amzm, andg(z):z—l-mz_lbmzm, z € E*,

the convolution (x) is defined as

1 9
(F+9)) ==+ ambnz™,  z€E".
m=1

z
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Salagean [20] defined a differential operator K™, n € Ny == N U {0}, by

K"fi(z) = [(k*k* *k)*fl] (2), (2)
n-times
with &k (2) = (1_"2)2 and f1(2) = 2+ 3272, a;jz’, analytic in E. Using convolution,
we here define an operator analogue of the operator defined in (2). Let
1-22 1 <
=——=—— m E*.
S(z) =22 2 mz_:lmz , zZ€

We define the function f, by

fa(z) = S()xS(z)*...%8(z). (3)

n-times

Next we define the differential operator D™, n € Ny, by
D"f(z) = fa(z)* f(2)

1 oo
= -+ 2:1 (—m)" amz™, z € E". (4)
m=

Clearly Df = f and D'f = —zf’. It is noted that
2(D"f(2)) = =D"*'f(z), zeE" (5)

Next we define an integral operator by using the same technique as Noor [15] and
Noor et-al [16] used for analytic case. Let f,; ! be defined as

F 1 (2) * ful2) = 5(2). (6)
Then

1 - 1-n m *
- - - m ’ E". 7
Z—|—§ (—m) " apmz Z € (7)

m=1

Clearly Iyf = —zf’ and I f = f. The following identity holds for I,
z (In-‘rlf(z))/ = _Inf(z)' (8)
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Let f and g be two analytic functions in E. We say that f is subordinate to
g, written f(z) < g(z), if there exist a Schwarz function w, analytic in E with
w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)), see [9]. If g is univalent
in E, then f(z) < g(z) is equivalent to f(0) = ¢(0) and f(F) C g(F). Using
linear operators some important subclasses of analytic and meromorphic functions
are introduced and for the recent work on this topic, we refer, [12, 5, 22, 6, 21, §|.
Now we define the following classes of functions by using the operator defined in
(4) . A function f € M is said to be from the class MT*(n), if and only if,

R 2D ) . )
R{ Df(2) }>O, €k, (n € Np). (9)

Using subordination, we can write the above relation as

I ECIC AU C T,
oo iy sem e

When n = 0, we obtain the class of meromorphic starlike functions, which has been
studied by Clunie [3] and Pommerenke [18], and for n = 1, we have the class of
meromorphic convex functions. See [10, 11]. Further for A real and n € Ny, the
class M Ty (n) consists of functions f € M satisfying, D"f # 0, D"*1f # 0 in E*

and Dt pni2
n mn 1
QoD (DY Le
Dnf(2) Drtlf (z) 1—2
For n = 0, we have the class of meromorphic A—convex functions, studied in
[1, 13], and for n = 0 = A, we have the class MS*, studied by Clunie [3] and

Pommerenke [18], and for n = 0 and A = 1, we obtain the class M C, investigated
by Miller [10, 11].

z € K.

2. PRELIMINARY RESULTS

We need the following results.

Lemma 1. [17] Let p be analytic in E with p(0) =1 and suppose that

Re {p(z) — Zﬁ;i’?} >0, ze€kFE.

Then we have
Rep(z) >0 in E.
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Lemma 2. [}/ Let 5 and vy be complex numbers. Also let the function h be convex
univalent in E with

h(0) =1 and Re{Bh(z) +~} >0, ze€E.
Suppose that the function
p(2) =14+prz+pez?+ ...,

18 analytic in E and satisfying the following differential subordination

S
p(z) + Bp(2) + 7 < h(z), € FE. (10)

If the differential equation

(=) 0 _
q(z) + Bao) 47 h(z), q(0)=1, (11)

has a univalent solution q, then
p(z) < q(z) < h(z), z€kFE,
and q is the best dominant in (10).
Remark 1. [4] The differential equation (11) has its formal solution given by

CEF'(2) By (HR)N o
0= =75 (7e) b
where
o 6—"_7 § H(t) ’ B4+~y— 7
F(z)—{ 3 /O< , ) P 1dt}
and

H () = 2 exp (/Ozh(t)tldt)

Lemma 3. [19] Let p € P for z € E. Then, fort > 0, u # —1 (complez) ,

Re{p(z)+]m} >0,

u+1]

|z] <
\/AJM/A2

This bound is best possible.

A=2(t+1)+ |y - 1.
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3. MAIN RESULTS

In this section we shall prove our main results.

Theorem 4.
MT*(n+1) C MT*(n), forn e N,.

Proof. Let f € MT*(n+ 1), then
D"2f (2)
Re{D”Hf(z)} >0, z€F.

Set L (o)
D z
p(z) = ———=.

Dnf(z)
Then p is analytic in F with p(0) = 1. Differentiating logarithmically (12), and after
manipulations, we obtain

(12)

() _ (D) (D)

p(z) — DriLf(z) Dnf(z)

Now (5) coupled with (12), yields

_(z) _ DS (2)
p(z) D"t f(z)’

p(2)

that is

Re {p(z) - Zp/(z)} >0, ze€E.

Now by using Lemma 1, we have that

f(z) e MT*(n), =z¢€ E™.

Corollary 5. For n = 0, we obtain the result of Nunokawa [17] that every mero-
morphic convex function is meromorphic starlike function.

From Theorem 4, one has

MT*(n+1) Cc MT*(n)... Cc MT*(1) C MT*(0), n € Np.
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Theorem 6. Let n € Ny and let M (r) = ]‘\/{ax |D" L f|. Suppose
z|<1

f(z) € MT*(n).

Then
L,G(z) =L, D" f (2) =2nrM(r).

Proof. 1t is know that
2T
L.G(z) = / |-22G'(z)| db
0
2T
< / |22 (D" f (2)) | dB
0

2w
= TM(T)/O do
= 2mrM(r),

where we have used (5). This completes the proof.

Theorem 7. Let n € Ny and let M(r) = ]‘\/{a%ﬁ |D" L f|. Suppose
z|<

f(z) € MT*(n).

Then

This result is sharp.
Proof. For
1 o
G(z)=D" == Apz™,
&= D" ()= + 3 Ane

with z = re?, 0 < < 1 and A,,, = (—m)" a,,,, we have, using Theorem 6,

1
ImAp,| = ——L,G(z)

2pm+17"

W27TTM(T),

from which, we have
M(r) m—1

rm

[Am| <
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We take 7 = 1 — L and A,, = (—m)" ay,, to have
| = O(1)m~ 1+,

which is the required result. The function zf],(z), shows that the bounds are sharp,
where f, (z) is defined in (3).

Corollary 8. For n =0, we have f € MT*(0) = MS*. Then for m > 2
|| = O(1)m™.

This result is same to that of Clunie [3].

Corollary 9. For n =1, we have f € MT*(1) = MC. Then for m > 2
|am| = O(1)m™=2,

which is same to that obtained by Noonan in [14], for the case k = 2.

Next, we derive an integral representation of functions belonging to the class
MT* (n).

Theorem 10. Let f € MT* (n). Then

n _ Z—l er ? 2w (t)
D'f(z)=2z"". p/o Twd)-1) 1)dt, (13)

where w s analytic in E with
w(0)=0 and |w(z)| <1, ze€E.
Proof. For f € MT* (n), then

(D) 14w
D f(z) 1—w(z)’

where is w analytic in E with

w(0)=0 and |w(z) <1, z€kFE.
From which, we have

DY 1 2w
D f (z2) z  z(w(z)—1)

which upon integration yields

o (2D" f () = /0 ) t(jé)(tzl)dt. (14)

The assertion (13) can easily be obtained from (14).
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Theorem 11. A function f € MTY (n), n € Ny, if and only if, there is a function
g € MT* (n) such that

() =L D" ()] [ (0 )] (15)
for all z € E*.
Proof. Differentiation of (15), coupled with 5, yields
Dy (2) _ D f(z) D" f(2)
D =\ B D)

If the right hand side belongs to P, the class of Caratheodory functions, so does the
left hand side and conversely.

Theorem 12. Letn € Ng and A < A\{ < 0. Then
MT5(n) C MTY (n).
Proof. Let f € MTY (n). Then

DL f (2 D2 f (2
(- s

Dn+1f (Z) Dn+2f (Z)
DW@)*A{“‘”JWN@*”DMWQJ}
_ (1—%)6?1(2)—1—%(}2(2), Gi(2), C.(2)€P, 2€E,

= G(z), G(z)eP, z€cE.

Since P is a convex set. Therefore f € MTy (n). This completes the proof.

Theorem 13. Let n € Ny and Re{% [%]} < 0. Then f € MTY(n), we have
f € MT*(n). Further

D;}’ZS) a1, zER, (16)
where .
az) = 5% = 23], with
P = {55 [H0) 7 rorbal o )
H(z)= .
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Proof. Let f € MTy(n), where n € Ny. Set

¢(2) = z[D"f (2)] ",

and

ri=sup{r:¢(z) #0, 0<]|z|] <1}.
Then ¢ is single valued in 0 < |z| < 1 and using (5), it follows that the function p;
defined by
2 (2) D™ ()
¢(z)  D"f(2)
is analytic in |z| < r; and p; (0) = 1. Now differentiating (18) and with the use of
(5), we have

p1(2) = (18)

(o) _ D)
m) D)

p1(2)

This implies

(19)

(o) 4 T &) _ fu- WD) Dy ) 1rs

Sz D f(z) Dt f (z) -z

Now from the hypothesis of the theorem and using Lemma 2 with g8 = _71 and v =0,

we have
1+ 2

1—2’

where ¢ is given by (17). From (19) and the hypothesis of the theorem it can be seen
that Rep; > 0 in |z| < r1. Now (18), shows that ¢ is starlike univalent in |z| < 7q.
Thus it is not possible that ¢ vanishes in |z| < r1, if 11 < 1. So we conclude that
r1 = 1. Therefore p; is analytic in E. Thus from (18) and (19), we have the required
result.

p1(2) <q(z) <

Theorem 14. Let n € Ng and A < 0. Then f € MT*(n), we have f € MT}(n) for

|z| < 7o,
1

VA+VAZ -1

_ Dn+1f (z)
p(z) = W’

then p is analytic in E* with p (0) = 1. Now proceeding as in previous theorem, we

have
DL f (2 D21 (2 Azp' (2
Re{“_” D”sz;)“m“;gz%}:Re{”z)_ pp<z(>)}' (@)

rog <

A=2(1—-)2—-1. (20)

Proof. Let
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Using Lemma 3, with t = —XA > 0, u = 0, it follows that

Re {p (2) — A;p('z()z)} >0, ¢ <o,

where rg is given by (20) . Consequently from (21), it follows that

Dn-‘rlf (2) N Dn+2f (z)
D f (z) DrHLf (2)

(1—=2X) e P, for |z| <ro.

This completes the proof.

Let Rec > —1, f € M. Bajpai [2] defined the following integral operator F :
M — M as

Cc

F(z) = ,ZCH/O t°f (z) dt (22)
= (@) *f(2),
where
J— c
We prove the following.

Theorem 15. Let F be defined by (22) with f € MT*(n), ¢ > —1. Then F €
MT* (n).

Proof. From(22), one can easily derive the formula

z(D"F (z))/ =cD"f(2) — (1+¢)D"F(z). (23)
Let DrE(2)
p(2) = ey o) (24)

where p; is analytic in E* with p; (0) = 1. From (22) and (23), we have

D' f(2) = (14¢)D'""F(2)+ 2z (D'"F (z))/
= (14 0)[p1 (2) D"F ()] + 2 (1 () D"F ()
= [+ 0p () + 20, (2) =} (2)] D"F (2). (25)

Similarly, we have

cD"f(2) = [(1+¢) —p1(2)] D"F (2) . (26)
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Now from (25) and (26) , we have

DA o G (21)
we take
n) =TT
then (27), can be wrirren as
D) 1-w(s) 220 (2) | o8)

Dif(z)  1+w(z) (I+w2)(c+2+c)w(z))

We claim that |w| < 1 for z € E. Otherwise there exists a point zy in E such that
max |w (z)| = |w (29)] = 1. Then from a well known result due to Jack [7], there is
z|<zp

|2I<

a real number § > 1 such that
zow (20) = dw (2). (29)
From (28) and (29), we have

D" f(z)  1-w(z) 20w (z)

Dif(z)  1+w(z) (I+w)(c+2+cw(z)

D"FLf (2) -1
Re{ ) < 7t <°

a contradiction. Hence |w| < 1 for z € E. Thus we have F'(z) € MT* (n).

Therefore
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