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Abstract. In this paper, we introduce and study some classes of meromorphic
univalent functions defined in the punctured open unit disc. These classes are defined
by using convolution technique. Coefficient bounds and inclusion results are solved.
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1. Introduction

Let M denote the class of functions of the form

f(z) =
1

z
+
∞∑
m=1

amz
m, (1)

which are analytic and univalent in E∗ = {z : 0 < |z| < 1} = E\ {0} . We denote
MS∗, MC and Mλ, as the classes of meromorphic starlike, convex and λ−convex
functions respectively. These classes were extensively studied by Pommerenke [18],
Clunie [3], Miller [10, 11], Rosihan et al [1] and many others. For any two meromor-
phic functions f and g with

f(z) =
1

z
+

∞∑
m=1

amz
m, and g(z) =

1

z
+

∞∑
m=1

bmz
m, z ∈ E∗,

the convolution (∗) is defined as

(f ∗ g)(z) =
1

z
+

∞∑
m=1

ambmz
m, z ∈ E∗.
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Salagean [20] defined a differential operator Kn, n ∈ N0 == N ∪ {0}, by

Knf1 (z) =

[
(k ∗ k ∗ . . . ∗ k)︸ ︷︷ ︸ ∗f1

]
(z) , (2)

n-times

with k (z) = z
(1−z)2 and f1 (z) = z +

∑∞
j=2 ajz

j , analytic in E. Using convolution,

we here define an operator analogue of the operator defined in (2). Let

S(z) =
1− 2z

z(1− z)2
=

1

z
−
∞∑
m=1

mzm, z ∈ E∗.

We define the function fn by

fn(z) = S(z) ∗ S(z) ∗ ... ∗ S(z)︸ ︷︷ ︸ . (3)

n-times

Next we define the differential operator Dn, n ∈ N0, by

Dnf(z) = fn(z) ∗ f(z)

=
1

z
+

∞∑
m=1

(−m)n amz
m, z ∈ E∗. (4)

Clearly D0f = f and D1f = −zf ′. It is noted that

z (Dnf(z))′ = −Dn+1f(z), z ∈ E∗. (5)

Next we define an integral operator by using the same technique as Noor [15] and
Noor et-al [16] used for analytic case. Let f−1n be defined as

f−1n (z) ∗ fn(z) = S(z). (6)

Then

Inf(z) = f−1n (z) ∗ f(z)

=
1

z
+

∞∑
m=1

(−m)1−n amz
m, z ∈ E∗. (7)

Clearly I0f = −zf ′ and I1f = f. The following identity holds for In

z (In+1f(z))′ = −Inf(z). (8)
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Let f and g be two analytic functions in E. We say that f is subordinate to
g, written f (z) ≺ g (z), if there exist a Schwarz function w, analytic in E with
w (0) = 0 and |w (z)| < 1 such that f (z) = g (w (z)), see [9]. If g is univalent
in E, then f (z) ≺ g (z) is equivalent to f (0) = g (0) and f (E) ⊂ g (E) . Using
linear operators some important subclasses of analytic and meromorphic functions
are introduced and for the recent work on this topic, we refer, [12, 5, 22, 6, 21, 8].
Now we define the following classes of functions by using the operator defined in
(4) . A function f ∈M is said to be from the class MT ∗(n), if and only if,

− Re

{
z (Dnf (z))′

Dnf (z)

}
> 0, z ∈ E, (n ∈ N0) . (9)

Using subordination, we can write the above relation as

−
{
z (Dnf (z))′

Dnf (z)

}
≺ 1 + z

1− z
, z ∈ E, (n ∈ N0) ,

When n = 0, we obtain the class of meromorphic starlike functions, which has been
studied by Clunie [3] and Pommerenke [18], and for n = 1, we have the class of
meromorphic convex functions. See [10, 11]. Further for λ real and n ∈ N0, the
class MT ∗λ (n) consists of functions f ∈ M satisfying, Dnf 6= 0, Dn+1f 6= 0 in E∗

and {
(1− λ)

Dn+1f (z)

Dnf (z)
+ λ

Dn+2f (z)

Dn+1f (z)

}
≺ 1 + z

1− z
, z ∈ E.

For n = 0, we have the class of meromorphic λ−convex functions, studied in
[1, 13], and for n = 0 = λ, we have the class MS∗, studied by Clunie [3] and
Pommerenke [18], and for n = 0 and λ = 1, we obtain the class MC, investigated
by Miller [10, 11].

2. Preliminary Results

We need the following results.

Lemma 1. [17] Let p be analytic in E with p(0) = 1 and suppose that

Re

{
p(z)− zp′(z)

p(z)

}
> 0, z ∈ E.

Then we have
Rep(z) > 0 in E.
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Lemma 2. [4] Let β and γ be complex numbers. Also let the function h be convex
univalent in E with

h(0) = 1 and Re {βh(z) + γ} > 0, z ∈ E.

Suppose that the function

p(z) = 1 + p1z + p2z
2 + ... ,

is analytic in E and satisfying the following differential subordination

p(z) +
zp′(z)

βp(z) + γ
≺ h(z), z ∈ E. (10)

If the differential equation

q(z) +
zq′(z)

βq(z) + γ
= h(z), q(0) = 1, (11)

has a univalent solution q, then

p(z) ≺ q(z) ≺ h(z), z ∈ E,

and q is the best dominant in (10).

Remark 1. [4] The differential equation (11) has its formal solution given by

q(z) =
zF ′(z)

F (z)
=
β + γ

β

(
H(z)

F (z)

)β
− γ

β
,

where

F (z) =

{
β + γ

β

∫ z

0

(
H(t)

t

)β
tβ+γ−1dt

} 1
β

,

and

H (z) = z. exp

(∫ z

0

h (t)− 1

t
dt

)
.

Lemma 3. [19] Let p ∈ P for z ∈ E. Then, for t > 0, µ 6= −1 (complex) ,

Re

{
p (z) +

tzp′ (z)

p (z) + µ

}
> 0,

for

|z| < |µ+ 1|√
A+

√
A2 − |µ2 − 1|2

, A = 2 (t+ 1)2 + |µ|2 − 1.

This bound is best possible.
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3. Main Results

In this section we shall prove our main results.

Theorem 4.
MT ∗(n+ 1) ⊂MT ∗(n), for n ∈ No.

Proof. Let f ∈MT ∗(n+ 1), then

Re

{
Dn+2f (z)

Dn+1f (z)

}
> 0, z ∈ E.

Set

p(z) =
Dn+1f (z)

Dnf (z)
. (12)

Then p is analytic in E with p(0) = 1. Differentiating logarithmically (12), and after
manipulations, we obtain

zp′(z)

p (z)
=
z
(
Dn+1f (z)

)′
Dn+1f (z)

− z (Dnf (z))′

Dnf (z)
.

Now (5) coupled with (12), yields

p(z)− zp′(z)

p(z)
=
Dn+2f (z)

Dn+1f (z)
,

that is

Re

{
p(z)− zp′(z)

p(z)

}
> 0, z ∈ E.

Now by using Lemma 1, we have that

f(z) ∈MT ∗(n), z ∈ E∗.

Corollary 5. For n = 0, we obtain the result of Nunokawa [17] that every mero-
morphic convex function is meromorphic starlike function.

From Theorem 4, one has

MT ∗(n+ 1) ⊂MT ∗(n)... ⊂MT ∗(1) ⊂MT ∗(0), n ∈ N0.
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Theorem 6. Let n ∈ N0 and let M(r) = Max
|z|<1

∣∣Dn+1f
∣∣. Suppose

f(z) ∈MT ∗(n).

Then
LrG(z) = LrD

nf (z) = 2πrM(r).

Proof. It is know that

LrG(z) =

∫ 2π

0

∣∣−z2G′(z)∣∣ dθ
≤

∫ 2π

0

∣∣−z2 (Dnf (z))′
∣∣ dθ

= rM(r)

∫ 2π

0
dθ

= 2πrM(r),

where we have used (5). This completes the proof.

Theorem 7. Let n ∈ N0 and let M(r) = Max
|z|<1

∣∣Dn+1f
∣∣. Suppose

f(z) ∈MT ∗(n).

Then
|am| = O(1)m−(1+n), (m ≥ 2) .

This result is sharp.

Proof. For

G(z) = Dnf (z) =
1

z
+

∞∑
m=1

Amz
m,

with z = reiθ, 0 < r < 1 and Am = (−m)n am, we have, using Theorem 6,

|mAm| =
1

2πrm+1
LrG(z)

≤ 1

2πrm+1
2πrM(r),

from which, we have

|Am| ≤
M(r)

rm
m−1.
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We take r = 1− 1
m and Am = (−m)n am, to have

|am| = O(1)m−(1+n),

which is the required result. The function zf ′n(z), shows that the bounds are sharp,
where fn (z) is defined in (3).

Corollary 8. For n = 0, we have f ∈MT ∗(0) = MS∗. Then for m ≥ 2

|am| = O(1)m−1.

This result is same to that of Clunie [3].

Corollary 9. For n = 1, we have f ∈MT ∗(1) = MC. Then for m ≥ 2

|am| = O(1)m−2,

which is same to that obtained by Noonan in [14], for the case k = 2.

Next, we derive an integral representation of functions belonging to the class
MT ∗ (n) .

Theorem 10. Let f ∈MT ∗ (n) . Then

Dnf (z) = z−1.exp

∫ z

0

2w (t)

t (w (t)− 1)
dt, (13)

where w is analytic in E with

w (0) = 0 and |w (z)| < 1, z ∈ E.

Proof. For f ∈MT ∗ (n) , then

−z (Dnf (z))′

Dnf (z)
=

1 + w (z)

1− w (z)
,

where is w analytic in E with

w (0) = 0 and |w (z)| < 1, z ∈ E.

From which, we have

(Dnf (z)))′

Dnf (z)
+

1

z
=

2w (z)

z (w (z)− 1)
,

which upon integration yields

ln (zDnf (z)) =

∫ z

0

2w (t)

t (w (t)− 1)
dt. (14)

The assertion (13) can easily be obtained from (14) .

225



K.I. Noor, Q.Z. Ahmad – Subclasses of meromorphic . . .

Theorem 11. A function f ∈MT ∗λ (n) , n ∈ N0, if and only if, there is a function
g ∈MT ∗ (n) such that

Dng (z) =
1

z
[zDnf (z)]1−λ

[
−z2 (Dnf (z))

′
]λ

, (15)

for all z ∈ E∗.

Proof. Differentiation of (15), coupled with 5, yields

Dn+1g (z)

Dng (z)
=

{
(1− λ)

Dn+1f (z)

Dnf (z)
+ λ

Dn+2f (z)

Dn+1f (z)

}
.

If the right hand side belongs to P, the class of Caratheodory functions, so does the
left hand side and conversely.

Theorem 12. Let n ∈ N0 and λ < λ1 < 0. Then

MT ∗λ (n) ⊂MT ∗λ1 (n) .

Proof. Let f ∈MT ∗λ (n) . Then{
(1− λ1)

Dn+1f (z)

Dnf (z)
+ λ1

Dn+2f (z)

Dn+1f (z)

}
=

{
(1− λ1

λ
)
Dn+1f (z)

Dnf (z)
+
λ1
λ

[
(1− λ)

Dn+1f (z)

Dnf (z)
+ λ

Dn+2f (z)

Dn+1f (z)

]}
= (1− λ1

λ
)G1 (z) +

λ1
λ
G2 (z) , G1 (z) , Gz (z) ∈ P, z ∈ E,

= G (z) , G (z) ∈ P, z ∈ E.

Since P is a convex set. Therefore f ∈MT ∗λ1 (n) . This completes the proof.

Theorem 13. Let n ∈ N0 and Re
{

1
λ

[
1+z
1−z

]}
< 0. Then f ∈ MT ∗λ (n), we have

f ∈MT ∗(n). Further

Dn+1f (z)

Dnf (z)
≺ q(z) ≺ 1 + z

1− z
, z ∈ E, (16)

where 
q(z) = zF ′(z)

F (z) =
[
H(z)
F (z)

]−1
λ
, with

F (z) =

{
−1
λ

∫ z
0

[
H(t)
t

]−1
λ
t−(1+

1
λ
)dt

}−λ
, and

H(z) = z
(1−z)2 .

(17)
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Proof. Let f ∈MT ∗λ (n), where n ∈ N0. Set

φ(z) = z [zDnf (z)]−1 ,

and
r1 = sup {r : φ(z) 6= 0, 0 < |z| < 1} .

Then φ is single valued in 0 < |z| < r1 and using (5), it follows that the function p1
defined by

p1 (z) =
zφ′ (z)

φ (z)
=
Dn+1f (z)

Dnf (z)
, (18)

is analytic in |z| < r1 and p1 (0) = 1. Now differentiating (18) and with the use of
(5), we have

p1 (z)− zp′1 (z)

p1 (z)
=
Dn+2f (z)

Dn+1f (z)
.

This implies

p1 (z) +
zp′1 (z)
−1
λ p1 (z)

=

{
(1− λ)

Dn+1f (z)

Dnf (z)
+ λ

Dn+2f (z)

Dn+1f (z)

}
≺ 1 + z

1− z
. (19)

Now from the hypothesis of the theorem and using Lemma 2 with β = −1
λ and γ = 0,

we have

p1 (z) ≺ q(z) ≺ 1 + z

1− z
,

where q is given by (17). From (19) and the hypothesis of the theorem it can be seen
that Rep1 > 0 in |z| < r1. Now (18) , shows that φ is starlike univalent in |z| < r1.
Thus it is not possible that φ vanishes in |z| < r1, if r1 < 1. So we conclude that
r1 = 1. Therefore p1 is analytic in E. Thus from (18) and (19), we have the required
result.

Theorem 14. Let n ∈ N0 and λ < 0. Then f ∈MT ∗(n), we have f ∈MT ∗λ (n) for
|z| < r0,

r0 <
1√

A+
√
A2 − 1

, A = 2 (1− λ)2 − 1. (20)

Proof. Let

p (z) =
Dn+1f (z)

Dnf (z)
,

then p is analytic in E∗ with p (0) = 1. Now proceeding as in previous theorem, we
have

Re

{
(1− λ)

Dn+1f (z)

Dnf (z)
+ λ

Dn+2f (z)

Dn+1f (z)

}
= Re

{
p (z)− λzp′ (z)

p (z)

}
. (21)
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Using Lemma 3, with t = −λ > 0, µ = 0, it follows that

Re

{
p (z)− λzp′ (z)

p (z)

}
> 0, |z| < r0,

where r0 is given by (20) . Consequently from (21), it follows that

(1− λ)
Dn+1f (z)

Dnf (z)
+ λ

Dn+2f (z)

Dn+1f (z)
∈ P, for |z| < r0.

This completes the proof.

Let Rec > −1, f ∈ M. Bajpai [2] defined the following integral operator F :
M →M as

F (z) =
c

zc+1

∫ z

0
tcf (z) dt (22)

= ϕ (z) ∗ f (z) ,

where

ϕ (z) =
1

z
+
∞∑
0

c

c+ n+ 1
.

We prove the following.

Theorem 15. Let F be defined by (22) with f ∈ MT ∗ (n) , c > −1. Then F ∈
MT ∗ (n) .

Proof. From(22), one can easily derive the formula

z (DnF (z))
′

= cDnf (z)− (1 + c)DnF (z) . (23)

Let

p1 (z) =
Dn+1F (z)

DnF (z)
, (24)

where p1 is analytic in E∗ with p1 (0) = 1. From (22) and (23) , we have

cD1+nf (z) = (1 + c)D1+nF (z) + z
(
D1+nF (z)

)′
= (1 + c) [p1 (z)DnF (z)] + z (p1 (z)DnF (z))′

=
[
(1 + c) p1 (z) + zp

′
1 (z)− p21 (z)

]
DnF (z) . (25)

Similarly, we have
cDnf (z) = [(1 + c)− p1 (z)]DnF (z) . (26)
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Now from (25) and (26) , we have

Dn+1f (z)

Dnf (z)
= p1 (z) +

zp′1 (z)

1 + c− p1 (z)
, (27)

we take

p1 (z) =
1− w (z)

1 + w (z)
,

then (27), can be wrirren as

Dn+1f (z)

Dnf (z)
=

1− w (z)

1 + w (z)
− 2zw′ (z)

(1 + w (z)) (c+ (2 + c)w (z))
. (28)

We claim that |w| < 1 for z ∈ E. Otherwise there exists a point z0 in E such that
max
|z|≤z0

|w (z)| = |w (z0)| = 1. Then from a well known result due to Jack [7], there is

a real number δ ≥ 1 such that

z0w
′
(z0) = δw (z) . (29)

From (28) and (29), we have

Dn+1f (z)

Dnf (z)
=

1− w (z)

1 + w (z)
− 2δw (z)

(1 + w (z)) (c+ (2 + c)w (z))
.

Therefore

Re

{
Dn+1f (z)

Dnf (z)

}
≤ −1

2 (1 + c)
< 0,

a contradiction. Hence |w| < 1 for z ∈ E. Thus we have F (z) ∈MT ∗ (n) .
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