Acta Universitatis Apulensis No. 40/2014
ISSN: 1582-5329 pp. 199-217
http://www.uab.ro/auajournal / doi: 10.17114/j.aua.2014.40.17

UNIVALENT HARMONIC FUNCTIONS WITH DOMAINS
CONVEX IN HORIZONTAL (VERTICAL) DIRECTIONS

P. SHARMA, OM P. AHuJa, V.K. GUPTA

ABSTRACT. In this paper, using the shear construction method, we define two
subclasses of harmonic univalent functions in the unit disk that are the harmonic
shear of analytic functions and convex in the horizontal or vertical direction. For
these classes, certain equivalent conditions and convolution conditions are obtained.
Finally, inequalities that are both necessary and sufficient for the harmonic shears
of analytic functions involving Wright’s generalized hypergeometric functions are
derived.
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1. INTRODUCTION AND PRELIMINARIES

Let Spr denotes a class of functions f which are harmonic, univalent and orientation
preserving in the open unit disc A = {z : |z| < 1} and are normalized by f(0) =
h(0) = f.(0) —1 = 0. Since A is simply connected, a function f € Sy has the
canonical representation given by h + g, where h and g are the members of linear
space A(A) of all analytic functions in A and where h and g can be written as a
power series representation

h(z) =2+ anz",g(z) =Y bp2", |b1| < 1. (1)
n=2 n=1

We call h the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for a harmonic function of the form f = h+g to be locally univalent and
sense preserving in A is that |¢'(z)| < |[W/(z)| for all z in A. The analytic dilatation
of a harmonic mapping f = h + g is defined by w(z) = (¢'(2)/h'(2)) . Thus if f is
locally univalent and sense preserving, then |w(z)| <1 in A.
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A subclass TSy of Sy is well known in the literature. A function f = h 47 is
said to be in the class T'Sy if h and g are of the form

M) = 2= 3 fanl 2 and gz) = 3 bal o] < 1. (2
n=2 n=1

In case g(z) =0, Vz € A, the class Sy reduces to a well known class S of univalent
functions and the class TSy reduces to 7 introduced and studied by Silverman
[18, 19]. We further denote a subclass TSY of TSy for which fz(0) = 0.

Recall that a domain D C C is said to be convex in the direction o (0 < v < 27),
if for all @ € C, the set D N {a + te!® : t € R} is either connected or empty. In
particular, a domain I C C is said to be convex in the horizontal direction (or a
CHD domain) if its intersection with each horizontal line is connected (or empty).
The domains which are convex in every direction are called convex domains.

We say a univalent harmonic function f is convex in the direction o (0 < o < 27)
if the domain f (D) is convex in the direction «. In particular, a univalent harmonic
function f is called a CHD map if its range is a CHD domain.

Construction of a univalent harmonic mapping f with prescribed dilatation w
can be done effectively by a method known as the “shear comstruction” method
which was devised by Clunie and Sheil-Small [8] (see also [9, 10, 11, 15]). The basic
shear construction theorem of a harmonic univalent function discovered by Clunie
and Sheil-Small [8] is as follows.

Theorem A: For analytic functions h and g, assume the harmonic function f =
h+g is locally univalent in a simply connected domain D. Then a univalent function
f maps D onto a CHD domain if and only if the analytic function h — g is univalent
and maps D onto a CHD domain.

We note that, if ¢ is a CHD map, for a given dilatation w, the harmonic shear
f=h+g=h—g+2R{g} of ¢ can be obtained by solving the differential equations:

W =g =¢, wh—g =0 (3)

with normalizations h(0) = ¢(0) and g(0) = 0. Also, if x is a map convex in vertical
direction, for a given dilatation w, the harmonic shear f =h+9 =h — g+ 2R {g}
of k is obtained by solving the differential equations:

W+g=r,wh—¢g=0 (4)

with normalizations h(0) = £(0) and g(0) = 0.
We also have following result of Clunie and Sheil-Small [8].
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Theorem B: A functions f = h + 7§ is harmonic convex if and only if the analytic
functions h — e*“g, 0 < a < 27, are conver in the direction § and f is suitably

normalized.

We mention here two examples given in [8] of constructing harmonic functions
by shearing the analytic functions in the horizontal direction and in the direction of
5 that is in the vertical direction, respectively, as follows:

Example 1. The harmonic Koebe function K = h + g where

z— 322+ 328
(1—2)°

1.2 , 1.3
22—1—62

[

h(z) = 9(2) =

can be constructed by the horizontal shear of the Koebe function k(z) = ﬁ with

the dilation w(z) = z.

Example 2. The harmonic function L = h + g where

1.2 1.2
zZ— 5% —5Z
S e
z

can be constructed by the vertical shear of the function I(z) = 1= with the dilation
w(z) = —=z.

h(z) =

Example 3. The harmonic function f = z — %52 1s the harmonic shear of a poly-

nomial function ¢(z) = z + % with the dilation w(z) = —z.

Example 4. The harmonic function f = z + %22 1s the harmonic shear of a poly-
2

nomial function ¢(z) = z + ? with the dilation w(z) = z°.
Note that in Examples 1 and 2, h(z) and g(z) are the solutions of the system of
equations given by (3) and (4), respectively, for the cases ¢(z) = k(z),w(z) = z and
k(z) =1(z),w(z) = —z.
We consider the following two subclasses 7 [A, B] and C [A, B] of T

Definition 1. [16] A function h € T of the form given in (2) is said to be in
T [A, B] if, for some constant A and B such that —1 < B < A < 1, it satisfies

i {(n— 1)2‘_@ + 1} la,| < 1;

n=2

and is said to be in the class C[A, B], if zh' € T [A, B].
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We observe that the functions of the classes 7 [A, B] and C [A, B] are univalent.
Note that the class T [1,—1] = T was studied in [18, 19].

In view of Theorems A and B and by Examples 1 and 2, we now define classes
Tu [A, B] and Cy [A, B].

Definition 2. Let a function ¢, defined by
Pa(2) = Ha(2) — e Ga(2) (5)

be convex in the direction o € {0,7/2}, where

o0 oo

|an] [bn|
Hy(x)=2-5S — 1% n G (=S 1% » 6
9= 2 T iy G = 2 i )
are analytic in A, |bi] < 1 and o € {0,7/2}). Then the harmonic shear F, =
Hy+ Gy of ¢, is said to be in the class Ty [A, B] if ¢o € T [A, B]. Further, we say

that Fp, = H, + G, is in the class Cy [A, B] if z¢l,(z) € T [A, B].

We note that the analytic function ¢, considered in (5) may also be expressed
as
h(z) — e*g(2)
Pa(z) = EErnE
where h and g are of the form (2).
Here it is worth mentioning that for a CHD map ¢g defined by

$o(2) = Ho(z) — Go(2),

where
o~ lay [l
Hy(z) =2z — 2" Go(z) = 2" 7
o= 2 T = 2 Ty 4

are analytic in A, |b1| < 1, there exists a dilatation wp, such that the harmonic shear
Fy = Hy + Gg of ¢9 may be obtained by solving the differential equations:

Hy — Gy = ¢, woHg — G = 0.
Also, for a map ¢, /o convex in vertical direction, defined by
¢7r/2(2) = ‘HTI'/2(Z) + GT{'/Z(’Z)7

where

— n n
Hﬂ/g(z)—z E 1 ‘bl|z ,Gﬂ/Q(z) = 321 ’bl‘z (8)

n=2
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are analytic in A, there exists a dilatation wy o, such that the harmonic shear Fr /5 =
Hy /o + G2 of ¢y /o may be obtained by solving the differential equations:

7/r/2 + G;r/Q = ¢;r/27 Ww/2H7/r/2 - G;r/2 =0.

In this paper, with the use of shear construction method we study classes Ty [A, B]
and Cy [A, B] of harmonic univalent functions F, = H, + Gy, € TS(}{ which are the
harmonic shear of analytic functions, convex in the direction o € {0, 7/2} (that is
convex in the horizontal direction or vertical direction) and are in the classes 7 [A, B|
and C [A, B], respectively. Coefficient conditions that are both necessary and suffi-
cient for functions in the classes Ty [A, B] and Cy [A, B] are obtained. Convolution
conditions for these classes with the use of equivalent conditions are also derived.
Finally, inequalities which are both necessary and sufficient for the harmonic shears
of analytic functions involving Wright’s generalized hypergeometric functions are
obtained.

2. MAIN LEMMA

Based on Definition 1 and motivated by the equivalent conditions of the class
T [A, B] found in [16], we can easily prove the equivalent conditions of the class
Tw [A, B] as given in the next lemma. However, we first recall well-known defini-
tion of subordinate function.

A function fi is subordinate to fy in A if there exists an analytic function w
with w(0) = 0 and |w(z)| < 1 such that f1(z) = fa(w(2)) for |z| < 1; this is written
as fi1 < fo. Furthermore, if the function f5 is univalent in A, then we have following
equivalence:

f1(2) < fa(2) & f1(0) = f2(0) and f1(A) C fa(A).

Lemma 1. Let ¢o(2) = Ho(2) — €¥9Gy(2) be convex in the direction a € {0, 7/2},
where H,, and G4 are given by (6). Then its harmonic shear F = Ho+G, € TSY,
convex in the same direction «, is in Ty [A, B] if and only if it satisfies any one of
the following conditions:

29l (2) 1+ Az

1<B<A<1l,zeA. 9
ba(2) 14+ Bz~ — <As=Lze (9)
AT
#al2) <1,-1<B<A<1z€A. (10)

_ pzta(z)
A-B e ()
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2@l (2) 1—A
§R<¢a(z)>>1—B’_1§B<A§1’Z€A' (11)
2¢L,(2) A-B
Ta(Z) —1‘<1_B,—1§B<A§1,zeA. (12)

Proof. Let F, = H, + G, € TS%, where H, and G, are of the form (6). By
Definition 2, F,, € Ty [A, B] is convex in the direction o € {0,7/2} if and only if
¢o belongs to T [A, B] where ¢, is of the form

o (2) =2— Zdnz" (13)
n=2
e an| €2 |
an| + e by,
d, =191 T° Dl 5o 14
1— e2io |py| " (14)
But by Definition 1, ¢, € T [A, B] if and only if the condition
> 1-B
—1 1,d, <1 1
S v i (15)

holds, where d,, is given by (14). It now suffices to prove that (15) is equivalent
to (9) to (12). Note that for a Schwarz function w analytic in A with w(0) = 0,
|lw(z)] < 1in A, (9) can be given by

2¢L,(2) _ 1+ Aw(z)
da(2) 1+ Bw(z)

which equivalently be expressed by (10). For ¢,(z) of the form (13), we observe
that (10) is equivalent to

— 2 onea(n — 1)dp2"
(A=B)z—>Y 2, (A— Bn)d,z"

,—1<B<A<L1l,ze A

<1l,zeA.

By using the fact R(z) < |z|, and since, for real value of z, the quantity within the
mod sign in the above inequality is real, we have as z — 17,

Z:,O:Q(n —1)d, <1
A—B—->>,(A—Bn)d, ~

which establishes (15). Again, (11) is equivalent to

H(z)
bal)

1-26+ 35

<l,ze A
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where 8 = % and for ¢, (z) of the form (13). The last inequality is equivalent to

1
' — Y nea(n — 1)dp2"
20 -8)z—=>"5(1 =284 n)d,2"

Using the above used argument, as z — 1~ along real line, we obtain (15). Further,
for ¢ (2) of the form (13), the condition (12) is equivalent to

> (n—1)dpz"| A-B
2= 0 o dp2" 1-B’

which again using the above used argument, yields (15). This proves Lemma 1.

<1l,z€A.

z € A.

Note that the condition (9) is considered in [7]. Classes Ty [1,—1] =: TSY and
Cp [1,—1] =: KY are studied in [20] and [21]. A class of close-to-convex harmonic
functions, by using transforming (shearing) a convex analytic functions, is studied by
Jahangiri and Silverman [12]. Recently, results on growth, distortion and coefficient
bounds are obtained in [5] for harmonic functions (constructed by shearing method)
convex in both the horizontal and vertical directions.

3. CERTAIN EQUIVALENT CONDITIONS

We first derive the coefficient inequalities which are both necessary and sufficient
for the functions F,, = H, + G4 € TSY (convex in the direction a € {0, 7/2} where
H, and G, are of the form (6), to be in the classes Ty [A, B] and Cy [A, B]. We
assume throughout this section that the coefficients of H, and G, in (6) satisfy the
condition: |b,| < |a,|,n > 2.

Theorem 2. Let ¢o(2) = Ho(z) — €?Gy(2) € T [A, B] be convex in the direction
a € {0,7/2}, where H, and G are given by (6). Also, suppose Fo = Hy + G, €
TSOH 18 the harmonic shear of ¢, and convex in the same direction . Then F, €
Tu [A, B] if and only if the coefficient inequality

i{(”— 1)2 JZH} |an| +62m§:{(n— 1)12:]; +1} b <1 (16)

n=2 n=1

holds. The result is sharp.

Proof. Following initial lines of the proof of Lemma 1, we have F, € Ty [A, B] if
and only if (15) holds. In view of (14), the inequality (15) can also be given by (16).
Sharpness of (16) can easily be verified for the function given by

_ A B)!ffn! A B)!ynl —
Z_Z (n—1)( )+A—B +Z (n—1)( )—l—A—Bz’
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where for a € {0,7/2}, 300 |zn| + €30 |yn| = 1.

In particular, taking & = 0 and o = 7/2, respectively, in Theorem 2, we get
following results for CHD map and for the map convex in vertical direction.

Corollary 3. Let ¢o(z) = Ho(z) — Go(z) € T [A, B] be a CHD map, where Hy and
Go are given by (7). Also, suppose Fy = Ho + Gy € TS?{ is the harmonic shear of
¢o and convex in the horizontal direction. Then Fy € Ty [A, B] if and only if the
coefficient inequality

1-B 1 B
<

n=2

holds. The result is sharp.

Corollary 4. Let ¢r)o(2) = Hypjo(2) + Grja(2) € T[A, B] be convex in vertical
direction, where Hy /5 and G 5 are given by (8). Also, suppose Frjo = Hyjo+Gr/o €

TSOH is the harmonic shear of ¢ro and convex in the vertical direction. Then
Fr2 € Tu [A, B] if and only if the coefficient inequality

BN (URRIEEL RIS Y (HESILEL SRL RS

n=2 n=1

holds. The result is sharp.

Theorem 5. Under the hypothesis of Theorem 2, the function F, = H, + G4 is in
Cu [A, B] if and only if the coefficient inequality

in{(n— 1);:12 +1} | +e2win{(n— 1);:?9 +1} bl <1 (17)

n=2 n=1

holds. The result is sharp.

Proof. By Definition 2, F,, € Cy [A, B] if and only if z¢/,(z) convex in the direction
a, belongs to T [A, B] where z¢,,(z) is of the form

2@l (2) = 2 — Z ndpz"

and d,, is given by (14). Hence, by Definition 1, it follows that F' € Cy [A, B] if and
only if
210 ’b ‘

- B lan| + e n
-1) 1 - <1. 18
Z {TL _B+ } 1—6210"[)1‘ — ( )
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This inequality is equivalent to (17). Sharpness can be verified for the functions
given by

o0

A—B Tn A B n -
F(z)—z_ZQn{( ( ) || Z+Z )\yl =

n—1)(1-B)+A— B} «n{(n—1)(1-B)+A- B}

where for a € {0,7/2}, 3°°°, |z,| + €**>"°° | |y,| = 1.This completes the proof of
Theorem 5.

In particular, taking & = 0 and o = m/2, respectively, in Theorem 5, we get
following results for CHD map and for the map convex in vertical direction.

Corollary 6. Under the same hypothesis of Corollary 3, the function Fy = Hg +
Go € Cy A, B] if and only if the coefficient condition

in{(n—l) +1}\an\+z {n—l gﬂ}ybn\gl

n=2

holds. The result is sharp.

Corollary 7. Under the same hypothesis of Corollary 4, the function Fy ;5 = Hy o+
Gr/2 € Ch [A, B if and only if the coefficient condition

in{(n— 1)2:1; +1} lan| —in{(n— 1)2‘_% +1} bl < 1

n=2 n=1

holds. The result is sharp.

Remark 1. (1) Taking A =1,B = —1 in Theorems 2 and 5, our results coincide
with the results obtained in [20] and [21] for the classes TSY and K.

(2) Taking A =1,B = —1 and the coefficients b, = 0 (n € N) in Theorem 2, our
result coincides with the one obtained by Silverman [18].

Further, on using the condition (11), we obtain other equivalent conditions for
functions belonging to the classes Ty [A4, B] and Cy [A, B], respectively, as follows:

Theorem 8. Under the hypothesis of Theorem 2, F, = Hy + Gy, is in Ty [A, B] if
and only if

R [(;‘i) (HL(2) — G () — (;:2) (Ha(z) ‘ija<z>>] >0

holds in A.
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Proof. By (11), F' € Ty [A, B] if and only if
2@l (2) 1-A
®(G) s

Using ¢, (z) from (5) the result follows.

Taking A = 1, B = —1 in Theorem 8, we get following result for the class T7S%.

Corollary 9. Let ¢o(2) = Hy(z2) — €¥9Gy(2) € T* be conver in the direction
o € {0,7/2}, where Hy and Gy are given by (6). Suppose Fo = Hy + Gy € TSY
1 the harmonic shear of ¢o convex in the same direction «. Then Fy € TS%’{ if
and only if

R [(H(2) — e¥*Gl(2))] >0

in A.
Similar to Theorem 8, we get the following result for the class Cy [A, B].

Theorem 10. Under the hypothesis of Theorem 2, the function F, = Hy + G is
in Cr [A, B] if and only if

w (55 ) (Cre) - (aue)) - (425 ) e - #eae)| >0

mn A.

Taking A =1, B = —1 in Theorem 10, we get following result for the class KY%.

Corollary 11. Under the hypothesis of corollary 9, the function F, = H, + Gq is
in KY if and only if

R [((ZH&(Z))/ — ¢t (zG'a(z))/ﬂ >0
holds in A.

Remark 2. Similar to the Corollaries 3 to 7, we can get results from Theorems 8
and 10 and from Corollaries 9 and 11 for the functions convex in horizontal as well
as in vertical direction by taking o = 0 and o = w/2, respectively.
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4. CONVOLUTION CONDITIONS

Using (9), we study convolution conditions for functions in the classes Tz [A, B] and
Cu [A, B].

Theorem 12. Under the hypothesis of Theorem 2, the function F, = H, + G is
in Ta [A, B] if and only if for some € (Je] = 1),

1—Ae® 2 . 1—Ae?® 9o
1 zZ+ mz eia z+ (A= B)ewz
— | Hay(2) * D w— — € Gaol(z) * S w— 0
> a( ) (1_2)2 > a( ) (1_2)2 7’é
(19)

m A.

Proof. Since
Fo € Th[A,B] & ¢, € T [A, B|

where ¢4 (2) is given by (5). Hence, by (9), ¢o € T [A, B] if and only if

zgf)’ () , 1— Ae

6ul) 7 1= B

On writing 2@, (2) = ¢a(2) * = 2)2, and ¢o(z) = da(2) * 1=, for z € A, we get
oo € T [A, B] if and only if

1 (1- Aeig) z z

; [{1 + (A— B)eie } (1 . 2)2 *¢a(z)] 7é 0, (20)
Using ¢q(2) from (5), we obtain
1 (1 — Aeie) z z (1 — Aew) z z
2 [{1+ (A— B)e } (1 _Z)Q * Ho(2) — % {1+ (A — B)et } (1 _2)2 * Gol(2)

Now using the fact that if z; — 29 # 0 and |z1| # |22/, then 21 — €23 # 0, |¢] =1,
we get the convolution condition (19). This proves Theorem 12.

—r <O <mz€eA.

£0.

Taking A = 1, B = —1 in Theorem 12, we get following result for the class TS%.

Corollary 13. Under the hypothesis of corollary 9, the function F, = Hy + Go
€ TSY% if and only if for some € (|¢| = 1), the condition

1 2+ e 2 e2io PRI e
S|H () x| —22 )| —¢ Go(2) * | ——2~ 0
[ ”(u—zf)] [ ”((1—2) )]#

holds in A.
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Theorem 14. Under the hypothesis of Theorem 2, the function F, = H, + G is
in Cg [A, B] if and only if for some € (|e| = 1),

2(1—Aei9) (1 Ae’9)
o) Z+<1+<A—B>ew)"“2 Sl . “F (_I_(AB)e“’ & 0
— alz) * —€ — al2) *
2 (1-2) e (1-2)
mn A.

Proof. Since
F,€CylA B]l < 29, € T A, B]

where ¢ (z) is given by (5). Hence, similar to the proof of Theorem 12, F,, €
Cy [A, B] if and only if

[ At o] o

which by (5) gives

- [{1 + (i:gii:wz} a _:)2 s {zH!(2) — e%azG;(z)}}

—_

N

1—Ae? 2 24 1= Aet?

1 zZ+ 02 4 61
= — |2H,(2) * (A—B); —e¥2G (2) * Frapert
z (1—2) (1-2)
: 1-4e® 2\’ 1—Ae™?
1 z+ o 2 , z+ eL
_ = HQ(Z) ¥ 2 (A—B); _GQZaGa(z) .z (A— B) 0 <
z (1-2) (1—2)?
I 2(1-Ae?? 2(1—-Ae')
1 2+ (1 T ((A_B)ei9)> Z v < ((A B)elt ) 2
= = |Hy(2)* — e "Gy, 0.
z (=) (1—2)° () * (1—-2)° ?

Again, by using the same fact that if z; — 29 # 0 and |z1| # |22|, then z1 — €23 #
0, |e| =1, we obtain the convolution condition (21).

Taking A =1, B = —1 in Theorem 14, we get following result for the class ICOH.
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Corollary 15. Under the hypothesis of corollary 9, the function Fo = Hy + G4 €
K if and only if for some € (|| = 1),

1 z+ (1 + l;%w> 2 e2iax z 4+ (1 + 1;7%9) 22
— | Ho(z2) * 3 —€ z) * 3
z (1—-2) z (1—2)

m A.

Remark 3. Similar to the Corollaries 3 to 7, we can get results from Theorems 12
and 14 and from Corollaries 13 and 15 for the functions convex in horizontal as well
as in vertical direction by taking o = 0 and o = w/2, respectively.

5. APPLICATIONS TO WRIGHT’S FUNCTIONS

In this section we obtain results, similar to Theorems 2 and 5, for the harmonic
functions defined by shearing of certain analytic functions which involve Wright’s
generalized hypergeometric (Wgh) functions.

The Wgh functions have an increasingly significant role in various types of ap-
plications (see [22, 23]). Generalized hypergeometric functions, generalized Mittag-
Leffler functions and Bessel-Maitland (Wright generalized Bessel) functions are some
special cases of Wgh functions; one may refer to [24, 25]. Several results on harmonic
functions by involving hypergeometric functions have recently been studied in [1] to
[4]. Involvement of the Wright generalized hypergeometric function (Wgh) in the
harmonic functions has recently been investigated amongst others in [6, 13, 14, 17].

Let A, > 0 (i=1,...,p) and B; > 0 (i=1,....,q) such that 1 + >7 | B; —

P | A; > 0. Following the definition and terminology in [22], [24] and [26], a
Wright’s generalized hypergeometric (Wgh) function for non-negative integers p and

g, 5 €C (5;— £0,—1,-2, i = 1, ....,p) and §; € C (% £0,-1,-2, i = 1, q)
is defined by

(o, As) f[ (@i +nA;) n
p¥q ([(ci, 4i)] 5 2) = pig [( . l’p);Z] => = —zE€A (22)

n=0 »1;[1 F(ﬁz + ’I?,Bl) ’

By involving Wgh functions as defined by (22), consider an analytic function
®,,(2) defined by
Wi (2) — X 9Wo(2)
1-— 62i0‘d1

Do (2) = zEA (23)
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where
1115
i= (aiv A )
Wi(z) = 25+ pwq[ A ,z], (24)
l;[lr () <(5@>B )1,q>
117 o
Wo(z) = Sy [(83)] -1 (25)
1T () e
and .
I ()
dy==—— (26)
1;[1(52')&

for positive integers A;, B;,C;, and D; and for a; > —A; (i =1,...,p), satisfying
p
H (ai)Ai < 0,and B;. > 0 (’L = 1,...,q), v >0 (i: 1,...,7“), d0; >0 (i: 1,...,8)

=1
with
r P 2 r
[T Gidne, |11 (i) 4, H (i + Ai) (n—2) 4, [T (i),
z:sl < =1 - i=1 n 2 2; 2:51 <1
Hl(5i)nDz Hl(ﬁi)(n—l)B Hl(fsi)Dl

p
In view of the parametric constraints cosidered above and [] («;) 4, < 0, we have
i=1

» [T (s + Ay) 17 (i + 49)
HF () = = =-= p
i=1 il;ll (%) 4, 1;[1 (@) 4,

and hence, the function ®,(z) defined by (23) may also be written in the form

Do (2) = Halz) — €29G,(2) (27)
where
ﬁl (O‘Z')AZ ﬁlr (51)50: 0 ﬁl ['(0;) i &
[ —— Sag 7 Galz) =
I (0 + A;) = 1 — e2iad, HF(%)n=21_62 dy
i=1 i=1
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I

and
[0+ (- 14) IIT (i +0Ch) |
Hn — Z:ql ’ d)n _ z:sl —
1105+ (- 1By ") [1T(5 +nD;) ™

i=1

&
Il
—

(29)

dy is given by (26). Using ®,(z) defined by (27), we get a harmonic shear F, =

Hao + Go and we obtain following results.

Theorem 16. Under the parametric conditions stated as above, let Ho and G,
be functions of the form (28) with 0., ¢n given by (29). Let ®,(z) = Ha(z) —
e?G,(2) € T [A, B] be convex in the direction o € {0,7/2} and Fo = Hao + Ga €
TS?LI be its harmonic shear, convex in the same direction o. Then Fp = Ho + Go €

T [A, B] if and only if the inequality

~ ﬁ(ai)Ai ﬁr(ﬂi) 1_B

P = (n—1) +1¢0,

= 1T (as+ 4) { A= }
=1
o 117()

+ezmzz‘:1 (n—1) —B+1 b
=t .I:IIF(%') { A-B }

<1 )

18 satisfied.

Proof. Similar to the proof of Theorem 2, we have F, = Hao + Go € Ty [A, B] &
Do (2) = Ha(z) — €¥9G,(2) € T[A, B]. On using (27) and (28), by Definition 1,

®, € T [A, B] if and only if

. I ()0 | TIT(8)
1 1-B i=1 Y oi=1
o (n—1) +1 I
e | e
=1

0 4 eQia =
n

)

Substituting d; from (26) and simplifying the result follows.

The proof of next result is similar to Theorem 16.
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Theorem 17. Under the hypothesis of Theorem 16, the function Fo = Ha +G, €
Cr [A, B] if and only if the inequality

¢=1. n{(n_1)1—3+1}9n (31)

18 satisfied.

We next consider an analytic function ¥, (z) defined by

U, (z) = e zEA (32)

z (2 — M) — 2Ty (2)

where Wi(z) and Wa(z) are of the form (24) and (25), d; is given by (26) for
positive integers A;, B;,C;, D; and for a; > 0 (i=1,....,p), Bi- >0 (i=1,...,q9),
>0 (i=1,..,r),0;,>0 (i=1,...,s) with

r p
H (Vidne, ™ H (ai)(n—l)Ai
z:sl < lq:l n Z 1.
l:[l(5i)nDl l_Il(ﬁi)(nq)B
The function ¥, (z) may also be written in the form
Va(2) = La(2) — e¥*Ga(2) (33)
where .
ﬁa(Z) =z — P Z 1_ €2icxd1 Zn, (34)
fir =

Ga(2), di and 0,, are given as above. Using the method of proof in Theorems 16 and
17, we obtain next two theorems.
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Theorem 18. Under the parametric conditions stated as above, let L, and G,
be given by (34) and (28), respectively, with 0, ¢n given by (29). Let ¥,(z) =
Lo(2) — e¥2G,(2) € T[A, B] be convex in the direction o € {0,7/2} and &, =
Lo+ Ga € TS% be its harmonic shear, convex in the same direction o. Then, the

function E, = Lo + Go € Ty [A, B] if and only if

q s
R R R D1 (R I
n=2 I;IIF (az) { A B } n=1 1;[11“(%) { A B

18 satisfied.

Theorem 19. Under the hypothesis of Theorem 18, the function £, = Lo + Go €

Cu [A, B] if and only if
o 17 (3) r(s;)
> 5 ——

n=2 T (al) n=1
1 7

+ 1} en_I_eziOé

=i

L (i)

Il
—

7

is satisfied.

B

Siiln%n—n;:B

Ao

Remark 4. Taking A; =1 (i=1,..,p),Bi=1 (i=1,..,q),C;=1 (i=1,...,r),
D;=1 (i=1,...,s), in Theorems 16, 17, 18 and 19, we can easily get results for
functions involving generalized hypergeometric functions and various special form of

hypergeometric functions discussed in [6, 14, 16] etc.
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