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2000 Mathematics Subject Classification: 54C60.

Keywords: Topological spaces, w-open sets.

1. INTRODUCTION

Generalized open sets play a very important role in General Topology and they are
now the research topics of many topologists worldwide. Indeed a significant theme
in General Topology and Real analysis concerns the various modified forms of con-
tinuity, seperation axioms etc. by utilizing generalized open sets. Dimension theory
play an important role in the applications of General Topology to Real Analysis
and Functional Analysis. In this paper, we have study the some new properties of
w-closed sets in topological spaces.

2. PRELIMINARIES

Throughout this paper, spaces always means topological spaces on which no sepa-
ration axioms are assumed unless otherwise mentioned. For a subset A of a space
(X, 7), Cl(A) and Int(A) denote the closure of A and the interior of A in X, respec-
tively. A subset A of X is said to be semiopen [2] if A C Cl(Int(A)). A subset A of
a space (X, 7) is called an w-closed set [5] if C1(A) C U whenever A C U and U is
semiopen in (X, 7). The complement of an w-closed set is called an w-open set [5].
The intersection of all w-closed sets containing A C X is called the w-closure [4] of
A and is denoted by w CI(E). The union of all w-open sets contained in A C X is
called the w-interior [4] of A and is denoted by wInt(F). Let (X, 7) be a topological
space. The family of all w-open (resp. w-closed) sets of (X, 7) is denoted by wO(X)
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(resp. wC(X)). The family of all w-open (resp. w-closed) sets of (X, 7) containing a
point x € X is denoted by wO(X, z) (resp. wC(X,x)). It is well known that wO(X)
forms a topology [4].

Definition 1. [1] A family {A, : « € A} of subsets of a topological space (X, T) is
said to be locally finite family if for each point x of X, there exists a neighborhood
G of © such that the set {a € A: GN A, # 0} is finite.

Lemma 1. [1] If {Ay : a € A} is a locally finite family of subsets of a topological
space (X, 1), then the family {Cl(Ay) : a € A} is a locally finite family of X and
Cl(UA,) = UCI(A,) .

Definition 2. [1] A family {As : « € A} of subsets of a topological space (X, T) is
said to be point-finite if for each point x of X, the set {a € A:x € A,} is finite.

Definition 3. [1] An open cover {Gq : o € A} of a space X is said to be shrinkable
if there exists an open cover {H, : a € A} of X such that Cl(H,) C Gq for each
a €A,

Definition 4. [3] The family {Aq : « € A} and {B, : a € A} of subsets of a set

X are said to be similar if for each finite subset I of A, the sets ﬂF A, and ﬂr B,
ac ac

are either both empty or both nonempty.

Theorem 2. [1] Let X be any topological space. The following statements are
equivalent:

1. X is a normal space.
2. Each point-finite open cover of X is shrinkable.
3. Each finite open cover of X has a locally finite closed refinement.

Theorem 3. [3] Let {Uy : o € A} be a locally finite family of open sets of a
normal space X and {F, : o € A} a family of closed sets such that F, C U, for
each o € A. Then there exists a family {G, : o € A} of open sets such that
F, C G, C Cl(Gy) C Uy for each a € A and the families {F, : o € A} and
{Cl(Ga) : @ € A} are similar.

Theorem 4. [4] For subset A and As(a € A) of a topological space (X,T), the
following hold:

1. A C wCl(A).
2. If AC B, then wCl(A) C wCl(B).
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3. wCl(N{Ap:ae A}) CN{wClA, : € A}
4. wCHU{Ay:a € A}) =U{wClA, : a € A}.

Definition 5. If A is a subset of a topological space (X, 1), then the w-boundary of
A is defined as w Cl(A)\wInt(A) and is denoted by wBd(A).

3. ON w*-NORMAL SPACE

Definition 6. A topological space (X, T) is said to be w*-normal if whenever A and
B are disjoint w-closed sets in X, there exist disjoint w-open sets U and V with
AcCcUand BCV.

Remark 1. [t is easy to prove that each w*-normal space is normal but the converse
1s not true in general as shown in the following example.

Example 1. Let X = {a,b,c}, 7 = {0, X,{a,b}}. Then the topological space (X, T)
is normal but not w*-normal because {b} and {c} are w-closed sets in X and we can
not separate them by disjoint w-open sets.

Definition 7. A family {A, : a € A} of subsets of a space X is said to be w-locally
finite if for each point x of X, there exists an w-open set G of X such that the set
{ae A:GN Ay # 0} is finite.

Definition 8. An open cover {G,, : o € A} of a space X is said to be w-shrinkable
if there exists an w-open cover {Hy @ a € A} of X such that w Cl(Hy) C Gy for
each o € A.

Theorem 5. For a topological space (X, T), the following statements are equivalent
1. X is w*-normal.

2. For every pair of w-open G and H whose union is X, then there exist w-closed
sets A and B such that AC G,BC H and AUB = X.

3. For every w-closed set A and every w-open set G containing A, there exists an
w-open set H such that AC H C wCl(H) C G.

Proof. The proof is clear.

Lemma 6. If {A, : o € A} is a locally finite family of subsets of a space X,
then the family {w Cl(Ay) : a € A} is w-locally finite family of X. Moreover,
wCl(UA,) = Uw Cl(Ay).
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Proof. From Lemma 1, we obtain that the family {Cl(4,) : @ € A} is a locally
finite family of X whenever {A, : @ € A} is locally finite. Since w Cl(A,) C Cl(A4q)
for every a € A, the family {w Cl(A,) : @ € A} is a locally finite family of X. To
prove that w Cl(UA,) = Uw Cl(Ay), we have Uw Cl(A,) C wCl(UA,). Therefore,
it is sufficient to prove that w Cl(UA,) C Uw Cl(Ay). Suppose that z ¢ Uw Cl(A,),
so z ¢ wCl(Ay) for all @ € A. This means that there exists an w-open set G such
that GN A, = 0 for all @« € A and hence, G NwCl(A,) = 0 for all & € A. Since
the family {A, : @ € A} is locally finite, there exists an open set H which contains
x and the set {&« € A : HN A, = 0} is finite. This means that there exists a finite
subset M of A such that H N A, = 0 for « € M. From above we obtain that x
belongs to X\w Cl(A,) for every a« € A. Since the family of w-open sets forms a
topology on X ([4]), the set V' = N[X\wCl(A,) : @ € A] is an w-open set in X
containing x. But H NV is an w-open set containing x and (H NV)N A, = 0 for
all a« € A. Therefore, (HNV)N (UA,) = 0. This implies that € w Cl(UA,) and
this completes the proof.

Theorem 7. For a topological space (X, 1), the following statements are equivalent
1. X is an w*-normal space.
2. Fach point-finite open cover of X is w-shrinkable.
3. Each finite w-open cover of X has a locally finite w-closed refinement.

Proof. (1)=(2): Let {Uy : @ € A} be a point-finite open cover of an w*-normal
space X, we may assume « is well-ordered. We shall construct an w-shrinkable
family of {U, : @ € A} by transfinite induction. Let u € « and suppose that for
each o < p we have w-open set V,, such that w Cl(V,) C U, and for each v < p, we
have (aL<JU Vo) U (aL>JU Uy) = X. Let € X, then since {U, : a € A} is a point-finite,

there exists the largest element v € « such that = € U,. If v > p, then = € L>J Uy,
=

and if v < p, then 2 € U Vo C U Vg Hence, (U Vo) U( U U,) = X. Thus,
a<ly a<y a<p a>y

U, contains the complement of ( Lg Vo) U ( L>J U,). Since X is w*-normal, there
a<p a>y
exists an w-open set V), such that X'\ [( Y Va)U( Y Ua)l CV, CwCl(V,) C U,
a<p >y
Thus, wCl(V},) C U, and ( J Va) U ( Y Ua) = X. Hence, the construction of an
a<p a>y

w-shrinkable family for {U, : a € A} is completed by transfinite induction.
(2)=-(3): Obvious.

(3)=(1): Let X be a space such that each finite w-open cover of X has a locally

finite w-closed refinement. Let A and B be two w-closed sets in X. The w-open
cover {X\A, X\B} of X has a locally finite w-closed refinement v. Let E be the
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union of members of v disjoint from A and let F' be union of members of v disjoint
from B. Then, by Lemma 6, F and F are w-closed sets and F U F' = X. Thus, if
U= X\FE and V = X\F, then U and V are disjoint w-open sets such that A C U
and B C V. Therefore, X is an w*-normal space.

Theorem 8. Let {Uy}aen be a locally finite family of w-open sets of an w*-normal
space X and {Fy}aca a family of w-closed sets such that F, C U, for each o € A.
Then there ezists a family {Gy}aeca of w-open sets such that F, C G, C w Cl(U,) C
Uy and the families {Fy}aen and {w Cl(Gy)}aca are similar.

Proof. Let A be well-ordered with a least element. By transfinite induction, we shall
construct a family {Gg}aeca of w-open sets such that F, C G, C wCl(G,) C U,
and for each element v in A the family

v | Cl(Gq) fa<w,
{Kataea = { F, ifa<w.

is similar to {Fj,}aea. Suppose that u € o and that G, are defined for o < p such
that for each v < p the family {KY}qoen is similar {Fa}aea. Let {Lo}taca be the
family given by:

[ QUGa) ifa<u,
{Lataea = { F, ifa>w.

Then {F,}aea and {La }aea. For suppose that o, ao, ..., € A and aq, ag, ..., a5 <
< ajyr < ...<ap, then }rrwl{Lm-} = FTWI{K;Z]} Therefore .rTWI{Lw-} = () if and only
1= 1= 1=

if ﬁl{Fai} = () because { KY}aen is similar to {F, }aea. Since L, C G, for each «,
1=
the family {L,}aea is locally finite. Thus if T" is the set of finite subsets of A and
foreachy eI, E, = ﬂA Ly, then {E,}, er is locally finite family of w-closed sets.
(¢S

Hence, by Lemma 6, £ = U{E, : E,NF},} is an w-closed set which is disjoint from F},.
Therefore, there exists an w-open set G, such that F,, C G, C wCl(G,) C U,, and
wCl(G,NE) = 0. Now the w-open set G, is defined for a < p and to complete the
proof it remains to show that the family { KY},ea is similar to the family {F,}aeca.
It is sufficient to show that the families { K¥ }aea and {Lqs}aea are similar. Suppose
that a1, ag,...,a, € A and that lfrﬁl{Lai} = (), we have to show that 51{Kgf} =0.
Suppose that a1 < ap < ... < Z< p<ajp <..<ao ifoj#p therze is nothing to
prove. If aj = p, then Loy, N.... N Lo,y N FpN Lo, N ... N Lg, = (). Hence by the

. T aj
construction Lq, N....NLq; ,Nw CI(GNLq;,,)N...0La, = . Thus 'ﬂl{Km = 0.
1=
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4. ON w-COVERING DIMENSION

In this section, we introduce a type of a covering dimension by using w-open sets
which we call the w-covering dimension function.

Definition 9. The w-covering dimension of a topological space X is the least positive
integer n such that every finite w-open cover of X has an w-open refinement of order
not exceeding n or is oo if there is no such integer. We shall denote the w-covering
dimension of a space X by dimy, X . If X is an empty set, then dim, X = —1 and
dim, X < n if each finite w-open cover of X has an w-open refinement of order not
exceeding n. Also we have dimy, X = n if it is true that dim, X < n but it is not
true if dimy, X < n — 1. Finally, dim, X = oo if for every integer n there exists a
finite w-open cover which has no w-open refinement of order not exceeding n.

Theorem 9. IfY is a clopen subset of a space X, then dim, Y < dim,, X.

Proof. 1t is sufficient to prove if dimy, X = n, then dim,, Y < n. Let {Uy, Us, ..., Ux}
be an w-open cover of the open set Y. Then Uj; is w-open in X for each i and since
every open set is w-open. Then the finite w-open cover {Uy,Us,...., Uk, X\Y'} of X
has an w-open refinement w of order which not exceeding n. Let & be all members
of w except those members associated with X'\Y', since every open set is w-open,
then each member of ¢ is w-open in Y and also ¢ is a refinement of {Uy, Us, ....., Ui }
of order not exceeding n. This implies that dim, Y < n.

Now we give some characterizations of the w-covering dimension in topological
spaces.

Theorem 10. If X is a topological space, then the following statements about X
are equivalent:

1. dim, X <n,

2. For any finite w-open cover {Uy,Us,....,Ux} of X, then there exists an w-
open cover {Vi,Va,...,Vi} of order not exceeding n such that V; C U; for
i=1,2,.... k.

3. If {U1,Us,.....;Upy2} is an w-open cover of X, then there exists an w-open
42
cover {V1,Va, ..., Vyio} such that V; C U; and T,Lﬂl = 0.
1=

Proof. (1)=-(2): Suppose that dim,, X < n and the w-open cover {Uy, Us, ...., Ug} of
X has an -open refinement 5 of order not exceeding n. If W € 3, then W C U; for
some 4. Let each W in § be associated with one of the sets U; containing it and let
V; be the union of those members of 3 thus associated with U;, since every open set
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is w-open, then V; is w-open and V; C U; and each point of X is in some member of
0 and hence in some V;. Each point x of X is in at most n + 1 members of w, each
of which is associated with a unique U; and hence is in at most n 4+ 1 members of
{Vi}. Thus, {V;} is an w-open cover of X of order not exceeding n.

(2)=-(3): Obvious.

(3)=(2): Let X be a space satisfying (3) and {U;, Us, ...., Uy} a finite w-open cover

k
of X, we can assume that k >n+1. Let G; =U; ift <n+1land Gy = U 2UZ-,
1=n—+

then {G1,Ga,....,Gpy2} is an w-open cover of X and so by hypothesis there is an

+2
w-open cover {Hy, Ho, ...., Hy} such that H; C G; and 7?(11 H, =0. Let W; = U;
1=
ifi <n4+1andlet W; = U;NGpyo if i > n+ 1. Then 6 = {Wy, Wa,...., Wi} is
+2
an w-open cover of X each W; C U; and TILﬂl W; = (. If there exists such set B
i=

of {1,2,.....;k} with n 4+ 2 elements such that n_ﬁf W; # 0, let the members of § be

42
renumbered to give a family P = {Py, Ps, ...., P} éﬂl P; # (). By applying the above
1=
construction to P, we obtain the w-open cover W' = {W{,Wé, e W,;} such that
/ +2 ! . o . .
W C F; and éﬂ W, = . Thus by a finite number of repetitions of this process

=1
we obtain an w-open cover {Vi, Vs, ...., Vi } of X, of order not exceeding n such that

V. CcU.
(2)=-(1): Obvious.

Theorem 11. In a topological space X if dim, X = 0, then X is an w*-normal
space.

Proof. Suppose that dim, X = 0 and let F and E be any two disjoint w-closed
sets in X, then {X\F, X\ E} is an w-open cover of X; hence, there exists an w-open
refinement 3 of order not exceeding 0. This means that all members of 5 are pairwise
disjoint. Let G be the union of all member of 5 that are associated with X\ E and
H be the union of all members of § that are associated with X\ F', hence, G and H
are w-open sets such that GUH = X,G € X\F and H C X\F and GN H = {.
Thus, G and H are disjoint w-open sets such that F' C G and F C H. Hence, X is
an w*-normal space.

In w*-normal spaces, w-covering dimension can be defined in terms of the order
of finite w-closed refinements of finite w-open cover.

Theorem 12. If (X, 7) is a topological space, then the following statements about
X are equivalent

1. dim, X <n,
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2. For any finite w-open cover {Uy,Us,...,Uy} of X, there exists an w-open cover
{V1,Va, ...,; Vi } such that w CI(V;) C U; and the order for the family
{wCl(V1),w CL(Va),...,w CL(V})} does not exceed n.

3. For any finite w-open cover {Uy,Us,....,Ur} of X there is an w-closed cover
{F\, Fy, ..., F}.} such that F; C U; and the order for {Fi, Fs,...,Fy} does not
exceed n.

4. Every finite w-open cover of X has a finite w-closed refinement of order not
exceeding n.

5. If {Uy,Us,...,Ur} is an w-open cover of X, then there exists an w-closed cover
+2
{F\, Fy, ..., F}.} such that F; C U; and éﬂl F;, = 0.
1=

Proof. (1)=-(2): Suppose that dim, X < n, and let {Uy, Us, ...., U} be w-open cover
of X, then by Theorem 10, there exists an w-open cover {Wy, W, ...., Wy} of order
not exceeding n such that W; C U;. Since X is w*-normal, by Theorem 7, there
exists an w-open cover {Vi, Vs, ...., Vi } such that w Cl(V;) C W; for each i. Then
{V1,Va, ..., Vi } is an w-open cover with the required properties.

(2)=-(3) and (3)=-(4): Obvious.

(4) =(5): Let X be a space satisfying (4) and let IT = {Uy,Us,....,Ups+2} be an
w-open cover of X. Then the cover II has a finite w-closed refinement v of order not
exceeding n. If £ € v, then £ C U; for some i. Let each E in v be associated with
one of the sets U; containing it and let F; be the union of those members of v which
associated with Uz, then Fj is w-closed, F; C U; and {F}, Fo, ...., Fj, 12} is an w-cover

of X such that ﬂ F;=0.

(5)= (1): Let X be a space satisfying (5) and let {Uy,Us,....,Ups2} be an w-
open cover of X, by hypothes1s there exists an w-closed cover {Fy, Fy,...., Fj12}

such that each F; C U; and ﬂ F; = (). By Theorem 8, there exist w-open sets
{W1,Va, ..., Viyo} such that F C Vi C U; for each i and {V} is similar to {F;}.
Thus {V1, Vs, ...., Vi,19} is an w-open cover of X, each V; C U; igl V; = (0. Therefore,
by Theorem 10, dim,, X < n.

Theorem 13. If (X, 1) is an w*-normal space, then the following statements about
X are equivalent

1. dimy, X <n,
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2. For any finite w-closed sets {Fi, Fs, ..., Fy11} and each family of w-open sets
{U1,Us, ..., Upnt1} such that F; C Uy, there exists a family {V1,Va, ..., Voy1} of

1
w-open sets such that F; C V; C wCl(V;) C U; for each i, and nrJﬁl aBdV; =0,
=

3. For each family w-closed sets {Fy, Fa, ...., Fi.} and each family of w-open sets
{U1,Us, ..., U} such that F; C U;, there exists a family {Vi,Va,...,Vi} and
{Wy,Wa, ..., Wi} of w-open sets such that F; C V; C wCl(V;) C W; C U; for
each i and the order of the family {w CL(W1)\V1,w CL{(W2)\Va, ...,w CL(Wi)\ Vi }
dose not exceed n — 1.

4. For each family w-closed sets {F1, Fs, ..., Fx} and each family of w-open sets
{U1,Us,.....,Ui} such that F; C U;, there exists a family {V1,Va,....,Vi.} of w-
open sets F; C V; CwClV;) C U; and the order of the family
{wBd(V1),wBd(V3),...,wBd(V})} does not exceed n — 1.

Proof. (1)=-(2): Suppose that dim, X < n, and let {Fy, F>,...., F5,11} be w-closed
sets and {Uj,Us,....,Up11} w-open sets such that F; C U;. Since dim, X < n,

42
the w-open cover of X consisting of sets of the form éﬂl H;, where H; = U; or

i=
H; = X\F; for each 4, has a finite w-open refinement {Wy, Ws, ...., W, } of order not
exceeding n. Since X is w*-normal, there is an w-closed cover { Ky, Ko, ...., K} such
that K. ¢ W, for r = 1,2, ....,q. Let N, denoted the set 7 such that F; N W, # (.
For r = 1,2,....,q, we can find w-open sets V;. for r in N, such that K, C V. C
wCl(Vjr) € W, and wCl(V;,.) C Wy, if @ < j. Now for each ¢ = 1,2,....,n + 1, let
V, = LTJ{VZ-,, :1 € N, }. Then V; is w-open and F; C V; for if z € F; and x € K,; then
i € N, so that x € V;,. C V;. Furthermore if i € N, so that F; N W,. # (), then W, is
not contained in X\ F; so that W, C U;. Thus, if i € N,, then V;, C U; and since
wCl(V;) = L;J{w Cl(Viy) 1 i € N, }, it follows that w C1(V;) C U;. Finally suppose that

n+-2
x € 61 wBd(V;) and since wBd(V;) C U{wBd(V;,) : i € N, }, it follows that for each

i there exists i, such that x € wBd(V;,) and if ¢ # j, then r; # r; for if ry =r; =1,
then z € wCl(V;,) and z € wCl(V},) but € V;, and = € Vj,, which are absurd,
since either w C1(V;,) C Vj, or w Cl(V},) C V;,. For each i,z ¢ Vi, so that = ¢ K, .
But {K,} is an w-cover of X and so there exists r( different form each of the r; such
that x € K,, C W;,. Since xz € Vj,;, it follows that x € W, for i = 1,2....n + 1
so that xjiﬁ; V,. Since the order of {W,} does not exceed n, this is absurd. Hence

"_ﬁll WBA(V;) = 0.

(2)=(3): Let Fy, Fy,...., Fx be w-closed sets and let Uy, Us,....,U be w-open sets
such that F; C U;. We can assume that k& > n + 1; otherwise, there is nothing

195



N. Rajesh, P. Sudha — A New type of covering dimension

to prove. Let the subset {1,2,....,k} containing n + 1 elements be enumerated as
C1,Cy, ....,Cq, where ¢ = kg, ,. By using (2), we can find w-open sets V;, for

n+1
i in Cj such that F; C V;; C wCl(V;1) C U; and E\rl wBdV;, = (. We have

a finite family {wBd(V;,) : i € C1} of w-closed sets of the w*-normal space X
and wBd(V;1) C U; for each ¢ in Cj. Thus, by Theorem 8, for each i in Cfj,
there exists an w-open set G; such that wBd(V;1) € G; C wCl(G;) C U;, and
{w Cl(G})}iec, is similar to {wBd(Vi,)}icc,, so that in particular N w Cl(G;) =

1€C;
(. Let Wi71 = Vi71 UG; if ¢ € (4, then wCl(Vm) C Wi71 C wCle C U; and
since (wCL(W;1)\Vi1) C wCl(G;), we have % (wWCIW;1)\Vi1) = 0. If i ¢ Cy,
1eCq

let Vi1 be an w-open set such that F; C V;; C wCl(V;1) C U; and let W;; =

U;. Then for i = 1,2,....,k we have w-open sets V;1 and W;; such that F; C

Vit C wCl(V;1) € U; and N (wCl(W;1)\Vi1) = 0. Suppose that 1 < m < ¢
1€C

and for ¢ = 1,2,....,k, we find w-open sets V;,,—1 and W;,,—1 such that F; C
Vi,m—l C wCl(‘/@m_ﬂ C Wi,m—l C U; and Q (w Cl(Wz‘,m—l)\W,m—l) =0if1 <3<

m — 1. By the above argument we can find w-open sets V; ,,, and W;,, such that
wWCl(Vim-1) CVim CwCl(Vip) C Wim C Wim—1 and N (w CYW;m)\Vim) = 0.
ecm

Since w CL(W; m)\Vim C (w CYW;m—1)\Vim—1), we have % (w CH Wi m)\Vim) =

J

¢ if 5 < m. Thus by induction for i = 1,2,.....k, we can find w-open sets V;

and W; = (V;, and W;, respectively) such that F; C V; C wCl(V;) C W; C

Ui and N (wCI(W;)\V;) = 0, for j = 1,2,....,k. Thus the order of the family
i€cj

{wBd(W1\W), ....,wBd(Wj;\Vi)} does not exceed n — 1.

(3)=(4): Obvious.

(4)= (1): Let (4) hold and let {U1, Us, ....,Uyt2} be an w-open cover of X. Since X
is w*-normal, there exists an w-closed cover { F1, Fy, ...., Fy, 41} of X such that F; C U;
for each i. By hypothesis there exists a family of w-open sets {Vi, Va, ...., Vi, 41} such
that F; C V; C wCl(V;) C U; for each i, and {wBd(V1),wBd(Va),....,wBd(V,4+2)}
has order not exceeding n — 1. Let L; = wCl(Vj)\i%Vi for j =1,2,...,n+ 2. For

each j,L; is an w-closed, and {L1, Lg, ...., Ly42} is an w-closed cover of X, for if

x € X, there exists j such that « € V; and « ¢ V; for i < j so that x € L;. Now
n+2 n+2 n+1 n+1

L; =wCl(V;) N (X\Vj) so that n L= n wClV;nN ﬂl(X\Vj) cn wBd(V;) =
<7 J= J= 1= Jj=

0. Thus {Li, Lo, ....,Ly+o} is an w-closed cover of X, L; C wCl(V;) C U; and

n+2 .
n L; = (. Hence by Theorem 12, dim,, X < n.
j:
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