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1. INTRODUCTION

Let ¥,, denote the class of meromorphic functions of the form:

f(z) = %—FZakzk (ap > 0;mneN={1,2,...}), (1.1)
k=n

which are regular and univalent in the punctured unit disc U* = {z : z € C and
0 < |z| < 1} = U\{0}. Let g € 3, be given by

1 oo
_ = k
9= 14D st (1.2)
k=n
then the Hadamard product (or convolution) of f and g is given by

(Fr9) () =1+ D ahist = (94 ) (2). (13)

k=n

A function f € ¥, is said to be meromorphically starlike of order « if

OV et 0<a
Re{ f(z)}> (zeU" 0<a<]). (1.4)
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The class of all meromorphically starlike functions of order « is denoted by ¥£.5% (a) . A
function f € ¥, is said to be meromorphically convex of order « if

2f"(2)
f'(z)

The class of all meromorphically convex functions of order « is denoted by XK, () .We
note that

Re{—(1+ )}>a(z€U*; 0<a<l)). (1.5)

f(z) € ZK, (a) = —2f'(z) € S} (a).

The classes 35} (o) and XK, (o) were introduced by Owa et al.[4]. Various sub-
classes of the class ¥,, when n = 1 were considered earlier by Pommerenke [5], Miller
[3] and others.

For 3>0,0<a<1, 0<X<iand g given by (1.2) with by > 0 (k > n),
Aouf et al. [2] defined the class M(f, g; 5, a, A) consisting of functions of the form
(1.1) and satisfying the analytic criterion:

e[ A @A) )
a {< N9 A gy () }2

B‘ f*g "(2) + A2 (f x 9)"(2)
M(f*9)(2) +Az(f * 9)' ()
When we take g (z) = ﬁ, in (1.6), we obtain the class X, (5,a,\)(8 > 0,0 <

o < 1land 0 < A < 3), which consisting of functions of the form (1.1) and satisfying
the analytic criterion:

+1

(z € U). (1.6)

I CE O D EARE)
f {(1—A)f(z)+Azf’(z) " } = B‘u ) Faere) T EEU) (D)
We note that:
¥1(0,0,0) = ¥*(a) (0 < v < 1) (see Pommerenke [5]).
Also, we note that:
50(B,0,0) = £85(8, ) =
NI G,
Re{ 5 ra}z o5 waleen -

For > 0and 0 < a < 1, we denote by XK, (3, «) the subclass of ¥,, consisting
of functions of the form (1.1) and satisfying the analytic criterion:

) o

(z€U). (1.9)
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We note that
YK1(0,0,1) = X5 (a) (0 < a < 1) (see Pommerenke [5]).
From (1.8) and (1.9) we have

f(z) € XK, (8,a) <= —zf(2) € LS} (B, ). (1.10)

2. GENERAL CLASSES ASSOCIATED WITH COEFFICIENT BOUNDS

In order to prove our results for functions belonging to the class ¥, (8, a, \), we

shall need the following lemma given by Aouf et al. [2, with g = Z(%_z) .

Lemma 1. [2, Theorem 1]. Let the function f be defined by (1.1). Then f €
Y (B, N) if and only if

o0

DI+ AE=DIEQA+8)+ (B+a)ar < (1—a)(1-2)). (2.1)

k=n
Taking A = 0 in Lemma 1, we obtain the following corollary.

Corollary 2. Let the function f defined by (1.1). Then f € XS (5, ) if and only
if

o0

S EA+B8)+B+a)a<(l-—a) (neN). (2.2)

k=n
By using Corollary 1 and (1.10), we can prove the following lemma.

Lemma 3. Let the function f defined by (1.1). Then f € XK, (8, «) if and only if
S Ek(1+8)+(B+a)ar<(1-a) (neN). (2.3)
k=n

Definition 1. A function f defined by (1.1) and belonging to the class ¥, is said
to be in the class Vi, (B, a, ) if it also satisfies the coefficient inequality:

o0

S kA +B) +(B+a)(I—v+rk)ar < (1-a) (ne€N;y>0; 8>0; 0<a<1).
k=n

(2.4)

It is easily to observe that

Vo (B,,0) = XS; (B,a) and V, (B,,1) = XK, (5, ). (2.5)
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3. GROWTH AND DISTORTION THEOREMS

Unless otherwise mentioned, we assume in the reminder of this paper that v >

0, 6>0,0<a<1landneN.

Theorem 4. If a functions f defined by (1.1) is in the class V,, (B, a, ), then

- - 2" z
2| [”(1+5)+(5+04)](1—7+7n)’| <|f (2l
i (1—C¥) Zn P *
TR TG rald i A EEV)
and
i_ n(]‘_a) Zn_l /’Z
S mAF B Brald—ytm <|f @)
n(l—a)

T2 Zn—lz )
§2F+TM1+@+%B+aﬂu_7+7m|| (z€U")

The bounds in (3.1) and (3.2) are attained for the function f given by

ﬂ@=§+ (1-a)

n

2",
[n(1+8)+ (B +a)] (1 =7 +n)
Proof. First of all, for f € V,, (B, «,7), it follows from (2.4) that

00 (1_a)
2 S T A+ (3 + )] (=7 + )

which, in view of (1.1), yields

FEN 2 =l Y
k=n

1 . (1-a)

2T B A T Brald-arm T EEU)
and
()] < éﬁlzl”Zak
k=n
<i+ (1—0&) |Z’n(Z€U*)_

Tl 4B+ B+ )] (I =y +n)
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Next, we see from (2.4) that

1+ 8) + B+ )] (1 =v+m) ikak

n (3.7)
k=n
= Z (1+8) + (B+a)] (L =7+ k) ax
= (1 —a),
then
n(l—a)
Zkak_ 1+8)+B+a)(l—v+n)
which, again in view of (1.1), yields
f (z)) > ’21’2 —2*! Z kay, (3.8)
k=n
1 n(l—a) - )
- 12 @ +B8)+(B+a)](1—7y+n) 2" (z € UY),
and
’f/ (2)] < |21’2 + 12" kay (3.9)
k=n
n (1 — Ol) |Z|n71 (Z c U*) '

S TR AT BraA-q T

Finally, it is easy to see that the bounds in (3.1) and (3.2) are attained for the
function f given by (3.3).

Taking v = 0 in Theorem 1, and making use of the first relationship in (2.5) , we
obtain the following corollary.

Corollary 5. If a functions f defined by (1.1) is in the class £S} (8, ), then

i_ (1—&) 2| P
f AT A T pra) <G
<Ly (1=a) 2" (2 € U, (3.10)

2| - [n(1+8)+ (B + )]
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and
1 n(l—a) _— ,
22 1+ B) + (B + )] |2 < ’f (Z)‘
§E¥+buu3$;$+aﬂmm4“€U”- (3.11)

The bounds in (3.10) and (3.11) are attained for the function f given by

_1 (1—05) Zn
f(z)_z+[n(1+6)—|—(ﬁ+a)] : (3.12)

Letting v = 1 in Theorem 1, and applying the second relationship in (2.5), we
obtain the following corollary.

Corollary 6. If a functions f defined by (1.1) is in the class XK, (8, ), then

1 (1-a) i ]

R R CET RAR

i (1—04) 2™ (2 x
= ’Z|+”[n(1+ﬁ)+(ﬁ—|—a)]| " (€ U"), (3.13)

and
i_ (1—C¥) zn—l ,Z
R S ) R 7 )
(1-0a)

n—1 *
S Y s e L (3.14)

The bounds in (3.13) and (3.14) are attained for the function f given by
(1-a)

1 n
f(z):;+n[n(1+ﬁ)+(ﬁ+a)]z' (3.15)

4. MobpIFIED HADAMARD PRODUCT

Let each of the functions f; and f; defined by

fi(z) = % +) a2 (=12 (4.1)
k=n
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belong to the class ¥,,. We denote by (f1 * f2) the modified Hadamard product (or
convolution) of the functions f; and fo, that is,

z

i fo) (2) = =+ 3 apaas™. (1)
k=n

Now we derive the following modified Hadamard product of the general class V,, (5, o, ) :

Theorem 7. Let each of the functions fj (j =1,2) defined by (4.1) be in the class
Vo (B,a,7). Then

(fl *f2) (Z) S (/Ba7777)7

where

=1- (1—a)*(1+8) (n+1)
n=1 nA+8)+B+a)> 1 —y+n)+ (1 —a)? (4.3)

The result is sharp for the functions f; (j =1,2) given by

(L L) :
&= i BT BT -+

no(j=1,2). (4.4)

Proof. In order to prove the main assertion of Theorem 2, we must find the largest
7 such that

[e.e]

k(1 +8)+ (B+n)] (1 —v+7k)
,; (1—n)

agiak2 <1 (4.5)

for fj € Vi, (B,a,7) (5 = 1,2). Indeed, since each of the functions f; (j = 1,2) does

belongs to the class V,, (5, ,7), then

i k(14 8) + (B+a)] (1 — v+ k)
(I-a)

a; <1 (j=1,2). (4.6)
k=n

Now, by the Cauchy-Schwarz inequality, we find from (4.6) that

> [k(1+5)+((51+_o£(1 —1 ) e < 1. (4.7)

k=n
Equation (4.7) implies that we need only to show that
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that is, that

[k(1+8) + (B + )] (L —n)
VORI S B (B )] (1— )

(k> n). (4.9)

Hence, by the inequality (4.7) it is sufficient to prove that

(1-0a) _ kO 4 (Bra)d-mn)
R+ B) + (B ) (L= + %) = (L4 B) + (8 )] (L))

It follows from (4.10) that

(k>n).
(4.10)

1—a)*1+8)(k+1)

T M A Bk s ap 2 D

Defining the function ® (k) by

o (- (L+8) (k+1) )
) = B T Bt (—nth)+(A—ap 2™ @12

we see that @ (k) is an increasing function of k (k > n). Therefore, we conclude from
(4.11) that

(1—a)?*1+8)(n+1)
n(1+8)+(B+a) (L—v+n)+(1-a)”

n<®(mn)=1- (4.13)

which completes the proof of the main assertion of Theorem 2.

Setting v = 0 in Theorem 2, and making use of first relationship in (2.5), we
obtain the following corollary.

Corollary 8. Let each of the functions fj (j = 1,2) defined by (4.1) be in the class
XS5 (B,a). Then

(f1* f2) (2) € S}, (B, )

where )
h—1- (1—a) (1—1—5)2(n—|-1) N (4.14)
n(1+8)+(B+a)]"+(1—-a)
The result is sharp for the functions fj (j = 1,2) given by
5=ty 1= 2 (j=1,2). (4.15)

z [n(1+8)+(B+a)
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Putting v = 1 in Theorem 2, and applying the second relationship in (2.5), we
obtain the following corollary.

Corollary 9. Let each of the functions f; (j = 1,2) defined by (4.1) be in the class
YK, (B,a). Then

(f1 % f2) (2) € ZK, (B,v),

where )
. (1-a) (1—1—5)(2714-1) N (4.16)
nn(l+p)+B+a))"+(1-a)
The result is sharp for the functions f; (j = 1,2) given by
L) =ty 1= M (j=1,2). (4.17)

z nn(l+8)+ (B +a)

Theorem 10. Let each of the functions f; (j = 1,2) defined by (4.1) be in the class
Vo (B,c,7) . Then the function h(z) defined by

1 oo
h/ (Z) = ; + Z (aiJ + aig) Zk (418)
k=n

belongs to the class V, (B,€,7), where

£—1- 21— a)’(1+8) (n+1) (19)
(1 +8) + (B + ) (L= +yn) +2(1 - )* '

The result is sharp for the functions fj (j = 1,2) given by (4.4).

Proof. Noting that

i k(1 +B) + (5(1+_a§>22(1 —v+ Vk)Qai,j (4.20)
k=n
C[sr s+ <(61+_62; Q=vrb, | <y,
k=n
for f; € V, (B,,7) (j =1,2), we have
00 201 _ 2
3 [k(1+8) + (25(??)(])[)51 v +7k) (a2, +a2,) < 1. (4.21)
k=n
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Thus we need to find the largest £ such that

k(1+8)+ (B+E] _ [k(1+8)+ (B+a)* (1 —7+7k)
(1-¢) 2(1—a)?

that is, that

< (k>n), (4.22)

£E<1— 2(1—a)*(1+8) (k+1) o o)
a [k(l_‘_ﬁ)+(6+04)]2(1—'y+fyk)+2(1_a)2 = . .

Defining the function © (k) by

Ok)=1- 2(1—a)’(1+8)(k+1) s, (120
[k(l+/B)+(6+a)]2(1—7+7k)+2(1_a)Z = )

we observe that © (k) is an increasing function of k£ > n. Therefore, we conclude
from (4.23) that

L 21—a)*(1+8)(n+1)
SO e T el (e m 2oy )

which completes the proof of Theorem 3.

In its special case when v = 0, Theorem 3 yields

Corollary 11. Let each of the functions f; (j = 1,2) defined by (4.1) be in the class
Y5 (B, ). Then the function h(z) defined by (4.18) belongs to the class £.S;; (8,0),

where

S 21—a)*(1+8)(n+1) ' (4.26)
[n(1+ ) + (B+ ) +2(1 — o)’

The result is sharp for the functions f1 and fo given by (4.15).

Setting v = 1 in Theorem 3, we obtain the following corollary.

Corollary 12. Let each of the functions f; (j = 1,2) defined by (4.1) be in the class
YK, (8,a). Then the function h (z) defined by (4.18) belongs to the class XK, (5, p),

where )
2(1—a)’(1+8)(n+1)

nn(l+8)+ (B+a) +2(1—a)

The result is sharp for the functions fi and fo given by (4.17).

p=1-— (4.27)

Remark 1. Putting 5 = 0 in Theorems 1, 2 and 3, respectively, we obtain the results
obtained by Aouf et al. [1, Theorems 1, 2 and 3, respectively with 3 = B =1 and
A=-1]
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