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ABSTRACT. In this paper, we prove two related fixed points theorems in two
fuzzy metric spaces which are the generalization of Theorem 3 of [3] and theorem 4

of [4].
2000 Mathematics Subject Classification: 47TH10, 54H25.

Keywords: Fuzzy metric space, sequentially compact Fuzzy metric space, related
fixed point.

1. INTRODUCTION AND PRELIMINARIES

In 1965, The concept of fuzzy sets was introduced initially by Zadeh [13]. George and
Veeramani [5] modified the concept of fuzzy metric space introduced by Kramosil
and Michalek [6] with the help of continuous t-norms. Recently, many authers have
proved fixed point theorems involving fuzzy sets. Fisher [3], Telci [12], Popa [§]
and Aliouche and Fisher [1] proved some related fixed point Theorems in compact
and complete metric spaces. The aim of this paper is to prove a unique fixed point
theorem for two and four mappings, which generalize the Theorem 3 of [3] and
theorem 4 of [4]. We give also a fuzzy version of Theorem 3 of [3] and theorem 4 of

[4].

Definition 1. [11] A binary operation = : [0,1] x [0,1] — [0,1] is a continuous
t-norm if it satisfies the following conditions:

1) * is associative and commutative,

2) * is continuous,

3)ax1=ua foralla € [0,1],

4) axb<cxd whenever a < c and b <d, for each a,b,c,d € [0,1].

Definition 2. [5] A 3-tuple (X, M,x) is called a fuzzy metric space if X is an
arbitrary (non-empty) set, * is a continuous t-norm and M is a fuzzy set on X? x
(0,00) satisfying the following conditions for each x,y,z € X and t,s >0,
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1) M(z,y,t) >0,

2) M(z,y,t) =1 if and only if z =y,

3) M(z,y,t) = M(y,z,t),

4) M(x,y,t)*« M(y,z,s) < M(z,z,t+s),
5) M(x,y,.): (0,00) — [0,1] is continuous.

Example 1. [5] Let (X,d) be a metric space. Define a*b = ab for all a,b € [0, 1]
and let My fuzzy sets on X2 x (0,00) defined as follows, My(z,y,t) = m, then
(X, My, *) is a fuzzy metric space. We call this fuzzy metric induced by the metric
d, the standard fuzzy metric. On the other hand note that there exists no metric on
X satisfying the above My(z,y,t).

Definition 3. [3] Let (X, M, *) be a fuzzy metric space.
1) Fort > 0, the open ball B(x,r,t) with center x € X and radius 0 < r < 1
is defined by:

B(SL‘,’F,t) = {yGX : M(:Evy?t) > 1_T}

2) Let (X, M, %) be a fuzzy metric space and T be the set of all A C X with
x € A if and only if there exist t > 0 and 0 < r < 1 such that B(z,r,t) C A.
Then, T is a topology on X induced by the fuzzy metric M.
3) A sequence {x,} in X converges to x if and only if for any 0 < € < 1 and
t >0, there exists ng € N such that for alln > ng, M (zy,z,t) > 1 —€; i.e.,
M(zp, Xm,t) = lasn — 1 for all t > 0.
4) A sequence {x,} in X is called a Cauchy sequence if and only if for any 0 <
e <1 andt >0, there exists ng € N such that for all n,m > ng, M(xn, Tpm,t) >
1 —¢ d.e., M(xp,xm,t) =1 asn,m — 1 for all t > 0.
5) A fuzzy metric space (X, M,t) in which every Cauchy sequence is convergent
1s said to be complete.

Definition 4. A subset A of X is said to be F-bounded if there exists t > 0
and 0 < r <1 such that M(x,y,t) > 1—7r for all z,y € A.

Lemma 1. [6] Let (X, M, %) be a fuzzy metric space. Then, M (x,y,t) is
non-decreasing with respect to t, for all x,y in X.

Lemma 2. [6] Let (X, M,*) be a fuzzy metric space. Then, M is a continuous
function on X2 x (0,00).

Theorem 3. [3] Let (X,d) and (Y, p) be complete metric spaces, let T be a con-
tinuous mappings of X into Y and let S be a mappings of Y into X satisfying the
mnequalities

114



T. Hamaizia, A. Aliouche — Fixed point theorems ...

d(S8Tz, ST2") < cmax {d(z, "), d(z, STx),d(z’, STx"), p(Tx,Tx") } ,

p(TSy, TSy') < cmax {p(y,y), p(y, TSy), p(y', TSy'),d(Sy, Sy},

for all z,x' in X and y,y' inY, where 0 < ¢ < 1.
Then ST has a unique fized point z in X and T'S has a unique fized point w in
Y. Further, Tz = w and Sw = z.

Theorem 4. [}] Let (X,d) and (Y, p) be complete metric spaces, let A, B be map-
pings of X into Y, and let S, T be mappings of Y into X satisfying the inequalities

d(SAz,TBz') < cmax {d(z,2’),d(z, SAz),d(s’, TB'), p(Az, B') } ,

p(BSy, ATy') < cmax {p(y,y'), p(y, BSy), p(y/, ATY'), d(Sy, Ty) } ,

forall x,z" in X and y,y' inY, where 0 < ¢ < 1. If one of the mappings A, B, S
and T is continuous then SA and T B have a common fixed point z in X and BS and
AT have a common fized point w in Y. Further, Az = Bz = w and Sw =Tw = z.

The following lemma will be useful in the proof of theorem 6 and theorem 7.

Lemma 5. [2] Let {x,} be a sequence in a fuzzy metric spaces (X, M,*) with
M(z,y,t) — 1 ast — oo for all x,y € X. If there exists a number k € (0,1)
such that

M (zpy1, 20, kt) > M (2, Tp—1,1t),

forallt >0 andn =1,2,3,...Then {z,} is a cauchy sequence in X.

2. MAIN RESULTS

Theorem 6. Let (X, My,61) and (Y, Ms, 63) be complete fuzzy metric spaces with
Mi(z,2',t) = 1 ast — oo for all z,2’ € X and Ma(y,y',t) = 1 ast — oo for all
v,y €Y. LetT: X —Y,S:Y — X be mappings satisfying:

M, (STx, ST, k‘t) > min {Ml(x,x', t), My(x, STz, t), My (2, ST, t), Mg(Tx,Tx’,t)} ,
(1)
M2 (Tsyv T‘S’ylv kt) > min {MQ(ya yla t)a MQ(yv TSy7 t)v MQ(yla Tsyla t)? Ml (Sy7 Sylv t)} )
(2)
for all x,2’ € X, y,y € Y and for all t > 0, where 0 < k < 1. Then ST has a
unique fized point z in X and T'S has a unique fized point w in'Y . Further, Tz = w
and Sw = z.
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Proof. Let x be an arbitrary point in X. We define the sequences {x,} and {y,} in
X and Y respectively by:
Syn = Tn, Txn—1 = Yn,
for n=1, 2, ... Putting z = x,, and y = y,, for all n. Applying inequality (1),we
get

M, (xn—l—l;xny kt) > min {M1($n,l’n_1,t), Ml(xn>$n+17t)> Ml(xn—laxnat)a M2(yn+17yn7t)}a
(3)

Using inequality (2), we have

M2 (yn-‘rlv Yn, kt) > min {MQ(yT”H Yn—1, t)7 M2(yna Yn+1, t)a MZ(yTL—lv Yn, t)v Ml(xn7 Tn-1, t)} )

(4)
involve, respectively
My (Tns1, @, kt) > min {Mi (25, Tn-1,t), M2(Yn+1,Yn, 1)} , (5)
My (Ynt1,Yn, kt) = min {Mo(yn, yn—1,t), M1(n, Tn-1,1)}, (6)
using inequalty (1) again, it follows that
My (zn—1, Ty, kt) > min {M1(zn—2, Tp—1,1), M2 (Yn, Yn—1,1)} . (7)
Similary, using inequality (2), we get
Ma (Ynt1, Yn, kt) > min {Mo(yn, yn—1,t), M1 (2, Tn—1,t)}, (8)
and
M (Yns yn—1, kt) = min {Ma(yn—1, Yyn—2,1), M1(zn—-1, Tn—2,1)} . (9)
Using inequalities (5) and (8), we have
My (p41, Tn, kt) > min {M; (2, Tp_1,1t), M2(Yn, Yn—1,t)}, (10)
and similary, from inequalities (7) and (9), we get
My (Tn+1, T, kt) > min {Mi (25, Tn-1,1), M2(Yn, Yn-1,1)} . (11)
It now follows inequalities (8),(9),(10) and (11) that
My (@41, Tny k) > Mo (Yn, Yn—1,1), (12)
Mo (Yn+1, Yn, kt) > My (zpn, Tp-1,1). (13)
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Using (12) and (13) we have for n=1, 2, ....

My (Zpi1, o, t) > Mi(2p, 201, ﬁ)a

t
M2 (yn+17yn7t) 2 MQ(ynvynflv ﬁ)

From Lemma 1, it follows that {z,} and {y,} are cauchy sequences in X and Y
respectively. Hence {x,} converges to z in X and {y,} converges to w in Y. Now
suppose that T' is continuous, then

limTz, 1 =Tz =limy, = w,
and so Tz = w. Applying inequalitiy (1), we have

M1 (STZ, STJ}n_l, kt) >
min {Ml(z, Tn—1,t), M1(2,8Tz,t), M1(xp—1,STxH_1, t), MQ(TZ, Txp_1, t)} ,

letting n tend to infinity, we have
M (Sw, z,kt) > min {1, M;(z, Sw,t),1},

so Sw = z. In the same manner we can show that Tz = w. Finally we show
that the fixed point is unique. Suppose that ST has a second fixed point 2’ in X.
Then, using inequality (1), we have

M, (z, 2, k:t) > min {Ml(z, 2 t), MQ(TZ,TZ/,t)} ) (14)
Next, using inequality (2), we have

M, (Tz,T7  kt) > min {Mz(Tz, T ,t), Ma(Tz,Tz,t), Ma(T2', T2, t), My (2,2, 1)} .
(15)
It now follows easily from inequalities (14) and (15) that

M, (z,z',kt) > My(Tz, T2 t)

and
M (Tz, T, kt) > Mi(z,2,t).
Hence "
My (Zv Zlvt) > Ml(zv Z,a ﬁ)a

and so z = z’. The uniqueness of w follows in a similar manner.
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Theorem 7. Let (X, My,01) and (Y, Ms,02) be complete fuzzy metric spaces with
Mi(z,2',t) = 1 ast — oo for all z,2’ € X and My(y,y',t) — 1 ast — oo for all
v,y €Y. Let AB: X —Y,S,T:Y — X be mappings satisfying:

M, (SAx,TBa:/, k:t) > min {Ml(a:,xljt), My (x,SAx,t), My(z', TB2',t), My( Az, Ba', t)} ,
(16)

My (BSy, ATy, kt) > min { Ma(y, v/, t), Ma(y, BSy,t), Ma(y', ATy, t), M1 (Sy, Ty', 1)},
(17)

for all z,2' € X, y,y/ € Y and for all t > 0, where 0 < k < 1.If one of the

mappings A, B, S and T is continuous then SA and T B have a common fixed point

zin X and BS and AT have a common fixed point w in Y. Further, Az = Bz = w

and Sw=Tw = z.

Proof. Let x be an arbitrary point in X. We define the sequences {z,}, and {y,}
in X and Y respectively by:

Syon—1 = Tan—1, Bran—1 = Yon, TY2n = Ton, AT2n = Yon41,
for n=1, 2, .... Putting x = z9,, and y = y2,, in(16), we get

M, (z2p+41, Tan, kt) >
min {M; (225, an—1,t), Mi(Ton, Tant1,t), M1 (T2n—1, Tan, t), M2 (Yon+1, yon, t)} ,(18)

Using inequality (17), we have

M2 (y2n+17 Y2n, kt) Z
min { Mz (Y2n, Y2n—1,t), Ma(Y2n, Yon+1,t), M2 (Y2n—1, Y2n, t), M1 (Z2nt1, T2n, t)} . (19)

Therfore
M (z2n41, Tan, kt) > min { M1 (22, Ton—1,1), M2(Y2n+1,Y2n, 1)}, (20)

Ms (Y2nt1, Yon, kt) > min { Mz (y2n, Y2n—1,1), M1(T2ni1, Tan, 1)} - (21)
Applying the inequality (16) again, it follows that

M (z2n—1, T2n, kt) > min {M1(v2,—2, Ton—1,1), Ma(yon, Y2n—1,1)} . (22)
Similary, using inequality (17), we get
M3 (Yon+1, Y2n, kt) > min { M2 (y2n, Y2n-1,1), M1(T2n-1, T2n, 1)}, (23)
and

Ms (yon, Yon—1, kt) > min {Ma(yan—1, Yon—2,t), Mi(x2n—1, Ton—2,t)} . (24)
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Using inequalities (20) and (23) that
My (z2n41, Ton, kt) = min {M;(22n, T2n—1,1), M2(Y2n, Y2n—1, 1)}, (25)
and in a similar manner, from inequalities (22) and (24), we obtain
M (p41, Ton, kt) > min { M (22,2, xan—1,t), Ma(Y2n—1, Yoan—2,1) } . (26)
It now follows inequalities (23), (24), (25) and (26) that

Ml (ﬂj‘n+1,$n,k‘t) > MZ(ynaynflat)’ (27)
and

M2 (yn+17 Yn, kt) > Ml (xrm Tn—1, t)' (28)
Using (27) and (28) we have for n=1, 2, ....

t

My (l‘n—&-lﬂcnyt) > Ml(xn’xn—la ﬁ)a

and ’
M, (yn—i-l, Yn,s t) > MZ(yn; Yn—1, ﬁ)

From lemma 1, it follows that {z,} and {y,} are cauchy sequences in X and Y
respectively. Hence {x,} converges to z in X and {y,} converges to w in Y. If A is
continuous, then

lim Axo, = Az = lim yop 11 = w,

and so Az = w. Using inequalitiy (16), we have

M1 (SAZ, TBl‘Qn_l, kt) Z
min {M;(z, xon—1,t), Mi(z, SAz,t), Mi(xon—1,TBxon—1,t), Ma(Az, yon, 1)},

Ml (S'U),.’L'Qn, kt) Z min {Ml(znyn—lvt)a Ml(zv Sw7t)7 Ml(x2n—17$2n7t)7 MZ(w7y2n7t)}7
letting n tend to infinity, we get
My (Sw, z, kt) > min {1, M;(z, Sw,t),1},

and so Sw = z. Similary we can show that Az = w. Now, SAz = Sw = 2z
and ASw = Az = w The same result hold also if one of the mappings B,S,T is
continuous. To prove the uniqueness of z, suppose that SA has a second fixed point
7 in X.

119



T. Hamaizia, A. Aliouche — Fixed point theorems ...

Then, using inequality (16), we have

M, (SAz, TBZ kt) >
min {Ml(z, 2 t), Mi(z,SAz,t), My (2, TB% ,t), Ms(Az, B, t)} . (29)

Next, using inequality (17), we have

M2 (BZ7AZ/>kt) > min{MZ(yvylat)vMQ(ya BZ,t),Mg(y,,AZ,,t),Ml(Z,Z/,t)} :
(30)

M, (Az, B, k:t) > min {MQ(AZ, B2’ t), My(Az, Bz, t), Ma(AZ', A2 t), My(z, 7, t)} .

It now follows easily from inequalities (29) and (30) that o
M, (z,z',k:t) > min {1,Ml(z,z’,t),Mg(Az,Bz’,t)} ,
and
My (Az, B, kt) > min {1, Mi(z,2',t), Ma(Az, Bz',t)} .
Then
M, (z,z',k:t) > My(Az, B2 t).
Similarly, we have
Mo (Az,Bz',kt) > Mi(z, 2, t).
Hence "
M (z, z’,t) > Mi(z, 2, ﬁ)’
and so z = z’. The uniqueness of w follows in a similar manner.
The following example illustrate the theorem 6 theorem 7.
Example 2. Let X =Y = [0,1] and Mi(z,y,t) = Ma(z,y,t) = m For all

x € X and for allt > 0, let A, B be mappings of X into Y define by:

Ax = Bx = : W xE(O,%]
if z=0

and for all y € Y and for allt > 0, let S, T be mappings of Y into X define by:
Sy="Ty = % In this example, the ineqality (16) is satisfied since the value of the left
hand side of inequalitiy is 1 and the inequality (17) is satisfied. Clearly, SA(%) =

TB(3) =5, BS(1) = AT(3) = 1. A(3) = B(3) =  and S (3) =T (3) = -
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