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ABSTRACT. In this paper, we introduce a conformal Sasakian manifold and ob-
tain some results on slant submanifolds of a conformal Sasakian manifold. In partic-
ular, we characterize three-dimensional slant submanifolds of a conformal Sasakian
manifold via covariant derivative of T? , T and N where T is the tangent projec-
tion and N is the normal projection over the submanifold of a conformal Sasakian
manifold.
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1. INTRODUCTION

I. Vaisman in [6], introduced the conformal changes of almost metric structures as
follows. If M is a (2n + 1)-dimensional differentiable manifold endowed with an
almost contact metric structure (¢, &,1, g), a conformal change of the metric g leads
to a metric which is no more compatible with the almost contact structure (¢, &, 7).
This can be corrected by a convenient change of £ and 1 which implies rather strong
restrictions. Using this definition, we introduce a new type of almost contact metric
structure (,&,7,9) on a (2n + 1)-dimensional manifold M which is said to be a
conformal Sasakian structure if the structure (@,&,7,3) is conformal related to a
Sasakian structure (@, {N‘, 7,9)-

In 1990, B.Y.Chen generalized the concepts of holomorphic and totally real im-
mersions into the slant immersions in contact geometry [3]. Afterwards, slant sub-
manifolds have been studied by many geometers. In particular, In 1996, A. Lotta,
extended the concept of slant immersions of a Riemannian manifold into an almost
contact metric manifold as follows[4]. Let M be an almost contact metric manifold
with structure (@,&,7,g) and let M be an immersed submanifold of M. For any
p € M and X € T,M, if the vectors X and { are linearly independent, the angle
0(X) € [0, 5] between X and T,M is well-defined. If 6(X) is constant and does
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not depend on the choice of p € M and X € T},M, we say that M is slant in M and
the constant angle 6(X) is called the slant angle of M in M .

Latter, J.L.Cabrerizo, A.Carriazo, L.M.Fernandez and M.Fernandez, studied and
characterized slant submanifolds of a K-contact and a Sasakian manifold [2]. Our
aim in the present note is to study the slant submanifolds of a conformal Sasakian
manifold.

The paper is organized as follows. In section 2, we review some basic definitions,
formulaes and results on submanifolds’ theory and almost contact metric manifolds.
We also recall some results on slant submanifolds of an almost contact metric man-
ifold which are useful for further study . In section 3, we introduce a conformal
Sasakian manifold and give an example and some properties of submanifols of it.
Section 4 is devoted to study and characterize of three-dimensional slant submani-
folds of a conformal Sasakian manifold via covariant derivative of T2 , T and N where
T is the tangent projection and N is the normal projection over the submanifold of
a conormal Sasakian manifold.

2. PRELIMINARIES
2.1. Submanifolds

Let (M, g) be a submanifold of a Riemannian manifold (M, ) where g is the induced
metric on M. Then, the Gauss and Weingarten formulas are given respectively by

VxY = VxY +h(X,Y) and VxV =—-AyX + V%V, (1)

for any X,Y € TM and V € T+M, where %, V and Vi are the Riemannian,
induced Riemannian and induced normal connections in M, M and the normal
bundle T+M of M, respectively, and h is the second fundamental form of M related
to the shape operator A by

9(Av X,Y) = g(h(X,Y), V). (2)

The equation of Gauss is given by

R(X,)Y,Z,W) = R(X,Y,Z,W)+g(h(X,W),h(Y,Z))
_g(h(X’ Z)v h(Y7 W))’ (3)

for all X,Y,Z, W € TM, where R and R are the curvature tensors of M and M ,
respectively.
For any X € TM, we write

X =TX + NX, (4)
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where T X (resp. NX) is the tangential (resp. normal) component of ¢ X. Similarly,
for any V € T+M, we have

eV =tV 4+nV, (5)

where tV (resp. nV) is the tangential (resp. normal) component of ¢V. Moreover,
we have the following relations

g(X,tV) = —g(NX,V),
gnV.W) = —g(V,nW),
g(tnV,X) = —g(V,NTX), (6)

for any X € TM and V € TM*.
The submanifold M is said to be invariant (anti-invariant) if ¢ X € TM( pX €
TL+M ), for any X € TM.

2.2. Almost contact metric manifold

Let (M ,g) be an odd-dimensional Riemannian manifold. Then M is said to be an
almost contact metric manifold [1] if there exist on M a tensor ¢ of type (1,1), a
vector field & (structure vector field), and a 1-form 7 satisfying

9(eX,0Y) = g(X,Y) = n(X)n(Y),
for any X,Y € TM. The 2-form @ is called the fundamental 2-form in M and the
manifold is said to be a contact metric manifold if ® = dn.
The almost contact structure of M is said to be normal if [¢, ] + 2dn ® £ = 0,
where [p, ¢] is the Nijenhuis torsion of ¢. A Sasakian manifold is a normal contact

metric manifold. It is easy to show that an almost contact metric manifold is a
Sasakian manifold if and only if

(Vxp)Y = g(X,Y){ —n(Y)X,

for any XY € TM , where V is the Riemannian connection in M.

2.3. Slant submanifold of a almost contact metric manifold

Let M, is an almost contact metric manifold of dimension 2n + 1 with structure
(©,9,&,m). We say that an immersed submanifold M of an almost contact metric
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manifold M is slant in M if for any p € M and any X € T,M such that X, & are
linearly independent, the angle (X)) € [0, 5] between ¢X and T,M is a constant
0, that is 8 does not depend on the choice of X and p € M. 0 is called the slant
angle of M in M. Invariant and anti-invariant submanifolds are slant submanifolds
with slant angle § = 0 and ¢ = 7, respectively [4]. A slant submanifold which is not
invariant nor anti-invariant is called a proper slant submanifold.

By Q, we mean T2 and we define the covariant derivative of Q,T and N as

(VxQ)Y = Vx(QY)-Q(VxY),

(VxT)Y = Vx(IY)-T(VxY),

(VxN)Y = Vx(NY)-N(VxY), (8)
for any X,Y € TM, where V and V= are the induced Riemannian and induced
normal connections in M and the normal bundle T-M of M, respectively.

We have the following theorem which characterize slant submanifolds of an al-
most contact metric manifold.

Theorem 1. [2] Let M be a submanifold of an almost contact metric manifold M
such that £ € TM. Then, M is slant if and only if there exists a constant \ € [0, 1]
such that

T? = - \NI-n®E¢). (9)
Furthermore, in such case, if 0 is the slant angle of M, it satisfies that A\ = cos? 6.

Corollary 2. [2] Let M be a submanifold of an almost contact metric manifold
M ,with slant angle 0. Then,for any X,Y € TM, we have

g(TX,TY) = cos’f(g(X,Y) —n(X)n(Y)), (10)
g(NX.NY) = sin®0(g(X.Y) = n(X)n(Y)). (11)
We recall the following results for latter use.

Lemma 3. [4] Let M be a slant submanifold of an almost contact metric manifold
M. Denote by 6 the slant angle of M. Then, at each point p of M, Q|p has only
one eigenvalue Ay = —cos?6.

Lemma 4. [5] Let M be a 3-dimensional slant submanifold of an almost contact
metric manifold M. Suppose that M is not anti invariant. If p € M, then in a
neighborhood of p there exist vector fields eq, ey tangent to M, such that {£,e1, e}
1$ a local orthonormal frame satisfying

Te; = (cosf)ea, Tey = —(cosb)ey. (12)
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3. CONFORMAL SASAKIAN MANIFOLDS

A (2n + 1)-dimensional Riemannian manifold M endowed with the almost contact
metric structure (,7,€,9) is called a conformal Sasakian manifold if for a C*°
function f: M — R, there are

g=e(f)g,  £=(ewp(~f)E 7= (exp(f))
such that (M, @, 7, E,g) is a Sasakian manifold

[NIES

B ¢ =0,

Example 1. Let R*"*! be the (2n+1)-dimensional Euclidean space endowed with
the almost contact metric structure (p,£,7,9) defined by

_ d 9 o) N, ;0
@(Z(Xi%+}/ia Z 01‘1 Z@T/’) +;Yi?/ 25

i=1 =1

g = exp(—f){n®n+iz{wxi)%(dyi)?},

l\')b—‘

n = (exp(—f))2 dz — Z y'dz')}

£ = (eXp(f))§{2@}7

where f =31 (2')? + (y')° + -
It is easy to show that (RQ”‘H ©,€,7,9) is not a Sasakian manifold, but R?"+1
with the structure (gp,{,n,g) given by

v = o

~ 0
5 - 2&7

is a Sasakian space form with the p-sectional curvature equal to —3.

Let V and V are the Riemannian connections on M with respect to the metrics g
and g, respectively. Using Koszul formula, we derive the following relation between
the connections V and V

VxY =VxY + %{w(X)Y +w(Y)X = g(X,Y)w!}, (13)
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for any X,Y € TM, where w(X) = X(f) and g(w*, X) = w(X).

By using (13), we get the relation between the curvature tensors of (M,,7,£,9)
and (M, $,7,&,9) as follow

exp(—f)R(X,Y,Z,W) = R(X,Y,Z,W)+ %{B(X, Z)g(Y, W)
_B(Y’ Z)?(X’ W) + B(K W)E(Xv Z)
—B(X,W)g(Y, 2)}

4 I PO, 2)g(v, W)
_g(Yv Z)g(Xv W)}7 (14)

_ _ 1 _ ~
for any X, Y, Z, W € TM, such that B = Vw — §w®w and R and R are the

curvature tensors of (M,,7,£,g) and (M, 3, 77,5,5), respectively.
From (13) it follows that

VxE = —(exp(f)IPX + o {M(X)t —~ w(@X}, (15)
(VxP)Y = (exp(f))2{g(X,Y)E —7(Y)X}
— SWEY)X —w(V)PX + (X, V)t
—G(X, Y )}, (16)
From (16), we get
(VXT)Y = (exp(f)2{g(X,Y)¢ —n(Y)X}
F ANy X + th(X,Y) — %{w(TY)X _w(Y)TX
+9(X,Y)Twf — g(X,TY)w}, (17)
and
(VxN)Y = nh(X,Y)-h(X,TY)
FOVINX — (X, V)NG4 g(X, TV}, (18)

where, g = glam, & = &|lm,n =T|m and ¢ = 7|
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4. SLANT SUBMANIFOLDS OF CONFORMAL SASAKIAN MANIFOLDS

By the following proposition, we characterize slant submanifolds of a conformal
Sasakian manifold with V@Q = 0.

Proposition 1. Let M be a slant submanifold of a conformal Sasakian manifold
M such that w' € TM* and € € TM. Then, Q is parallel if and only if M is an
anti-invariant submanifold.

Proof. From (9), we have
QVxY = —(cos? 0)VxY + (cos?)In(VxY)E, (19)

where X, Y € T'M and 6 is the slant angle of M. By taking the covariant derivative
of (9), we get

VxQY = —(cos’0)VxY + (cos®)nVxY¢
+(cos? 0)g(Y, Vx€)€ + (cos™ ) (V) V x&. (20)

Therefore, VQ = 0 if and only if Vx& = 0 for any X € TM. Now, we get the
result from (15).

Theorem 5. Let M be a submanifold of a conformal Sasakian manifold M such
that £ € TM and the tangent bundle decomposes as TM = D® < & >. Then, M 1is
slant if and only if

1. The endomorphism Q|p has only one eigenvalue at each point of M.

2. There exists a function X : M +— [0, 1] such that

(VxQ)Y = M(exp(f)2{g(X,TY)é —n(Y)TX}
S (9, V)E — n(X)w(¥)e
+w(©n(Y)X = n(X)n(Y)wt' }} (21)

forany X, Y € TM.
Moreover, in this case, if 0 is the slant angle of M, we have \ = cos? .

Proof. Statement 1 gets from Lemma 3. Now, we prove the statement 2. Let M is
a slant submanifold, then by using (19) and (20) we have
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(VxQ)Y = (cos®0)(g(Y, Vx€)E + n(Y)V xE). (22)

By putting (15) in (22) we find (21).
Conversely, let \j(p) is the only eigenvalue of Q|p for any point p € M and
Y € D is the eigenvector associated to A1, then we have

QY = \Y. (23)
By taking covariant derivative of (23) and using (21), we get
X(\) +MVxY = Q(VxY)+M(exp(f))2g(X, TY )¢
S EOIX VI (XY}, ()

for any X € TM. Now, we conclude that X (A1) = 0 and then )\ is contact, since
£, VxY and QVxY is perpendicular to Y. For proving that M is slant we refer to
Theorem 4.3 in [2].

Corollary 6. Let M be a three-dimensional submanifold of a conformal Sasakian
manifold M such that & € TM. Then, M is slant if and only if there exists a
function X\ : M [0, 1] such that

(VxQY = M(exp()?{g(X,TY)¢ —n(Y)TX}
S {W(O9(X,V)E — (X )w(¥)e

+( (V)X = n(X)m(Y)wh' 1, (25)

for any X, Y € TM. Moreover, in this case, if 0 is the slant angle of M, we have
A\ = cos? 6.

Proof. 1f dimM = 3, then Q|p has only one eigenvalue at each point of M. There-
fore, the result follows by Theorem 5.

Theorem 7. Let M be a three-dimensional proper slant submanifold of a conformal
Sasakian manifold M such that & € TM, then

(VxT)Y = (cos®6)(exp(f))2{g(X, V)¢ —n(Y)X}
5 10(O9(X, TY)E ~ n(X )TV )e
+w(©n(Y)TX — n(X)n(Y) Tt }, (26)

for any X, Y € T M, where 0 is the slant angle of M.
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Proof. Let X, Y € TM and p € M. Let {£,e1,e2} is the orthonormal frame in a

neighborhood U of p given by Lemma 4. Put {|y = eg and let a{ be the structural
1—forms defined by

2
Vxe; = Z ag(X)ej.
j=0

(27)
In view of orthonormal frame {&, e1, e2}, we have
Y =n(Y)eo +g(Y,e1)er + g(Y, ea)ez, (28)
thus, we get
(VxT)Y n(Y)(VxT)eo + g(Y,e1)(VxT)er
—i—g(Y, 62)(VXT)€2. (29)
Therefore, for obtaining (Vx7T)Y, we have to get (VxT)eo, (VxT)er and (VxT)es
By applying (15), we get
(VxT)eo VXTGO — TVXEO
1
= (exp(f))? 17X + {w(©TX — n(X)Tw" ). (30)
Moreover, by using (12) we obtain
(VxT)el = VXT€1 — TVXel
= Vx((cosf)es) — T(al(X)eg + af (X)e;
+af(X)eo)
= (cos 0)ad(X)eq, (31)
and analogously
(VxT)eg = —(cos 8)ad(X)eq. (32)
By substituting (30), (31) and (32) into (29),we have
1 1
(VXT)Y = (exp(f)20(Y)T*X + 3 {n(Y)w()TX
T
—n(X)n(Y)Twh } + (cos ) {g(Y, e1)af(X)
—9(Y, e2)af(X) }eo. (33)

43



E. Abedi, R. Bahrami Ziabari — Slant submanifolds ...

Now, we obtain af(X) and aJ(X) as follow

a}(X) = g(Vxer,e)
= Xg(e1,e0) — g(er, Vxeo)
= —(exp(f))%(cosﬁ) (e2,X)+ = {w gler, X)
—U(X)W(el)},
and analogously we get
a§(X) = (exp(f))Z(cost)g(er, X)
5 {w@g(e2, X) — n(X)ule2)}
By using (34) and (35) in (33) we have
(VXT)Y = (cos? e>{<exp<f>>%<—Xn<Y> +1(X)n(Y)E)
+g(61 X)g(er,Y)E + g(e2, X)g(e2, Y)E}
+= {n Y)w(E )TX n(X)n (Y)TWjj
COSH (g(e gle1, Y w(€)E
—g(e2,Y)g(e1, ) €313
+g(e2, Y)w(er)n(X)E
Y)w(e2)n(X)€) }.

_9(617

In view of (28), we get

gler, X)g(e1,Y) + g(e2, X)g(e2,Y) = g(X,Y) — n(X)n(Y),
and from (12) and (37), we obtain

g(e1,Y)g((cosb)ez, X) — g(e2,Y)g((cosO)er, X)
= —g(Y,e1)g(e1, TX) — g(TX,e2)g(Y, e2)
= —g(TX,)Y),

and

gler,wh)g((cos0)ea, X) — g(ea, w*)g((cosB)ey,Y)
= _Q(TK 61)9(617‘*)1:1) _g(TY7 62)9(627wﬁ)
= —w(TY).

Now, by substituting (37),(38) and (39) in (36), we get (26).

44

(35)

(36)

(37)



E. Abedi, R. Bahrami Ziabari — Slant submanifolds ...

The next result characterizes three-dimensional slant submanifolds in term of
the shape operator.

Theorem 8. Let M be a three-dimensional slant submanifold of a conformal Sasakian
manifold M such that & € TM. Then, there exists a function C : M s [0,1] such
that

AnxY = AnyX + Clexp(f))2 ((X)Y — n(Y)X)
FO(@g(TX, Y)E+ 9(X, TV + 3 {n(X)o(TY )¢
—n(V)(TX)E +n(X)w(€)TY — (Y )w(€)TX
~w(X)TY +w(Y)TX +w(TX)Y —w(TY)X}, (40)

for any X, Y € TM. Moreover, in this case, if 0 is the slant angle of M, then we
have C' = sin? 4.

Proof. Let X, Y € TM and M is a slant submanifold. From (17) and Theorem 7,
we have

th(X,Y) = —AnyX +(A—1)(exp(f))?{g(X,Y)E —n(Y)X}
5 {9 TY)E — n(X)(TY )¢

Fo(ENWTX — n(X)n(V) Tt + w(TY)X
~w(Y)TX + g(X,Y)Tw* — g(X,TY)w'}, (41)

Now, by using the fact that A(X,Y) = (Y, X), we obtain (40).
In the following, we assume that M is a three-dimensional proper slant subman-

ifold of a five-dimensional conformal Sasakian manifold M with slant angle . Then,
for a unit tangent vector field e; of M, perpendicular to &, we put

ea = (secH)Tey, e3=2¢,
es = (cscO)Ney, e5=(csch)Nes. (42)
It is easy to show that e; = —(secf)T ey and by using Corollary 2, {e1, e2, €3, €4, €5}

form an orthonormal frame such that ey, eo, e3 are tangent to M and ey, e5 are nor-
mal to M. By using (4) and (7), we have
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teg, = —(sinf)e;, tes = —(sinf)eq,

nes = —(cosf)es, mnes = —(cosf)es. (43)

If we put hj; = g(h(ei,ej),er), 1,5 =1,2,3, r = 4,5, then we have the following
lemma

Lemma 9. In the above conditions, we have

héllz = h?h h%z = h?m
1,
hiz = hig = —(exp(f))2sinf
h%z = h%s = h?:a = h§3 =0. (44)

Proof. By applying formula (40) with X = e; and Y = eq, we get
Acyer = Aeser + (cot 0){w(€)é — o +w(er)er + w(ez)ea}. (45)
By using (2), relation (45) yields to the following results
hilQ = h:?h hgz = h?zv h§3 = h?& (46)
Moreover, by putting X = e; and Y = e3 in (40), we have
Ac,es = —(exp(f))2 (sinf)er, (47)
and from (47), we obtain
hiy = —(exp(f))2 sin0, hi; = hiy =0. (48)
Finally, we put X = eg and Y = e3 in (40), then, we have
A e3 = —(exp(f))%(sin 0)es, (49)
and

his = —(exp(f))% sinf, hjs = hg = 0. (50)

The following result characterizes three-dimensional minimal slant submanifolds
in term of VN.
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Theorem 10. Let M be a three-dimensional minimal proper slant submanifold of
a five-dimensional conformal Sasakian manifold M such that & € TM ,then

(VXN)Y = (exp(f)?{2n(X)NTY +n(Y)NTX}
+%{w(Y)NX — g(X,Y)Nw# + g(X, TY )i}
+(cot? B){w(X) — w(©n(X) —w(Y)g(X,Y)
w(TY)g(X, TY)}NY (51)

~ cos? 6
for any X, Y € TM. Conversely, suppose that there is an eigenvalue \ of Q|p at

each point of M such that X € (—1,0). In this case, if (51) holds then M is a
minimal proper slant submanifold of M.

Proof. Let M be a minimal proper slant submanifold. Then, in view of Theorem
8 we have (40). Furthermore, we can get by minimality of M and straightforward
calculation that (40) satisfies if and only if

AVTY = —AwY + (exp(f))2 {2g(Y, tnV)€ + n(Y)tnV'}
+(cot? 0)g(Y, tV){wf — w(§)é — w(Y)Y
—gw(TY)TY}. (52)

By multiplying (52) to X and using (2) we obtain

WX, TY) = nh(X,Y)— (exp f)2(2(NTY)n(X)
HNTX)n(Y)) = (cot® O){w(X) — w(€)n(X)

—W(Y)g<X, Y)
— TY )g(X,TY)}.
TV )g(X, TY)) (5)
Now, From (53) and (18) we get (51).
Conversely, let p € M and e; € D such that T?%e; = —cos? 01e;, where 6, =

f(e1) € (0,%) denotes the angle between @e; and T,M. Now, we define an or-
thonormal frame {ej, s, e3, €4, €5} as follow

e = (sechy)Ter, e3=¢,
es = (cschi)Ney, e5 = (cschi)Nea, (54)
and then we have
tey = —(sinfi)e;, neq = —(cosb)es,
tes = —(sinfi)ez, mnes = —(cosb)es. (55)

47



E. Abedi, R. Bahrami Ziabari — Slant submanifolds ...

It is obvious that from (51) we can obtain (52). Therefore, we find

A]\[e1 €y = tan 91A64T61
= sinf A e; — (cos ) (W — w(€)E —wler)ey
—w(e2)ez), (56)

and

ANne,e1 = —tanb1A. Tes
= (sinf)Ae ez + (cosby)(w — w(€)€ — w(er)er
—w(ez)e2), (57)

Thus, we have
Ane ez = Anese1 — (cos0y)(wh — w(€)€ — wler)er — w(ea)es). (58)
Moreover, we get

SiIl2 9161,

sin? 0y es. (59)

ANeez = (sinf)Ac,e3 = —(exp f)
Ane,e3 = (sinfy)Ae.e3 = —(exp f)

N= N

Therefore, by a direct computation we obtain (40) and by Theorem 8 we deduce
that M is proper slant.To prove that M is minimal we must show the following

hiy + hy + hig =0
hi + h3y + his = 0.

By taking Y € {e1,e2,e3} and V € {e4,e5} in (52), we have

Aciea = Agzep — (cot 9)(Wﬁ —w(§)€ —w(er)er —w(ez)ez),

Ag,er = —Agea —2(exp f)%(sin 0)¢,
Aees = —(exp f)% (sin6)eq,
Ages = —(exp f)2(sinf)e;. (60)

Thus, the result is an obvious consequence of (2) and (60).
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