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ABSTRACT. In this paper, we obtain new univalence conditions for the integral
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1. INTRODUCTION

Let A denote the class of functions of the form f(z) = z + az2% + ... which are
analytic in the open unit disk & = {z : |z| < 1}. Further, by S we shall denote the
class of all functions in A which are univalnt in U.

Pescar [7], has obtained the following univalence criteria

Theorem 1.1.[7].Let y € C, f € S, f(2) = 2+ agz® + ...

If

z2f'(z) — f(2)

T(z) <1, Vzeld
and 1

vl < 2ltaz| |

glé)l( {(1 - 1212) ] - 1‘+|IJ;‘2HZ|I}

then Z
Fw(z):/<f(tt))7dt
0

1s in the class S.

Theorem 1.2.[7].Let a, 3,7 € C, f €S, f(2) = 2+ az® + ....
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If /
M <1,Vzel,
zf(2)
ReB > Rea > 0
and
7] < !
= -1—|Z‘2Rea ) ] |z\+|a2\ ] 9
ﬁ?f | Rea E 1+ az]]2]
then

G (2) = _ﬁ/ztﬂl (fff)ydt
L O

1s in the class S.

We define the next two integral operators
4

Fysy(2) = / (J‘Ht(t))o‘1 o (f[ag(ﬂ)“llé] "
0

where 0 € C, [0 ¢ [0,1), a; € C, fi € A, i = 1,[|0]], a1 - ... - o = 0 and

Gy (2) = v/zt“ (flt(t)>al <f“7£(t)>a“ﬂ dt 7,
0

v e C, ”)/‘ ¢ [O, 1), a;, €C, f; € A i=1, H")/H, Q1 een " Q| = V-
In this paper, we obtain new univalence conditions for the integral operators
Fiisy (2) and Gyg) (2)-

2. PRELIMINARY RESULTS
In order to derive our main results, we have to recall here the following lemmas:
Lemma 2.1.[2].If the function f is reqular in unit disk U, f(2) = z + agz® + ...
and Y
(1 o ‘Z|2> Zf, (Z)
f'(2)

for all z € U, then the function f is univalent in U.

<1,
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Lemma 2.2.[5].Let o be a complex number, Rea > 0 and f(z) = z + a22® + ...
be a regular function in U. If

1 |Z|2Rea
Rea

2f"(2)
f'(z)

for all z € U, then for any complex number 3, Ref > Rea, the function

<1,

1

z

Bz = |8 [ €71 )

0

1s in the class S.
Lemma 2.3. [3].If the function g is regular in U and |g(z)| < 1 in U, then for
all £ € U, the following inequalities hold

9(8) — 9()
1—g(2)g(§)

< £z
=1z

(2.1)

i 1 lg(=)P
/ i AY
| (Z)‘§71—|z|2 ,

the equalities hold in the case g(z) = efjgz, where le] =1 and |u| < 1.

Remark 2.4. [3]. For z = 0, from inequality (2.1) we obtain for every £ € U,

99 =90) | _ g
1—g(0)g(&)|
and hence, €+ 19|
£l +1g(0
< .
= Toste)
Considering ¢g(0) = a and £ = z, then
2| + |al
l9(2)| < ma

for all z e U.
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3. MAIN RESULTS

Theorem 3.1.Let M > 1,5 € C, |§| ¢ [0,1), a; € C, fori = 1,[[0]] and c1-...-aq5) =
§. If fi€ A, fi(2) = 2+ ay2* + ..., fori=1,[|5]] and

2fi(z) — fi(2) T
L) ZIREN v =1, (0], 2 e U, 3.1
20 < 7] (3.)
|041‘ + ...+ ‘a[w]’ <M, (3.2)
o - agg
1
(05 T a“(gu‘ S 2 \Z|+\c\ y (33)
Moy [ R RE =]
where
o et o]
c
Mlen - ... - |
then
[ (A0 Fian ()N 0
Fijg () = / (t )
0
1s in the class S.
Proof. We have f; € A, for all i = 1,[|6]] and fliz #0, for all i = 1, [|0]].
Let g be the function g(z) = (fli )) R (f[‘%]()) “6‘], z € U. We have
g9(0) = 1.
Consider the function
1 Fisp (2)
h(z) = < [|6H(>,zeu
fon -] Fjg (2
The function h(z) has the form:
[13]]

L it
M W \zsnlZ Zfz '

Also,

1K)

h(0) = ! Z oal.

M |ag - ... - aqsy| <
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By using the relations (3.1) and (3.2) we obtain that |h(z)] < 1 and

4
‘ala% + ...+ 04[|5Hag H‘

1 (0)] = = |l

M ‘041 Cet a“(;‘]’

Applying Remark 2.4 for the function h we obtain
gy )
iy ()

1 .
M ‘041 et Oé[‘(gm

|21 + ]
ERECIED

Vzel

and

2] + |¢]

(1_|Z2).2.W Al
1+ |c] [2]”

Fig(2)

Consider the function H : [0, 1] — R defined by

< Mlay - ag] (1= 122) |2 VzeU. (3.4)

Tl

Hiz)=(1-22)z— 1. 2 =
(0) =0 =)oy e

|2l

We have

1 3 1+2|c
H(:)=2. > 0= max H(z) > 0.
<2> 8 21 Jmax H(@)

Using this result and from (3.4) we have:

Fiia ) 2] + I

1—22) 2 P2 < arlay - : 1—2)?) - 2] - 2 s e

(11 = | = e vmbmay | (1 1oF) 1A gy v €
(3.5)

Applying the condition (3.3) in the form (3.5) we obtain that

F// (2)
Ca2) L], el <
(1 |z|> z F[,|5H(Z) <1,Vzel,

and from Lemma 2.1 we obtain that Fj5; € S.
Theorem 3.2. Let M > 1, v, § € C, |y| ¢ [0,1), o € C, for i = 1,[]7]],
a1 an =Y. If fi € A, fi(2) = 2+ ay2% + ..., fori=1,[||] and

2fi(z) = fi(2)
z2fi(z)

<1,Vi=1,[1]], z €U, (3.6)

297



Daniel Breaz and Virgil Pescar — On conditions for univalence ...

||+ ..+ |y

“u (3.7)
o ooy
Re")/ Z R65 > 07
1
g« O‘H’Y”‘ < 2 |zl +el 17 &
EE [CRERER=
where
o] = jarad + .. + apyal ™|
c )
Mlay- ... |7|]|
then

2=

Gy (2) = ’V/Zﬂ_1 <f1t(t)>°‘1 o <W>allv] "
0

s in the class S.
Proof. We consider the function

h(z) = 0/ <f1t(t))‘“

Define the function

| (f 1) ) M

1 h'(z)
M ‘al et 01“7”‘ h’(z)

p(z) = , Zz€U.

The function p(z) has the form:

b
_ ! —fo
PO Mar o] 2 Z i)

By using the relations (3.6) and (3.7) we obtain |p(z)| < 1 and

jonah + ... + o pa”|
()] = = el
o gy
Applying Remark 2.4 for the function h we obtain
1 h/l
|G < B,y
M‘Oqa“,y”‘ h(Z) 1+|CHZ|
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and
1 — ’z‘QReé h”(z) 1 ‘Z’QRG& ‘Z’ + ‘C‘
cz- <M|aj-..- |zl Vzel. (3.9
Red : h'(z) |~ o | Red 12 1+ c]|z|” zeU- (39)
Consider the function @ : [0, 1] — R defined by
1 — g2Red x4+ ‘C|
Q) = Red '33-1+|C|$,:c—|z|.
We have Q (3) > 0= max Q(z) > 0.
z€[0,1]
Using this result in (3.9), we have:
1 _ ’z‘QRe(S Zh”(Z) 1 ‘Z‘QRed ‘Z’ + ‘C‘
<Mlaj-...- . —— 2| ——— | ,Vz e U.
Red W(z) |~ o il f?\i}f Red 12 1+ |cl]z| |’ Z€
(3.10)
Applying the condition (3.8) in the relation (3.10), we obtain that
1— ‘Z|2Re(5 Zh”(Z)
<1,Vzel
Red W(z) |~ #€

and from Lemma 2.2, we obtain that Gy, € S.
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