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FURTHER TWO DIMENSIONAL SERIES EVALUATIONS VIA THE
ELLIPTIC FUNCTIONS OF RAMANUJAN AND JACOBI
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ABSTRACT. Recently, B. C. Berndt, G. Lamb and M. Rogers [4] have shown
that it is possible to evaluate

m+n

[e’e] 0 —1
Flap(x) = Z Z (gcm)(2 +)(cm +b)?

n=—o00 m=—oo

for any positive rational value of x and for many values of (a,b) € N2. In fact,
they have [4] obtain the values of Fi, () for a € 2,3,4,6 with b = 1 by employing
the property of Ramanujan cubic continued fraction (G(gq)), Ramanujan Gollnitz-
Gordon continued fraction (H(q)), Rogers-Ramanujan continued fraction (R(q)) and
their explicit values. Furthermore they have evaluate F{, ) (z) when a > 6 with b = 1
by applying elementary properties of Jacobian elliptic functions, singular moduli and
class invariants. The purpose of this paper is to establish F{,)(z), for a € 8,10,12
with b = 1 using the properties of continued fractions of R(q), G(q) and H(q).
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1. INTRODUCTION

In [11], I. J. Zucker and R. McPhedran submitted the following open problem:

> s —1 m+n o
Z Z (5m)(2+)(5n+1)2 2—5\/510g <\/5+1—m>

NnN=—00 M=—00

+27r—510g <11+5\/5). (1)
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Recently B. C. Berndt, G. Lamb and M. Rogers [4] have established the proof of (1)
by employing elliptic functions and certain properties satisfied by famous Rogers-
Ramanujan continued fraction. In fact they have shown that it is possible to evaluate

m—+n

[e'¢) 0 —1
Fap@) = 3 (m)(g +)(an O

nN=—00 M=—00

for any positive rational value of 2 and for many values of (a, b) € N2, by establishing
the following Theorem:

Theorem 1. Suppose that a and b are integers with a > 2, (a,b) = 1 and assume
that Re(x) > 0. Then

o a—1 ' 00 ) .
F _ 4T —(25+1)b 2541, 2m+1 o —2j—1 2m+1
(a,b)(a:) o w log H (1 w q ) (1 w q ) ,
7=0 m=0
(2)
where w = €™/ qnd g = e/,

According to Berndt et. al. [4], (2) is not difficult to prove, but the deduction of
results such as (1) from (2) is usually more difficult. In addition to (1), they have [4]
also obtain the values of Fi, ) (x) for a € 2,3,4,6 with b = 1 by employing the prop-
erty of Ramanujan cubic continued fraction (G(g)), Ramanujan Gollnitz-Gordon
continued fraction (H(q)), Rogers-Ramanujan continued fraction (R(q)) and their
explicit values. Furthermore they have evaluate Fi, ) () when a > 6 with b = 1 by
applying elementary properties of Jacobian elliptic functions, singular moduli and
class invariants.

The purpose of this paper is to establish Fi, ) (), for a € 8,10,12 with b = 1
using the properties of continued fractions of R(q),G(q) and H(q). We close this
section by recalling certain definitions and results which are required to establish
our results. For |g| < 1, set

o0

(@i @)oo = [ (1 — ag™).

n=0

In Chapter 16 of his second notebook [1], [3], [6] Ramanujan develops theory of
theta-functions and his theta-function is defined by

f(a,b) := Z g /2 pr(n=1)/2, lab] < 1.

n=—0oo
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By Jacobi’s triple product identity, we have

Z @t D/2 pr(n=1/2 — (_g ab)oo (b, ab)oo (ab, ab)eo, labl < 1. (3)

n=—0oo

Following Ramanujan, we define

pla) = fla0)= Y ¢ = ()45 (4)
00 2. 2
W) = flg,q*) =) ¢ = % (5)
= (¢:4%)o
) = fa-)= ) (1" = (g9)w (6)
and
X@) = (4 (7)
We will often find it convenient to employ the notation
fn = f(=q").
Lemma 2. We have
i 5 J1
p(—q) = = ¥(q) = T x(=q) = A
13 f1fa f3 f3
= y — = 5 = d = .
v(q) ERE ¥(=q) 7 x(q) nh fa) I
The celebrated Rogers-Ramanujan continued fraction R(q) is defined by
Rig) = T _d 0 @ @ g <1 ®)
f(=a* —a) Loale Tyl
The Ramanujan’s cubic continued fraction G(gq) be defined by
Glo) = ¢'Pf=a.—¢") _ " a+¢ ¢ +4 ©)
G A L+ 1+ 1 4
The Ramanujan Gollnitz-Gordon continued fraction H(q) [8] is defined by
2 p(_q a7 1/2 2 4
H(q) := ¢S —d) _ 4 d 1 5 lq| < 1. (10)

f(_qg, _q5) 1 + Q+1 + q3+1 + q5+...
We also define
K(q) := M

f(@3, ¢°)
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Theorem 3. We have

o(@) + o) = 245 fq, )R (g, (11)
o(@) —(@®) = 2¢5f(¢* d")R(qY), (12)
(@) +q(@®) = ¢ (% )R (q) (13)
and
(e?) - (@) = ¢5fqh ®)R(g). (14)

For a proof of Theorem 3, see [2, Entry 1.7.1, p. 28], [5, Theorem 3.1].

Theorem 4. We have

1 ()
aw " T G =
and
1 A0

For a proof of Theorem 4, see [3, Entry 1, p. 221].

Theorem 5. We have

3 o o)
©(—=q) + ¢(a”) 2 e (17)
and
e o Pe,97)
p(—q) —pld”) = —2q e (18)
For a proof of Theorem 5, see [3, Example (iv), p. 51].
Theorem 6. We have
R SR i Gl
B N @)= q f9(—¢°) 19)

For a proof of Theorem 6, see [7, p. 135-177, 238-243], [9, 10], [3, p. 265-267], [2, p.
11].
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2. MAIN RESULTS

Lemma 7. We have

(=) _ S[[ 1 '
D \/[mq) #o) ~10 20)
b(—a)e(a") (@(QQ) . 1) _ 2 \/H(q) 1 - K2(q)] [L — H(g?)]
¢392 (¢") \eld*) H(¢?)[1 - H*(¢?)] [1+ K%(q*)][1 - H?(q)]
(21)
and
$(=a*)e(a") (w(qQ) _ 1) __2H(@) \/H(q) 1= K2 [ = )]y
/92 (¢") \eld") [1— H?(q?)] 1+ K2(¢*)][1 — H*(q)]
Proof. We have from [1], [3, Entry 25, p. 40], [6],
p@v(®) = ¢*(q) (23)
¢*(=*) = w(@)¢(-q) (24)
and
¢l(q) —¢'(—q) = 16q ¥ (¢?). (25)
From (23) and (24), we have
’(=¢*) _  pl@e(-q)
q'/* 92(q) q/* o(q)v(¢?)
Y R Gt
q ¥*(q?)
Using (25) in the above, we get
(=) _ o #M9) e
q'/* 4%(q) ai(e®)
Now employing (15) in the above and then changing ¢ to g%, we obtain (20).
We have
p(@®) _ ol / (g
v(q*) q ¥(q®)" q ¥(¢®)
Employing (15) and (16) in the above, we find that
ple®) _ 1+ H*¢?)
plg) — 1-H*¢?) (26)
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Which implies

o(qh) Tl H?%(¢?) 27)
and
p(¢®) | 2H*(¢%)
o) T Iom) 28)
By employing (23) twice, we find that
V(=Peld)  |e(=¢*)v(qh)
@t P2 Y2 (q®)

_[e(=d?) eldh)  P(dh)
p(q*) av(d®) q'/2 v(g®)
Employing (26), (15) and (16) in the above, we find that

P(=g*)plg") _ [T1=K%*(¢?) L [H(g) [+ H2(¢%)]
W“M%)_¢L+K%ﬁ]bwﬁ HW%LH)U—H%M} (29)
(

Now, (21) follows from (27) and (29) and (22) follows from (28) with (29).

Theorem 8. Suppose ¢ = e ™/ then

Fig1(2) a0 BVOTN AV YU e
en(T) = vz log - G
da A—\2+ 2\/‘5‘/53— %ﬁc

V2—v2 V2+v2
+M10g A-v2- V2 B V2 ¢ ,
A+2+ V22 p V22

where

5o ¢ 2 V{H@ 5) [1— K2(g2)] 1 H%&%q
H(g?) [T~ H*(¢)] 1+ K2(g?)] [1 - H2(q™)

o ¢ 2H (¢%) V[H@ 5 [1 - K2(¢®)][1 H%@%q
1 — H2(¢%)] T+ K@) - B2 |
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Proof. 1f we set (a,b) = (8,1) in (2), we find that

T o (25 +1 (25 +1
F(s,l)(:v) = —EZCO ( )1 og H (1 — 2¢0s < >q2m+1 +q4m+2>
§=0
o (1 — V2 1 V2g2m ¢ q4m+2) g2 +2)
= = 2 +v2log H
4x =0 (1 + 2 _ \/§q2m+1 + q4m+2) 1 _ q2m+2

00 1—4/2—+2 2m+41 Am~+2 1— 2m+2
+y2-V2log ] ( VAT v )E ) (30)
m=0

(1 + 2 + ﬂq2m+1 + q4m+2> 1— q2m+2)

Letting w = €™/ and then using (3), we find that the denominator of second term
is equal to
oo
U(q) = H <1 + ‘/2 4 \@qu-i-l + q4m+2> (1 _ q2m+2)
m=0
= (w4 ¢*)oo (0G5 )0 (@%; ¢°) oo
(o]
n=-—00
o
_ Z (—1)" |:q(8n)2 + wq(8n+1)2 i qu(sn+2)2 i CL):sq(gnjL:a)?
n=—00

+w4q(8n+4)2 1 w5q(8n+5)2 4 w6q(8n+6)2 4 w7q(8n+7)2} '

From (4), we have

U = p () + 243 |3 (-1l —Z(—l)"q(s””)Q]
n=0 n=0
+ \@ Z(_l)nq(8n+2)2 _Z(_l)nq(8n+6)2]
n=0 n=0
+ 9 _ \@ [Z(_l)nq(8n+3)2 o Z(_l)nq(8n+5)2]
n=0 n=0
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=0 (_q64) + /2 + \@ q i (_1)71 (q16)4n2+n

n=—oo

+ \/§q4 i (_1)71 (q16)4n2+2n

n=—0oo

+ /2_\/§q9 i (_1)71 (q16)4n2+3n ‘

n=—oo

From the definition of f(a,b), we have

Ulg) =o(—¢®) + \2+V2qf(—¢" —¢¥)

+ V24 (@) + 2 - V2 P F(—¢'%, —¢').
Now employing (17) and (18) in the above, we find that

Ulg) =(—¢*) + V2q"¥(d*)

T 2j§ﬁ 2 [6(="%) (9(¢) + (¢™)]
; QJ;@qw—qlﬁ)(@(qw)—so(q?’?))]%. (31)

Similarly, we obtain

ﬁ <1 4 /2 _ \/§q2m+1 + q4m+2) (1 - q2m+2)

m=0

. tf ¢ [H(=0")((¢"®) + p(a))]
- Qgﬂq[w—qlﬁ)(@(ql% o)} (32)

ﬁ <1 _ 9 \/§q2m+1 + q4m+2) (1 _ q2m+2)

m=0

= o(=¢*") + V2 ¢*v(¢*)

232



K.R. Vasuki, R.G. Veeresha, Khaled A.A. Alloush — Further two dimensional ...

- R ) + )
- ) ela) - ol (33
and
f[o (1 — 2 —V2P 4 q‘“"“) (1 —¢*m*2)

g [6(—a"®)(0(d'%) — o(g®))] . (34)

Now substituting (31), (32), (33) and (34) in (30), we obtain

Figiy(z) = — % {\/2+ V2log (

2-‘,-\/5 2—\/5

A/Jr\/ﬁ—v\/5 B — 2=
V22 V242

A =2+ B - el

A/ . \/i_ \/27\/53/—%- \/2+\/§Cl
+ V2-+2 log V2 V2 . (35)
A+ 2+ \/3,753'— \/25750/
where
64
g o )
q* ¥(g3?)’
) P(—q'%)(q*) <<P(q16) )]1/2
B = 1
[ q5¢2(¢3?) ©(q*?) "
and

s 0@ (e@® N\
“ = [ ¢S (¢%?) (@(q?’?) 1>} '

Using (20), (21) and (22) in (35), we obtain the required result.

233



K.R. Vasuki, R.G. Veeresha, Khaled A.A. Alloush — Further two dimensional ...

Lemma 9. We have

p(—q) _ [1—H?*(¢"/?)] /H"q) — 6H?(q) +1
q'/* P(g?) H(q"/?)[1 + H?(q)]

Proof. From (15) and (16), we have

p(¢*) 1-H(q)

olg) 1+ H2(q) (36)
Also, we have from [3, Entry 25(vi)],
¥ (q) + *(—a) = 2¢%(¢%),
> ¢*(—a) _, ¢ ()
2 P
Employing (36) in the above, we obtain
(-0 _ [1 - HQ(Q)]2 _1
©*(q) 1+ H?(q)
H4<Q) — 6H2(Q) +1 (37)
[1+ H2(q)]”

Now consider

©*(—q)  ¢(q)
3 q) ¢*Y(g?)

Employing (37) and (15) in the above, we find that

p(—q) _ [1—H?(q"?)] VHq) — 6H?(q) +1
a/* Y (q?) H(q'/?) [1+ H?(q)]

Lemma 10. We have

wlg) \/1+R<q>R2<q2>—R2<q>R4<q2>
q'/% () R(q)R*(¢?) '
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For a proof see [2, Entry 1.8.2, p. 35], [5, Theorem 4.2].

Lemma 11. We have

o) _ ([ HAG)] VHN g —6H () + 1)
) H(q'/%) [L+ H*(q)

\/ 1+ R(¢?) R?(q*) — R2(¢?)R*(¢")
R(q?)R%(q*) ‘

Proof. We have

@ P(g'0) g (q?) q v(gt0)

By previous two Lemmas, we obtain the required result.

o(—q) ol-9) ¥ (38)

Theorem 12. Suppose ¢ = e~ ™%, then

Foon(e) = — & dY10+2V5 poYiefip, Vi iy vy
(10,1) 5 2 E+ \/WF—F \/5+1G+ \/mH+ \/5_11
2 1 5 0
L V025 BV 2hp, fiag VoS ey
og ’
where

1— H2(q50)\/H4(q100) _ 6H2(q100) +1

b= H(g)[1 + (™)) |
e L[ [FREORE) - RO RGE)
~ R(¢™) R(q*)R?(¢*) o
a - ! [1— H?2(¢"%)] /H*(¢®°) — 6H?(¢®) + 1
= R H(q') [1 + H2(¢%) .
Lt Rg®) R () — B {q) R ()
R(q')R*(¢%)
1— H2(q50)\/H4(q100) _ 6H2(q100) +1
- H(g>®) [1 + H?(q'")] ’
B 1 + R(q40)R2(q80) _ RQ(q40)R4(q80)
H = R(qgo) \/ R(q40)R2(q80) +1
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and

_ [1— 12(q")] /AT~ 2™ 7 1
e e { K () [+ B2 -

1+ R(¢*)R?(¢*°) — R*(¢*°)R*(¢®°)
R(q*)R*(¢™)

1~ 12 (%) \/HA (1) — 6GH2(q10) § 1
" H(g™) [1 + H2(q'00)] '

Proof. 1f we set (a,b) = (10,1) in (2), we find that
7(2 +1) 72+ 1)\ o .
Flio)(@ :—*Z ( ] >1gH<1—2C < (jo )>q2 gt +2)

(1 . 10;2\/5q2m+1 + q4m+2)

T \/104—2 H

ot m=0 (1 + v 10+2\/5q2m+1 4 q4m+2>

(1 B \/qumﬂ I q4m+2)

2

(1 + 7\/102_2\/5(]2771-1—1 + q4m+2>

. (39)

V10 — 25 i
+72 log WHO

Letting w = ¢™/10 and then using (3), we find that the first term of denominator is

equal to

2

1 (1 4 7Vl0+2\/5q2m+1 + q4m+2> (1 _ q2m+2)

m
= (~wg; ¢*)oo(—04; ¢*) 0 (0% ¢*) o

Z (—1)" |:q(10n)2 +wq(10n+1)2 +w2q(10n+2)2 +w3q(10n+3)2

n=—oo

Hw q(10n+4)2 + qu(10n+5)2 + w6q(10n+6)2

Hw q(10n+7)2 + w8q(10n+8)2 + w9q(10n+9)2
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From (4), we have

Ko+ LIS S5 pgoner]

n=0 n=0

B VE+1 Z(_l)nq(10n+2)2 _ Z(_l)nq(10n+8)2]
2
n=0 n=0
V10 -2V5 [Z(_l)nq<10n+3>2 _ Z(_1)"q<10"+7>2]
2
n=0 n=0

B \/5 -1 [i(_l)nq(10n+4)2 o i(—l)nq(10n+6)2]

2
n=0 n=0

g1 \/104‘2\/5(1 i g0y +n

_ @ q4 io: (_1)n(q20)5n2+2n

2
n=—oo
10 —2 -
+ 02 \/g q9 Z (_l)n(q20)5n2+3n
n=—oo
oo
n 5—1 g6 S (—1)r(g0)
n=—oo

Using the definition of f(a,b) in the above, we obtain

X =pl-g™) + VI pgm gy

10 ; 2\/5 q9f(q407q160) + \/52_ 16f( 180)'

Now employing (11), (12), (13) and (14) in the above, we find that
00y |V 104+ 2v5 5 [¢(¢") — ¢*°¥(¢*™)
2 ! R(q)
V5 +1 [cp(—qm) - s@(—qmo)}
4 R(q*)

10;2\/5 q5 [w(qw) +q20w(q200)] R(qZO)

V5 —1
4

\f‘i’l G (=%, —g10)

X(q) = p(—q
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Similarly, we obtain

lo—o[ (1 n V10 — 2\/5q2m+1 i q4m+2) (1 _ 2m+2)

9 q

— o(—¢') 4+ 10 — 2v/5 & V(qm) — q201/1(q200)]

2 R(¢*)
V51 [@(—qm) - @(—qwo)]
4 R(¢*)

V10 +2v5

- ¢ [U(d™) + (@) R(¢*)

\/54+ ! [o(—=¢*) + o(—¢"™)] R(¢™),

ﬁ <1 - 7Vl0+2\/5q2m+1 + q4m+2> (1 _ q2m+2)

_|_

2

m=0

= p(—¢

100y _ V10 4+ 2v/5 7 {¢(q4o)—q20¢(q200)]
2 R(q*)
V5 +1 [o(=6*) — p(=¢'")
e o v

— 1022\/5 ¢ [¥(q") + ¢®¥(¢®™)] R(¢*)
V5 —1

4

(1 V10— 2\/5q2m+1 +q4m+2> (1 _ 2m+2)
2

[o(=¢*) + o(—¢"")] R(¢™)

and

i q

m=0

= p(—¢

100) v 10 —2v/5 q5 {chm) - qmd)(qQOO)]
2 R(q?°)
V51 [s@(—qm) - @(—qloo)]
4 R(¢®°)

10;2\/5 ¢ [¥(g") + ¢®¥(¢®™)] R(¢*)

V5 +1
4

_l’_

_l’_

[o(—=¢*) + o(—¢"")] R(¢™).
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Now substituting (40), (41), (42) and (43) in (39) and then employing Lemma 9,
Lemma 10 and Lemma 11, we obtain the required result.

Lemma 13. We have A
200 ) 5adg).

t(—q*)
For a proof see [3, p. 347].
Lemma 14. We have
o f@) \/ H(q"/?) [+ H*(g))’ Y e
q o(—q%) [1—6H2(q) + H(q)] [1 —H2(q1/2)} x /1 —8G3(q?). (44)
g1/ o(q?) _ i/[H“(Q) — 6H2(q) + 1] [1 — H2(q"/2)] [1 + H2(¢2)]” H(q) "
x(9)p(—q%) [1+ H2(q)]> H(q*/2) [H*(q?) — 6H?(¢%) + 1] [1 — H2(q)]
4 [1+ H2(¢%))
\/H4<q3> ~GHR() + 1 )
g _ed) \/ Hg) [1 + H2(?))” }
X(—¢*)e(—¢*) (1 — H?(q)] [H*(¢?) — 6H*(¢?) + 1]
4 [1+ H2(¢%)]
\/H4<q3> GH2(g) + 1 (4e)
s V(=q)  H(?)[1-H*(¢"/Y)]
ql 8 <p(_q2) - H(q1/4) [1 +H2(q1/2)] (47)

X

[}
—
S~
w
=
—
|~
<=
—
=4

5 _ \/ [1 — H2(g)] [H*(¢?) — 6H?(¢?) + 1] H(¢"/?)
H(q) [1+ H2(¢*)]* [1 — H2(¢"/2)] [H*(g) — 6H?(g) + 1]

f/ [+ 72 (q) H(q?) [t B H () [+ H2 ()] "
[1— H2(¢%/2)] [H*(¢%) — 6H?(¢*) + 1] [1 — H?(¢*)] [H*(¢°) — 6H?(¢°) + 1]
Proof. From Lemma 2, we have
q1/24 f(g) _ q1/24 fig 1
¢(—¢°) fifae(—=4%)
— g/ 1 o(=4%)
x(=q) ¢(=4°)
— 6 1 4 804(_q2) (49)

gV x8(=q) || ¢*(—¢%)
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We have

Using (23) in the above, we have

X(—q) =

2(Q) P(q )'
Employing (39) and (15) in the in the above, we obtain

[H(g) — 6H?(q) + 1] [1 — H(¢"%)]

gV (—q) = H(q'/?)[1+ H2(q))?

Now employing (50) and Lemma 13 in (49), we obtain (44).

We have )
X\—4q
q =
X2 x(=q)
Thus,
q1/24 (%) _ q1/24 xX(=9) 4 ¢*(d®) .
x(a)p(—4°) xX(=¢?) | ¥*(=4°)
Using (24) in the above , we find
2 o(q?) 7"*'x(=q) .| ©*(?)

x(q)p(—4%) x(=¢*) \ ¢*(=¢?)

\6/q1/4x6(Q) il/ ©?(¢%)
g 2x5(=¢?) || ¥ (=¢*)

Employing (37) and (50) in the above, we obtain (45).

By (24), we can see that

o) _ \4/w2<—q>w2<q> _ \/ #2(g)
v(—q) p*(—q) P (—q)
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Employing (37) in the above, we find that

p(=a%) _ ix/ [+ H(q))”
¢(—q) H%(q) —6H?(q) + 1

Changing ¢ to ¢3, we get
p(=¢%) _ of [+ HAA)
o(—q) HY(q%) — 6H*(¢%) +1°
From (50) and the above, we deduce (46).

We have, from [3, Entry 25(iii), p. 40],

Multiplying the above equation throughout by ql/ 8 , we obtain

1

o(—4?)

q1/8 ¥(—q) :ql/S (*)e(—=¢)
©(—q?) V(q)p(—q?)

i.e.

q'/8 (=q) — g1/8 w(QQ)'
e(—q) ¥(q)
Now changing ¢ to ¢? in (16), we obtain

1+ H*(¢*)  o(d®)

H(@)  qy(e®)

Dividing (15) from (52), we get

2 Ww(g®)  H(¢®) [1— H*(q)]

W(gY)  H(q)[1+ H?*(¢?)]

Changing ¢ to ¢'/* in the above and substituting in (51), we obtain (47).

From Lemma 2, we have

ysX@Y(=a®) s f3 iz fs
) R f3
Jo Sz

1/3
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Again using Lemma 2, we have

JX@YE) q'* x(q)
o(—q%) X(=¢*)x(—¢°%)
1/3 x(— q2) 1

X0(=q) x°(=¢*)x°(—=¢°)

_ a2x8(—q?)
e V2X5(—q) ¢73/*XS(=¢?) ¢3/2x5(—¢P)

Employing (50) in the above equation twice, we obtain (48).

Theorem 15. Suppose ¢ = e ™/ then

\er\[ o0 1—@A—%B+WC—ID+E
F(12,1)(35) 693 H NG
S\ 1+ A+fB+\fC+fD+E
_ o0 Sy B—+3C+V2D +E
+\/6 ﬁlogH + 5B -V3C+ V2D +
2 m=0 \1+%A— 5B —V3C - V2D +E
— V2B ++2D - 2E
JM[IOgH ( +v2B — \fD—2E>
where
. H(q'?) [1+ H2(¢*))? . :
t o \/[1—6H2(q24)+H4(q24>][ ) VTR
B \B/H(q“) [1+ H2(¢"))* [1 — 6H2(¢**) + H (¢*Y)] [1 — H?(¢"2))] y
H(q'2) [1+ H2(q24))* [1 — 6H2(q*) + H*(q*®)] [1 — H2(¢24)]
4 1+ H2(¢72)]?
1_6H2(q72)+H4(q72> ?
\5/ H(q*®) [1 + H?(¢*9)]? \/ [1+ H2(q'))?
C = X ’
[ H2q )P [+ HA(q™) — 6H2(q)] | 1= 6H2(q™) + H(g'™)
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H(q*®) [1 - H?(¢"®)]

D= mes i m ()

and

s \/ [1— H?(q")] [H*(¢%) — 6H>(¢%°) + 1] H(¢*)
H(q™) [1+ H (")) [1 = H2(@Y)] [H'(¢"%) = 6H>(¢"%) + 1]

i/ [1+ H2(q)” H(q™) 1+ H2(q9))° H(g) [+ ()]
1= 1)

[H4(q144) _ 6H2(q144) + 1] [1 _ HQ( 144)] [H4( 288) 6H?2 ( 288) + 1] :

Proof. 1f we set (a,b) = (12,1) in (2), we find that

11 . o) .
25 +1 2j+1
Faony(z) = ——é; cos <7T( ‘12 )> log I | <1 — 2cos <7T( ]12 )> gt +q4m+2)
=0

( f+f g2m +q4m+2) (1 _ q2m+2))

1+ f+f @mtl 4+ q4m+2) (1 — 2m+2)

0

:_67;{ mﬁ

¢ [T

o f V2 2m+1+q4m+2> 1— g2m+2)
1_|_ f V2 g2m+1 +q4m+2) 1— g2m+2)

(

(
2m+1 + dm—+2 2m+2

+v2log H < \[q2m+1 +Z4m+2)) El _ q2m+2§ >1 (53)

Letting w = ¢™/12 and then using (3), we find that the first term of denominator is

equal to

Vig) = ﬁ (1 " \/5—; \/§q2m+1 Jrq4m+2> (1 _ q2m+2)

m=0

= (~wq; %) oo (—04; ¢*) 0 (4% ¢*) o

i >
— wnqn

n=—oo
oo
_ Z (=1)" |:q(12n)2+wq(12n+1)2+w2q(12n+2)2 +w3q(12n+3)2
n=—oo

+w4q(12n+4)2 +w5 (12n+5)2 +w6q(12n+6)2 _|_w7q(12n+7)2

+w8q(12n+8) +wq(12n+9) Lot q(12n+10) Lot (12n+11)]
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From (4), we have

V(g) = (—¢") + \/645\/5 S (—1yngltzntt? —Z(—l)"q(12"“1)2]
n=0 n=0
+ \/g Z(_l)nq(12n+2)2 _Z(_l)nq(12n+10)2]
n=0 n=0
+ \/i [Z(_l)nq(12n+3)2 . Z(_l)nq(12n+9)2]
n=0 n=0
+ Z(_l)nq(l2n+4)2 B Z(_l)nq(12n+8)2]
n=0 n=0
M [Z(_l)nq(12n+5)2 _ Z(_l)nq(12n+7)2]
2 n=0 n=0
6+v2 — nZin 2 om
V(Q)=<P(—q144) + \/2fq Z (=1)" (q24)6 24 —|—\fq4 Z 24)6 242
+ V2¢° i (D" (9™ g1 Z o Han

7\/6; v2 ¢ D (-n" (¢4 "

Using the definition of f(a,b) in the above, we obtain

Vig) = o (_q144) n M qf (_q120 168) +V3 g f(~q 192)

2
+ \/>q f( 216) \[;\f 25f( 4 264)
+ q16 f (_q48’ _q240) \/> \/> 25 f( 4 264)

Now employing (4), (5), (6) and (7) in the above, we ﬁnd that

B V6 ¢ qa ¢(d?) o (—¢*)
Vi =e e+ T H T g e T e
L VA 7 1/}(—(172) + ¢y (_q48) ¢(—q144). (54)

Now changing ¢ to —q in the above, we obtain

e 9]
V6+ 2
H (1 — Tq2m+1 + ¢ t? (1 _ q2m+2)
m=0
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72)

qu g ¢(a 1 ¢ (—a
£ a”) V2 x(¢*) V3 X (—¢%)

=¢(—q144) o
- fq O(—q™) + ¢'% x (—=¢") (=¢"*").  (55)

Similarly, we obtain

ﬁ (1 — wq%ﬁl + q4m+2> (1 _ q2m+2)

m=0

72)

V6 g g ¢(q
ERRAUR RS ey X ™)

(
4 \/5 q9 1/}(_(]72) 4 q16 % (_q48) w(_q144)' (56)

ﬁ (1 + \/6_ \/§q2m+1 + q4m+2> (1 _ q2m+2)

— (_q144)

72)

(144 Q i@(q _
—e(=at) =+ fa™) - V2 x(¢*) T (=)
- \fq V(=) + ¢"° x (—¢*®) v(-¢"*). (57

=

(1 V22 4 q4m+2> (1 _ q2m+2)

72)

—p(a) — VEELD B v

— 21y (_q48) ¢(—q144) (58)

and
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ﬁ (1 V22 +q4m+2) (1 _ q2m+2)

m=0

72
—plca) + VL)

2q16 % (_q48) w(_q144). (59)
Now substituting (54), (55), (56), (57), (58) and (59) in (53) and then employing
Lemma 14, we obtain the required result.
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