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COEFFICIENT BOUNDS FOR A SUBCLASS OF BI-UNIVALENT
FUNCTIONS

C. SELVARAJ, T.R.K. KUMAR, G. THIRUPATHI

ABSTRACT. In the present investigation, we introduce two new subclasses STx (b, ¢)
and C'Vx (b, ¢) of bi-univalent functions defined in the open unit disc U = {z : |2| < 1}.
Besides, we find upper bounds for the second and third coefficients for functions in
these new subclasses.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

We let A to denote the class of functions analytic in U and having the power series
expansion

f(z) =2+ Z anz". (1)
n=2

Also we let S to denote the class of functions f € A which are univalent in
U. The Koebe one-quarter theorem [5] ensures that the image of U under every

univalent function f € S contains a disk of radius T Thus every univalent function

f has an inverse f~! satisfying f=! (f(2)) = 2,(z € U) and

£ ) = (Jul < oot = 5 )
where
fH(w) = w — agw? + (243 — a3)w? — (5a3 — Sagas + ag)w + - - - . (2)
A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are

univalent in U. Let ¥ denote the class of bi-univalent functions in U given by (1).
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The coefficient estimate problem for the class §, known as the Bieberbach conjec-
[e.e]
ture, is settled by de-Branges [3], who proved that for a function f (z) = Z+Z anz"
n=2

in the class S, |ap| < n, for n = 2,3,---, with equality only for the rotations of the

Koebe function ;

(1-2)*

Lewin [7]investigated the class ¥ of bi-univalent functions and showed that
|ag| < 1.51 for the functions belonging to ¥. Subsequently, Brannan and Clunie
[4] conjectured that |ag| < v/2.

An analytic function f is subordinate to an analytic function g,written f(z) <
g(z), provided there is a schwarz function w defined on U with w(0) = 0 and
lw(z)| < 1 satisfying f(z) = ¢g(w(z)). Ma and Minda [8], unified various sub-
2f'(2)
f(z)

is subordinate to a more general superordinate function. For this pur-

K()(Z) =

classes of starlike and convex functions for which either of the quantity or

()
f'(z)
pose, they considered an analytic function ¢ with positive real part in the unit disk
U, $(0) =1, ¢'(0) > 0 and ¢ maps U onto a region starlike with respect to 1 and
symmetric with respect to the real axis. Such a function has a series expansion of

the form

1+

¢(z) =1+ Biz + Bez? + B3z* + -+, (B1 > 0). (3)

Definition 1.  Let b be a non-zero complex number. A function f(z) given by (1)
is said to be in the class STx (b, ¢) if the following conditions are satisfied:

1 (272)
fex and 1+b<f(z) —1>-<q§(z), zeU (4)
1 (wg'(w) o) w
and 1+b< o(w) 1><¢( ), e, (5)

where the function g is given by
g(w) = f1(w) =w — agw? + (243 — az)w® — (5a3 — bagaz + ag)w* + - -

Definition 2.  Let b be a non-zero complex number. A function f(z) given by (1)
is said to be in the class C'Vx (b, @) if the following conditions are satisfied:

2f"(2)
f'(2)

fex and 1+[1)< ><<Z>(z),z€U (6)
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1 (g (w)
d 1+ —
md 2ty ( g w)

where the function g is given by

><¢(w),w€U, (7)

g(w) = £~ () = w— agw? + (243 — ag)w® — (53 — basaz + agyw' +--- .

2. COEFFICIENT ESTIMATES

Our first result provides estimates for the coefficients a9, as for functions belonging
to the class ST (b, ¢).

Theorem 1. If f € STx (b, ¢), then

b| BivB
b1 BV B and |as| < (By +|Ba — Bi) |b]. (8)

Proof. Since f € STx, (b, ¢), there exists two analytic functions r,s : U — U, with
r(0) =0 = s(0), such that

1 zf’(z)_ — b (r(z an 1 wg’(w)_ = ¢ (s(z
vy (g 1) = a1 (SR 1) =oeen. ©

Define the functions p and g by

_147(2)

p(2) = —  14s(2)

C1—s(2)

= 1+q1z—|—qu2+- -
(10)

= 14+prztpez®+--- and q(z2)

Or equivalently,

_pz) -t 1 P\ o p1 (P Pip2\ 3
T(Z)—p(z)Jrl—Q Y E i U Rl Seaiat ) Bl Eis

(11)

and
(=18 (e () (e B () - 22) ).
(12)

It is clear that p and ¢ are analytic in U and p(0) =1 = ¢(0) . Also p and ¢ have
positive real part in U and hence |p;| < 2 and |g;| < 2. In the view of (9),(11)and
(12), clearly,
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1 (z2f'(2) o (plz) -1 1 (wg'(w) -\ _  (a(w) -1
v (1) e Grm) = v (5 -1) =2 (s A
Using (11) and (12) together with (3), one can easily verify that
— B B 2

(i) = e (3 (o 5) vama) 7o 0

and
w) — B B 2\ | Bogi
¢<ZEU};+1> =1+ T+ (21 (qg—qzl> +rf1> w e (15)

Since f € ¥ has the Maclaurin series given by (1), computation shows that its
inverse g = f~! has the expansion given by (2). It follows from (13),(14) and (15)
that

1
as = §Blbp1, (16)
205 — a2 = SBib (ps — 2p2 ) + 2 Bap2 1
az —ay = 5 Bib{ p2 — 5P +4 201 (17)
and
) B1b 2 Baopib 2 Bsbp3
a‘g —3agaz + 3a4 = 71 <2P3 +p1 <]721 p2) p1p2> + 251 <p2 - p21> + 38p1. (18)
And 1
— a2 = 5 Bibgy, (19)
2 1 1, 1, 5
3a; — 2a3 = 2315 92— 5% + 4B2Q1b, (20)

B1b 2 Bog1b 2 Bsbg
5a3 —15a3 +12a2a3 —3a4 = —— (2% +a ((11 - QQ> - Q1CI2) + 20 (Q2 - (]1) + =2

2 2 2 2 8
(21)
From (16) and (19) , it follows that
P =—q, (22)
and from (17)
a—“—%+13b i+ Ly (23)
375 412?2 81171 82171-
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Now (17),(20) and (23) gives

BiY* (p2 + g2)
4(B3b+ By — By)’

a3 = (24)

Using the fact that [pa| < 2 and |g2| < 2 gives the desired estimate on |as|,

|b| Biv/ B

From (17)-(22), gives

(52) (32 + a2) + w3 (B2 — B)
: .

Using the inequalities |p1| < 2, |p2| < 2 and |g2| < 2 for functions with positive real
part yields

a3 —

lag| < (B1 + |B2 — Bi|) [b].

B 1+ Az

For a choice of ¢ (2) = 1+ B
z

—1 < B < A <1, we have the following corollary.

Corollary 2. Let —-1< B < A< 1. If f € ST (b, }igg), then

4] < 0] (A — B)
~ VI(A=B)b+(1+ B)|

and
las] <|A—B|(1+[1+ B|)[b|

1+2\“
1 _
theorem, we get the following corollary.

If we let ¢ (2) = =14 2az+2a%22+---,0< a <1, in the above

Corollary 3. Let 0 < a < 1. If f € STx (b, ), then

2a0|b|

lag| <
|2ab + (1 — )]

and
las] < 20 (1 + |a—1]) [B] .
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Remark 1. It is interesting to note that several well known and (presumably) new
results can be obtained by specializing the function ¢(z). For details see [1], [2].

Analogous to the coefficient estimates obtained for the class ST (b, ¢), we now
proceed to obtain the coefficient estimates of the class C'Vx (b, ¢).

Theorem 4. If CVx (b, ¢), then

|a2| < ’b|BlvB1

(B1+ B2 — Bi|) |b]
V2B +2(B1 - By)

2

and as| < (25)

Proof. Since f € CVx (b, ¢), there exists two analytic functions r,s : U — U, with
r(0) = 0 = s(0), satisfying

g () =006y a1 (98 oty @)

Let p and ¢ be defined as in (10), then it is clear from(26),(11)and (12)that

) o) 1o} o ()

It follows from (27),(15) and (16),

1

2@2 = §Blbp1, (28)

9 1 1, 1 2
6as — 4a5 = =B1b ( p2 — =pi | + = Bapib, (29)

2 2 4
1
—2ay = 53156]1, (30)
and

2 1 1, 1 2

8aj — 6as = iBlb G2~ 50 + ZBwlb' (31)

The equations (28) and (30) yield
P1=—q1 (32)
and from (29) and(31), we get

2 B%bQ (p2 + q2)
CL2 = 3
8 (B#b+2(B1 — By))
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which yields the desired estimate on |as| as described in 25.

Similarly, it can be obtained from (29)-(31),

(Ble) (2p2 + q2) + (%) (B2 — By)
6

asz —

which yields the estimate (25).

Corollary 5. Let -1 < B< A<1. If f € CVy (b, iigi), then

as] < b (A — B)
“V2[(A-B)b+2(1+ B)|

and

|A— B|(1+1|1+ BJ)|b]
5 )
Corollary 6. Let 0 < a<1. If f € CVx (b, ), then

las| <

o]
lab + (1 — «)

las] <
and

laz| < a (14 |a—1])[b].

3. COEFFICIENTS BOUNDS FOR THE FUNCTION CLASS My («, ¢)

Theorem 7. Let f given by (1) be in the class My («, ¢), then

0] B1vV/B1
V(1 +a) B+ (1+0a) (B - By)|

(B1+ | B2 — B1]) |b|

as| <
a2 < (14 )

and |as| <

(34)

Proof. If f € My, («, ¢), then there are analytic functions r,s : U — U, with r(0) =
0 = s(0) such that

a4 ) e o
() ) o o
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From (14),(15),(35)and(36), it follows that

1
(I1+a)az = §Blbp1,

1 1 1
(2+4a)as — (1 +3a) a3 = §B1b <p2 - 217%) + 1321?%67

1
- (1 + Oé) ag = §Blbql

and

1 1 1
(3 + 5a) a% — (24 4a)asg = §B1b (qg — 2q%> + ZBQQ%b'

From (37),(39),
b1 = —q1.
The equations (38),(40)and(41), gives

Biq'bQ (p2 + ¢2)
4(1+ ) (B} + (1+a) (B — B2))

o =

which yields the desired estimation of |as| in (34).
Subtracting (38) from (40) , using (41), gives

Bib ((3+50) p2 + (1 +3a)) + bp} (B2 — Bi)
4(142a)(1+ «)
Using the familiar inequalities |p;| < 2 and|g;| < 2, (43) gives

az =

(B1 + |Ba — By) [b]
(1+ )

laz| <

(44)

Remark 2. If we let b =1, Theorem 3.1 reduce to the result of R.M.Ali et.al [2].
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