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Abstract. In this paper, we introduce a unified family of Hermite-based Apos-
tol Bernoulli, Euler and Genocchi polynomials.We shall show that there is an inti-
mate connection between these polynomials and a new class of generalized polynomi-

als associated with the modified Milne-Thomson’s polynomials Φ
(α)
n (x, ν) of degree

n and order α introduced by Derre and Simsek. Some implicit summation formulae
and general symmetry identities are derived by using different analytical means and
applying generating functions. These results extend some known summations and
identities of generalized Bernoulli, Euler and Genocchi numbers and polynomials.
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1. Introduction

Recently, Ozarslan [15] introduced the following unification of the Apostol Bernoulli,
Apostol Euler and Apostol Genocchi polynomials. Explicitly Ozarslan studied a
generating function of the form(

21−ktk

βbet − ab

)α
ext =

∞∑
n=0

P
(α)
n,β (x; k, a, b)

tn

n!
(1.1)

(t+ b ln(
β

α
) < 2π, kεN0; a, bε<+;αε<, βεC)

We notice that for α = 1,

P
(1)
n,β(x; k, a, b) = Pn,β(x; k, a, b), nεN
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and then (1.1) reduces to

21−ktk

βbet − ab
ext =

∞∑
n=0

Pn,β(x; k, a, b)
tn

n!
(1.2)

which is defined by Ozden [17]. Ozden et al in [19] introduced many properties of
these polynomials. We give some specific special cases
1. By substituting a = b = k = 1 and β = λ into (1.1), one has the Apostol-

Bernoulli polynomials P
(1)
n,β(x; 1, 1, 1) = B

(α)
n (x;λ), which are defined by means of

the following generating function(
t

λet − 1

)α
ext =

∞∑
n=0

B(α)
n (x;λ)

tn

n!
, (| t+ log λ |< 2π) (1.3)

(see for details [6] [9] [13] [15] [18] [23] see also the references cited in each of these
earlier works)

For λ = α = 1 in (1.3), the result reduces to

t

et − 1
ext =

∞∑
n=0

Bn(x)
tn

n!
, | t |< 2π (1.4)

where Bn(x) denotes the classical Bernoulli polynomials (see from example [2]-[27];
see also the references cited in each of these earlier works)
2. If we substitute b = α = 1,k=0,a=-1 and β = λ into (1.1), we have the Apostol-

Euler polynomials P
(1)
n,λ(x; 0,−1, 1) = E1

n(x, λ)(
2

λet + 1

)α
ext =

∞∑
n=0

E(α)
n (x;λ)

tn

n!
, (| t+ log λ |< 2π) (1.5)

(see for details [6] [9] [13] [15] [18] [23] see also the references cited in each of these
earlier works)

For λ = 1 in (1.5), the result reduces to

2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
, | t |< 2π (1.6)

where En(x) denotes the classical Euler polynomials (see from example [5] [6] [7] [9]
[10] [24] [25] [27] [29]; see also the references cited in each of these earlier works)
3. By substituting b = α = 1, k=1, a=-1 and β = λ into (1.1), one has the Apostol-

Genocchi polynomials P
(1)
n,β(x; 1,−1, 1) = 1

2Gn(x;λ), which is defined by means of
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the following generating function

2t

λet + 1
ext =

∞∑
n=0

Gn(x;λ)
tn

n!
, (| t+ log λ |< 2π) (1.7)

(see for details [6] [9] [13] [15] [18] [23] see also the references cited in each of these
earlier works)
4. By substituting x =0 in the generating function (1.1), we obtain the corresponding
unification of the generating functions of Bernoulli, Euler and Genocchi numbers of
higher order. Thus we have

P
(α)
n,β (0; k, a, b) = P

(α)
n,β (k, a, b), nεN

Derre and Simsek [3] modified the Milne-Thomson’s polynomials Φ
(α)
n (x) (see

for detail [12]) as Φ
(α)
n (x, ν) of degree n and order α by the means of the following

generating function:

g1(t, x;α, ν) = f(t, α)ext+h(t,ν) =

∞∑
n=0

Φ(α)
n (x, ν)

tn

n!
(1.8)

where f(t, α) is a function of t and integer α

Observe that Φ
(α)
n (x, 0) = Φ

(α)
n (x) (cf. [12]).

Setting f(t, α) =
(

21−ktk

βbet−ab

)α
in (1.8), we obtain the following polynomials given

by the generating function

g2(t, x;α, ν) =

(
21−ktk

βbet − ab

)α
cxt+h(t,ν) =

∞∑
n=0

P
(α)
n,β (x, k, a, b, ν)tn

n!
(1.9)

Observe that the polynomials P
(α)
n,β (x, k, a, b, ν) are related to not only generalized

polynomials but also the Hermite-based polynomials. For example, if h(t, 0) = 0 in
(1.9), we have

P
(α)
n,β (x, k, a, b, 0) = P

(α)
n,β (x, k, a, b)

where P
(α)
n,β (x, k, a, b) denotes the generalized polynomials of higher order which is

defined by means of the following generating function

FB(t, x;α) =

(
21−ktk

βbet − ab

)α
ext =

∞∑
n=0

P
(α)
n,β (x, k, a, b)

tn

n!
(1.10)
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One can easily see that

P
(α)
n,β (0, k, a, b) = P

(α)
n,β (k, a, b)

that is

FB(t;α) =

(
21−ktk

βbet − ab

)α
=

∞∑
n=0

P
(α)
n,β (k, a, b)

tn

n!
(1.11)

where P
(α)
n (k, a, b) are generalized numbers.

If we take h(t, ν) = h(t, y) = yt2 in (1.1), we get generalized Hermite-based polyno-

mials of two variables HP
(α)
n,β (x, y) introduced by Ozarslan [15] in the form(

21−ktk

βbet − ab

)α
ext+yt

2
=

∞∑
n=0

HP
(α)
n,β (x, y; k, a, b)

tn

n!
(1.12)

which is essentially a generalization of Hermite-based Bernoulli, Euler and Genocchi
polynomials. We use the following definitions, relations and identities to derive our
main results.

For each integer k ≥ 0, Sk(n) =
n∑
i=0

ik is called sum of integer powers or simply

power sum. The exponential generating function for Sk(n) is

∞∑
k=0

Sk(n)
tk

k!
= 1 + et + e2t + · · ·+ ent =

e(n+1)t − 1

et − 1
(1.13)

For each kεN0, the sum Mk(n) =
n∑
i=0

(−1)kik is known as the sum of alternative

integer powers. The following generating relation is straight forward for

∞∑
k=0

Mk(n)
tk

k!
= 1− et + e2t − · · · (−1)nent =

1− (−et)(n+1)

et + 1
(1.14)

Definition 1.1 Let c > 0. The generalized 2-variable 1-parameter Hermite Kamp’e
de Feriet polynomials Hn(x, y, c) polynomials for nonnegative integer n are defined
by

cxt+yt
2

=

∞∑
n=0

Hn(x, y, c)
tn

n!
(1.15)

This is an extended 2-variable Hermite Kamp’e de Feriet polynomials Hn(x, y)
(see[1]) defined by

ext+yt
2

=

∞∑
n=0

Hn(x, y)
tn

n!
(1.16)
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Note that
Hn(x, y, e) = Hn(x, y)

In order to collect the powers of t we expand the left hand side of (1.15) to get the
representation

Hn(x, y, c) = n!

[n
2
]∑

j=0

(ln c)n−jxn−2jyj

j!(n− 2j)!
(1.17)

In this paper, we first give definitions of the generalized polynomials P
(α)
n,β (x, y; k, a, b)

which generalize the concepts stated above and then research their basic prop-
erties and relationships with Bernoulli numbers Bn(k, a, b), Bernoulli polynomi-
als Bn(x, k, a, b), Euler numbers En(k, a, b) Euler polynomials En(x; k, a, b) , the
generalized Euler numbers En(a, b) and generalized Euler polynomials. The re-
mainder of this paper is organized as follows. We modify generating functions
for the Milne-Thomson’s polynomials [13] and derive some identities related to
Hermite-based generalized Apostol-Bernoulli, Euler and Genocchi (ABEG) polyno-
mials HP

α
n,β(x, y; k, a, b, c) are defined. Some implicit summation formulae and gen-

eral symmetry identities of (ABEG) polynomials HP
α
n,β(x, y; k, a, b, c) are derived by

using different analytical means and applying generating functions. These results ex-
tend some known summations and identities of generalized Hermite-Bernoulli poly-
nomials studied by Dattoli et al, Natalini et al, Zhang et al, Yang, Ozarslan, Pathan,
Pathan et al.

2. Definitions and Properties of the Hermite-based generalized
Apostol-Bernoulli, Euler and Genocchi (ABEG) polynomials

HP
(α)
n,β (x, y; k, a, b, c)

In the modified Milne Thomson’s polynomials due to Derre and Simsek [3,12] de-

fined by (1.8) if we set f(t, α) =
(

21−ktk

βbct−ab

)α
, we obtain the following generalized

polynomials P
(α)
n,β (x; k, ν; a, b, c)

Definition 2.1 Let a, b, c > 0 and a 6= b. The generalized Euler polynomials

E
(α)
n (x, ν; a, b, c) for nonnegative integer n are defined by(

21−ktk

βbct − ab

)α
cxt+h(t,ν) =

∞∑
n=0

P
(α)
n,β (x, k, ν; a, b, c)

tn

n!
, xε<, kεN0, a, bε<{0} (2.1)

Setting h(t, ν) = h(t, y) = yt2 in (2.1), we get
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Definition 2.2 Let a, b, c > 0 and a 6= b. The generalized polynomials

P
(α)
n,β (x, y; k, a, b, c) for nonnegative integer n are defined by(

21−ktk

βbct − ab

)α
cxt+yt

2
=
∞∑
n=0

P
(α)
n,β (x, y; k, a, b, c)

tn

n!
, kεN0, a, bε<{0}, α, βεC (2.2)

For α = 1, we obtain from (2.2) the generating function(
21−ktk

βbct − ab

)
cxt+yt

2
=
∞∑
n=0

Pn,β(x, y; k, a, b, c)
tn

n!
, (2.3)

whereas for y = 0 and c = e, (2.2) reduces to known result Ozarslan [15].

Definition 2.3 Let a, b, c > 0 and a 6= b. The generalized Apostol Bernoulli, Euler

and Genocchi (ABEG) numbers P
(α)
n,β (k, a, b, c) for nonnegative integer n are defined

by

Φ(t; k, α, a, b, c) =

(
21−ktk

βbct − ab

)α
=
∞∑
n=0

P
(α)
n,β (k, a, b, c)

tn

n!
, kεN0, a, bε<{0}, α, βεC

(2.4)
It is easy to prove that

Pα+γn,β (k, a, b, c) =
n∑

m=0

(
n
m

)
P

(α)
m,β(k, a, b, c)P

(γ)
n−m,β(k, a, b, c) (2.5)

Further setting c = e in (2.2), we get

Definition 2.4 Let a, b, c > 0 and a 6= b. The generalized Hermite-based polyno-

mials HP
(α)
n,β (x, y; k, a, b, e) for nonnegative integer n are defined by(

21−ktk

βbet − ab

)α
ext+yt

2
=

∞∑
n=0

HP
(α)
n,β (x, y; k, a, b, e)

tn

n!
, kεN0, a, bε<{0}, α, βεC

(2.6)
For the existence of the expansion, we need

(i) | t |< 2π where αεN0, k=1 and
(
β
a

)b
= 1;| t |< 2π when αεN0, k=2,3,.. and(

β
a

)b
= 1; | t |<| b log

(
β
a

)
| when αεN0, kεN and

(
β
a

)b
6= 1 or (6= −1); x, yεR,

βεC/{0}, 1α = 1

(ii) | t |< 2π when
(
β
a

)b
= −1; | t |<| b log

(
β
a

)
| when

(
β
a

)b
6= −1, x, yεR, k=0,

α, βεC, a, b, cεC 1α = 1
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(iii) | t |< 2π when αεN0 and
(
β
a

)b
= −1, x, yεR, kεN , βεC, a, b, cεC/{0} 1α = 1

where w =| w | eiθ,−π ≤ θ < π.
For k=a=b=1 and β = λ in (2.6), we define the following

Definition 2.5 Let αεN0, λ be an arbitrary (real or complex) parameter and
x, yεR. The Hermite-based generalized Apostol-Bernoulli polynomials are defined
by (

t

λet − 1

)α
ext+yt

2
=
∞∑
n=0

HB
(α)
n (x, y;λ)

tn

n!
, (2.7)

(| t |< 2π,whenλ = 1; | t |<| log(−λ) |, whenλ 6= 1, x, yεC, αεC, 1α = 1)
For k+1= -a=b=1 and β = λ in (2.6), we define the following

Definition 2.6 Let αεN0, λ be an arbitrary (real or complex) parameter and
x, yεR. The Hermite-based generalized Apostol-Euler polynomials are defined by(

2

λet + 1

)α
ext+yt

2
=
∞∑
n=0

HE
(α)
n (x, y;λ)

tn

n!
, (2.8)

(| t |< 2π,whenλ = 1; | t |<| log(−λ) |, whenλ 6= 1, x, yεC, αεC, 1α = 1)
For k+1=-2a=b=1 and 2β = λ in (2.6), we define the following

Definition 2.7 Let αεN0, λ be an arbitrary (real or complex) parameter and
x, yεR. The Hermite-based generalized Apostol-Genocchi polynomials are defined
by (

2t

λet + 1

)α
ext+yt

2
=
∞∑
n=0

HG
(α)
n (x, y;λ)

tn

n!
, (2.9)

(| t |< 2π,whenλ = 1; | t |<| log(−λ) |, whenλ 6= 1, x, yεC, αεC, 1α = 1)
The generalized polynomials Pαn,β(x, y; k, a, b, c) defined by (2.2) have the follow-

ing properties which are stated as theorem below.

Theorem 2.1 Let a, b, c > 0 and a 6= b. Then xεR and n ≥ 0. Then

P
(α)
n,β (x, y; k, 1, 1, e) = HP

(α)
n,β (x, y; k), P

(α)
n,λ (x, y; k, 1, 1, e) = HB

(α)
n (x, y;λ),

P
(α)
n,β (x; k, a, b, e) = P

(α)
n,β (x; k, a, b), P

(α)
n,β (x, 0; , 1, 1, e) = B(α)

n (x;λ) (2.10)

P
(α+γ)
n,β (x+ y, z + u; k, a, b, c) =

∞∑
m=0

(
n
m

)
P

(γ)
m,β(z, u; a, b, c)P

(α)
n−m,β(x, y; k, a, b, c)

(2.11)
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P
(α)
n,β (x+ z, y; a, b, c) =

n∑
m=0

(
n
m

)
P

(α)
n−m,β(x; k, a, b, c)Hm(z, y; c) (2.12)

Proof. The formula in (2.10) are obvious. Applying Definition (2.2), we have

∞∑
n=0

P
(α+γ)
n,β (x+y, z+u; k, a, b, c)

tn

n!
=
∞∑
n=0

P
(α)
n,β (x, y; k, a, b, c)

tn

n!

∞∑
m=0

P
(γ)
m,β(z, u; k, a, b, c)

tm

m!

=

∞∑
n=0

n∑
m=0

P
(γ)
m,β(z, u; k, a, b, c)

tm

m!
P

(α)
n−m,β(x, y; k, a, b, c)

tn−m

(n−m)!

Now equating the coefficients of the like powers of t in the above equation, we get
the result (2.11). Again by Definition (2.2) of generalized polynomials, we have(

21−ktk

βbct − ab

)α
c(x+z)t+yt

2
=

∞∑
n=0

P
(α)
n,β (x+ z, y; k, a, b, c)

tn

n!
(2.13)

which can be written as(
21−ktk

βbct − ab

)α
cxtczt+yt

2
=
∞∑
n=0

P
(α)
n,β (x; k, a, b, c)

tn

n!

∞∑
m=0

Hm(z, y, c)
tm

m!
(2.14)

Replacing n by n-m in (2.14), comparing with (2.13) and equating their coefficients
of tn leads to formula (2.12).

3. Implicit Summation formulae involving generalized Hermite-based
polynomials

For the derivation of implicit formulae involving generalized polynomials

Pαn,β(x, y; k, a, b, c) and generalized Hermite-based polynomials HP
(α)
n,β (x, y; k, a, b, e)

the same considerations as developed for the ordinary Hermite and related polyno-
mials in Khan et al [ 8] and Hermite-based polynomials in Ozarslan [ 15] holds
as well. First we prove the following results involving generalized polynomials
Pαn,β(x, y; k, a, b, c).

Theorem 3.1 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0, The following

implicit summation formulae for generalized polynomials P
(α)
n,β (x, y; k, a, b, c) holds

true:

P
(α)
n+m,β(z, y; k, a, b, c) =

n,m∑
p,q=0

(
n
p

)(
m
q

)
(z − x)p+qP

(α)
n+m−p−q,β(x, y; k, a, b, c)

(3.1)
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Proof. We replace t by t+ u and rewrite the generating function (2.2) as(
21−k(t+ u)k

βbc(t+u) − ab

)α
cy(t+u)

2
= c−x(t+u)

∞∑
k,l=0

P
(α)
n+m,β(x, y; k, a, b, c)

tn

n!

um

m!
(3.2)

Replacing x by z in the above equation and equating the resulting equation to
the above equation, we get

c(z−x)(t+u)
∞∑

n,m=0

P
(α)
n+m(x, y; k, a, b, c)

tn

n!

um

m!
=

∞∑
n,m=0

P
(α)
n+m,β(z, y; k, a, b, c)

tn

n!

um

m!

(3.3)
On expanding exponential function (3.3) gives
∞∑
N=0

[(z − x)(t+ u)]N

N !

∞∑
n,m=0

P
(α)
n+m,β(x, y; k, a, b, c)

tn

n!

um

m!
=

∞∑
n,m=0

P
(α)
n+m,β(z, y; k, a, b, c)

tn

n!

um

m!

(3.4)
which on using formula [28,p.52(2)]

∞∑
N=0

f(N)
(x+ y)N

N !
=

∞∑
n,m=0

f(n+m)
xn

n!

ym

m!
(3.5)

in the left hand side becomes
∞∑

p,q=0

(z − x)p+q

p!q!

∞∑
n,m=0

P
(α)
n+m,β(x, y; k, a, b, c)

tn

n!

um

m!
=

∞∑
n,m=0

P
(α)
n+m,β(z, y; k, a, b, c)

tn

n!

um

m!

(3.6)
Now replacing n by n-p, m by m-q and using the lemma [28,p.100(1)] in the left
hand side of (3.6), we get

∞∑
n,m=0

n,m∑
p,q=0

(z − x)p+q

p!q!
P

(α)
n+m−p−q,β(x, y; k, a, b, c) tn

(n−p)!
um

(m−q)!

=
∞∑

n,m=0
P

(α)
n+m,β(z, y; k, a, b, c) t

n

n!
um

m! (3.7)

Finally on equating the coefficients of the like powers of t and u in the above equation,
we get the required result.

Corollary 1 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0, the fol-
lowing implicit summation formula for generalized Apostol Bernoulli polynomials
Bα
n (x, y;λ, a, b, c)

B
(α)
n+m(z, y;λ, a, b, c) =

n,m∑
p,q=0

(
n
p

)(
m
q

)
(z − x)p+qB

(α)
n+m−p−q(x, y;λ, a, b, c)

(3.8)
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Corollary 2 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0, the
following implicit summation formula for generalized Apostol Euler polynomials
Eαn (x, y;λ, a, b, c)

E
(α)
n+m(z, y;λ, a, b, c) =

n,m∑
p,q=0

(
n
p

)(
m
q

)
(z − x)p+qE

(α)
n+m−p−q(x, y;λ, a, b, c)

(3.9)
Corollary 3 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0, the fol-
lowing implicit summation formula for generalized Apostol Genocchi polynomials
Gαn(x, y;λ, a, b, c)

G
(α)
n+m(z, y;λ, a, b, c) =

n,m∑
p,q=0

(
n
p

)(
m
q

)
(z − x)p+qG

(α)
n+m−p−q(x, y;λ, a, b, c)

(3.10)

Theorem 3.2 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

P
(α)
n,β (x, y; k, a, b, c) =

n∑
m=0

(
n
m

)
P

(α)
n−m,β(k, a, b)Hm(x, y, c) (3.11)

Proof. By the definition of generalized polynomials and the definition (1.1), we
have(

21−ktk

βbct − ab

)α
cxt+yt

2

=

∞∑
n=0

P
(α)
n,β (x, y; k, a, b, c)

tn

n!
=

( ∞∑
n=0

P
(α)
n,β (k, a, b)

tn

n!

)( ∞∑
m=0

Hm(x, y; c)
tm

m!

)
Now replacing n by n-m and comparing the coefficients of tn, we get the result

(3.11).

Remark. For c = e, (3.11) yields

HP
(α)
n,β (x, y; k, a, b, e) =

n∑
m=0

(
n
m

)
P

(α)
n−m,β(k, a, b)Hm(x, y)

Corollary 1 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

B(α)
n (x, y;λ, a, b, c) =

n∑
m=0

(
n
m

)
B

(α)
n−m(λ, a, b)Hm(x, y, c) (3.12)

Corollary 2 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

E(α)
n (x, y;λ, a, b, c) =

n∑
m=0

(
n
m

)
E

(α)
n−m(λ, a, b)Hm(x, y, c) (3.13)
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Corollary 3 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

G(α)
n (x, y;λ, a, b, c) =

n∑
m=0

(
n
m

)
G

(α)
n−m(λ, a, b)Hm(x, y, c) (3.14)

Theorem 3.3 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

P
(α)
n,β (x, y; k, a, b, c) =

n−2j∑
m=0

[n
2
]∑

j=0

(ln c)n−m−jP
(α)
m,β(k, a, b)xn−2j−myj

n!

m!j!(n− 2j −m)!

(3.15)

Proof. Applying the definition (2.2) to the term
(

21−ktk

βbct−ab

)α
and expanding the

exponential function cxt+yt
2

at t = 0 yields

(
21−ktk

βbct − ab

)α
cxt+yt

2
=

( ∞∑
m=0

P
(α)
m,β(k, a, b)

tm

m!

)( ∞∑
n=0

xn(ln c)n
tn

n!

) ∞∑
j=0

yj(ln c)j
t2j

j!



=
∞∑
n=0

(
n∑
k=0

(
n
k

)
(ln c)n−kP

(α)
m,β(k, a, b)xn−k

)
tn

n!

 ∞∑
j=0

yj(ln c)j
t2j

j!


Replacing n by n-2j, we have

∞∑
n=0

P
(α)
n,β (x, y; k, a, b, c)

tn

n!

=
∞∑
n=0

n−2j∑
m=0

[n
2
]∑

j=0

(
n− 2j
m

)
(ln c)n−m−jP

(α)
m,β(k, a, b)xn−m−2jyj

 tn

(n− 2j)!j!
(3.16)

Combining (3.16) and (2.2) and equating their coefficients of tn produce the formula
(3.15).

Corollary 1 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

B(α)
n (x, y;λ, a, b, c) =

n−2j∑
m=0

[n
2
]∑

j=0

(ln c)n−m−jB(α)
m (λ, a, b)xn−2j−myj

n!

m!j!(n− 2j −m)!

(3.17)
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Corollary 2 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

E(α)
n (x, y;λ, a, b, c) =

n−2j∑
m=0

[n
2
]∑

j=0

(ln c)n−m−jE(α)
m (λ, a, b)xn−2j−myj

n!

m!j!(n− 2j −m)!

(3.18)

Corollary 3 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

G(α)
n (x, y;λ, a, b, c) =

n−2j∑
m=0

[n
2
]∑

j=0

(ln c)n−m−jG(α)
m (λ, a, b)xn−2j−myj

n!

m!j!(n− 2j −m)!

(3.19)

Theorem 3.4 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

P
(α)
n,β (x+ 1, y; k, a, b, c) =

[n
2
]∑

j=0

n−2j∑
m=0

(
n− 2j
m

)
(ln c)n−m−jP

(α)
m,β(x; k, a, b, c) (3.20)

Proof. By the definition of generalized polynomials, we have(
21−ktk

βbct − ab

)α
c(x+1)t+yt2 =

∞∑
n=0

P
(α)
n,β (x+ 1, y; k, a, b, c)

tn

n!
(3.21)

which can be written as (
21−ktk

βbct − ab

)α
cxtctcyt

2

=

( ∞∑
m=0

P
(α)
m,β(x; k, a, b, c)

tm

m!

)( ∞∑
n=0

xn(ln c)n
tn

n!

) ∞∑
j=0

yj(ln c)j
t2j

j!



=

∞∑
n=0

n∑
m=0

(
n
m

)
(ln c)n−mP

(α)
m,β(x; k, a, b, c)

tn

n!

 ∞∑
j=0

yj(ln c)j
t2j

j!

 (3.22)

Replacing n by n-2j, we have

∞∑
n=0

P
(α)
n,β (x+1, y; k, a, b, c)

tn

n!
=

∞∑
n=0

[n2 ]∑
j=0

n−2j∑
m=0

(
n− 2j
m

)
(ln c)n−m−jP

(α)
m,β(x; k, a, b, c)

tn

(n− 2j)!j!

(3.23)
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Combining (3.21) and (3.23) and equating their coefficients of tn leads to formula
(3.20).

Corollary 1 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

B(α)
n (x+ 1, y;λ, a, b, c) =

[n
2
]∑

j=0

n−2j∑
m=0

(
n− 2j
m

)
(ln c)n−m−jB(α)

m (x;λ, a, b, c) (3.24)

Corollary 2 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

E(α)
n (x+ 1, y;λ, a, b, c) =

[n
2
]∑

j=0

n−2j∑
m=0

(
n− 2j
m

)
(ln c)n−m−jE(α)

m (x;λ, a, b, c) (3.25)

Corollary 3 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

G(α)
n (x+ 1, y;λ, a, b, c) =

[n
2
]∑

j=0

n−2j∑
m=0

(
n− 2j
m

)
(ln c)n−m−jG(α)

m (x;λ, a, b, c) (3.26)

Theorem 3.5 Let a, b, c > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

HP
(α)
n,β (x, y; k, a, b, e) =

n∑
m=0

(
m
n

)
P

(α−1)
n−m,β(k, a, b)HP

(α)
m,β(x, y; k, a, b, e) (3.27)

Proof. By the definition of generalized Hermite-based polynomials, we have(
21−ktk

βbet − ab

)(
21−ktk

βbet − ab

)α
ext+yt

2

=

(
21−ktk

βbet − ab

) ∞∑
m=0

HP
(α)
m,β(x, y; k, a, b, e)

tm

m!

Now proceeding on the lines of Theorem 3.2,replacing n by n-m and equating the
coefficients of tn leads to formula (3.27)

Corollary 1 Let a, b > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

HB
(α)
n (x, y;λ, a, b, e) =

n∑
m=0

(
n
m

)
B

(α−1)
n−m (λ, a, b)HB

(α)
m (x, y;λ, a, b, e) (3.28)
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Corollary 2 Let a, b > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

HE
(α)
n (x, y;λ, a, b, e) =

n∑
m=0

(
n
m

)
E

(α−1)
n−m (λ, a, b)HE

(α)
m (x, y;λ, a, b, e) (3.29)

Corollary 3 Let a, b > 0 and a 6= b. Then for x, yεR and n ≥ 0. Then

HG
(α)
n (x, y;λ, a, b, e) =

n∑
m=0

(
n
m

)
G

(α−1)
n−m (λ, a, b)HG

(α)
m (x, y;λ, a, b, e) (3.30)

Theorem 3.6 For arbitrary real or complex parameter α, the following implicit

summation formula involving generalized Euler polynomials P
(α)
n,β (x, y; k, a, b, c) holds

true

P
(α)
n,β (x+ 1, y; k, a, b, c) =

n∑
m=0

(
n
k

)
(ln c)n−mP

(α)
m,β(x, y; k, a, b, c) (3.31)

Proof. By the definition of generalized polynomials, we have

∞∑
n=0

P
(α)
n,β (x+ 1, y; k, a, b, c)

tn

n!
−
∞∑
n=0

P
(α)
n,β (x, y; k, a, b, c)

tn

n!

=

(
21−ktk

βbct − ab

)α
cxt+yt

2
(ct − 1)

=

( ∞∑
m=0

P
(α)
m,β(x, y; k, a, b, c)

tm

m!

)( ∞∑
n=0

(ln c)n
tn

n!

)
−
∞∑
n=0

P
(α)
n,β (x, y; k, a, b, c)

tn

n!

=

∞∑
n=0

n∑
m=0

(ln c)n−mP
(α)
m,β(x, y; k, a, b, c)

tn

(n−m)!
−
∞∑
n=0

P
(α)
n,β (x, y; k, a, b, c)

tn

n!

Finally, equating the coefficients of the like powers of tn, we get (3.31).

Corollary 1 For arbitrary real or complex parameter α, the following implicit sum-

mation formula involving generalized Apostol Bernoulli polynomialsB
(α)
n (x, y;λ, a, b, c)

holds true:

B(α)
n (x+ 1, y;λ, a, b, c) =

n∑
m=0

(
n
k

)
(ln c)n−mB(α)

m (x, y;λ, a, b, c) (3.32)
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Corollary 2 For arbitrary real or complex parameter α, the following implicit sum-

mation formula involving generalized Apostol Euler polynomials E
(α)
n (x, y;λ, a, b, c)

holds true:

E(α)
n (x+ 1, y;λ, a, b, c) =

n∑
m=0

(
n
k

)
(ln c)n−mE(α)

m (x, y;λ, a, b, c) (3.33)

Corollary 3 For arbitrary real or complex parameter α, the following implicit sum-

mation formula involving generalized Apostol Genocchi polynomialsG
(α)
n (x, y;λ, a, b, c)

holds true:

G(α)
n (x+ 1, y;λ, a, b, c) =

n∑
m=0

(
n
k

)
(ln c)n−mG(α)

m (x, y;λ, a, b, c) (3.34)

4. General Symmetry Identities

In this section, we give general symmetry identities for the generalized polynomi-

als P
(α)
n,β (x, y; k, a, b) and P

(α)
n,β (k, a, b) by applying the generating functions (1.1) and

(2.6). The results extend some known identities of Zhang et al [31], Yang et al [30],
Pathan [20], Pathan and Khan [21] and Ozarslan [15]. Throughout this section α
will be taken as an arbitrary real or complex parameter.

Theorem 4.1 Let α, kεN0 a, bεR/{0} ; βεC, x, yεR and n ≥ 0. Then the following
identity holds true:

n∑
m=0

(
n
m

)
dmcn−mHP

(α)
n−m,β(dx, d2z; k, a, b)HP

(α)
m,β(cy, c2z; k, a, b)

=

n∑
m=0

(
n
m

)
cmdn−mHP

(α)
n−m,β(cx, c2z; k, a, b)HP

(α)
m,β(dy, d2z; k, a, b) (4.1)

Proof. Start with

g(t) =

(
ckdk22(1−k)t2k

(βbect − ab)(βbedt − ab)

)α
ecd(x+y)t+(c2+d2)zt2 (4.2)

Then the expression for g(t) is symmetric in a and b and we can expand g(t) into
series in two ways to obtain

g(t) =

∞∑
n=0

HP
(α)
n,β (dx, d2z; k, a, b)

(ct)n

n!

∞∑
m=0

HP
(α)
m,β(cy, c2z; k, a, b)

(dt)m

m!
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=
∞∑
n=0

n∑
m=0

HP
(α)
n−m,β(dx, d2z; k, a, b)

(c)n−m

(n−m)!
HP

(α)
m,β(cy, c2z; k, a, b)

(d)m

m!

(t)n

n!

On the similar lines we can show that

g(t) =

∞∑
n=0

HP
(α)
n,β (cx, c2z; k, a, b)

(dt)n

n!

∞∑
m=0

HP
(α)
m,β(dy, d2z; k, a, b)

(ct)m

m!

=
∞∑
n=0

n∑
k=0

HP
(α)
n−m,β(cx, c2z; k, a, b)

(d)n−m

(n−m)!
HP

(α)
m,β(dy, d2z; k, a, b)

(c)m

m!

(t)n

n!

by comparing the coefficients of tn on the right hand sides of the last two equations
we arrive at the desired result.
For k=a=b=1 and β = λ in Theorem 4.1, we get the following corollary

Corollary 1 For all c, d,mεN, nεN0, λεC, we have the following symmetry identity
for the Hermite-based generalized Apostol-Bernoulli polynomials

n∑
m=0

(
n
m

)
dmcn−mHB

(α)
n−m(dx, d2z;λ)HB

(α)
m (cy, c2z;λ)

=

n∑
m=0

(
n
m

)
cmdn−mHB

(α)
n−m(cx, c2z;λ)HB

(α)
m (dy, d2z;λ) (4.3)

Remark For λ = 1 in equation (4.3), the result reduces to known result of Pathan
and Khan [21] and further by taking α = 1, λ = 1 in equation (4.3), the result
reduces to another known result of Pathan [20]
For k + 1 = −a = b = 1 and β = λ in Theorem 4.1, we get the corollary

Corollary 2 For all mεN, nεN0, λεC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers c and d.

n∑
m=0

(
n
m

)
dmcn−mHE

(α)
n−m(dx, d2z;λ)HE

(α)
m (cy, c2z;λ)

=
n∑

m=0

(
n
m

)
cmdn−mHE

(α)
n−m(cx, c2z;λ)HE

(α)
m (dy, d2z;λ) (4.4)

Letting k = −2a = b = 1 and 2β = λ in Theorem 4.1, we get the corollary

128



M.A. Pathan and Waseem A. Khan – Some implicit summation formulas . . .

Corollary 3 For all mεN, nεN0, λεC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers c and d.

n∑
m=0

(
n
m

)
dmcn−mHG

(α)
n−m(dx, d2z;λ)HG

(α)
m (cy, c2z;λ)

=
n∑

m=0

(
n
m

)
cmdn−mHG

(α)
n−m(cx, c2z;λ)HG

(α)
m (dy, d2z;λ) (4.5)

Theorem 4.2 Let α, kεN0; a, bεR/{0}; βεC and x, yεR and n ≥ 0. Then the
following identity holds true:

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHP
(α)
n−m,β

(
dx+

d

c
i+ j, d2z; k, a, b

)
Pαm,β(cy; k, a, b)

=

n∑
m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHP
(α)
n−m,β

(
cx+

c

d
i+ j, c2z; k, a, b

)
Pαm,β(dy; k, a, b)

(4.6)

Proof. Let

g(t) =

(
22(1−k)ckdkt2k

(βbect − ab)(βbedt − ab)

)α
(ecdt − 1)2

(ect − 1)(edt − 1)
ecd(x+y)t+c

2d2zt2

g(t) =

(
2(1−k)cktk

(βbect − ab

)α
ecdxt+c

2d2zt2
(
ecdt − 1

ect − 1

)(
2(1−k)dktk

(βbedt − ab

)α
ecdyt

(
ecdt − 1

edt − 1

)

=

(
2(1−k)cktk

(βbect − ab

)α
ecdxt+c

2d2zt2
c−1∑
i=0

edti

(
2(1−k)dktk

(βbedt − ab

)α
ecdyt

d−1∑
j=0

ectj

=

(
2(1−k)cktk

(βbect − ab

)α
ec

2d2zt2
c−1∑
i=0

d−1∑
j=0

e(dx+
d
c
i+j)ct

∞∑
m=0

Pαm,β(cy; k, a, b)
(dt)m

m!

=
∞∑
n=0

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHP
(α)
n−m,β

(
dx+

d

c
i+ j, d2z; k, a, b

)
Pαm,β(cy; k, a, b)

(4.7)
On the other hand

g(t) =

∞∑
n=0

n∑
m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

dn−mcmHP
(α)
n−m,β

(
cx+

c

d
i+ j, c2z; k, a, b

)
Pαm,β(dy; k, a, b)

(4.8)
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By comparing the coefficients of tn on the right hand sides of the last two equations,
we arrive at the desired result.
For k=a=b=1 and β = λ in Theorem 4.2, we get the following corollary at once

Corollary 1 For all c, d,mεN, nεN0, λεC, we have the following symmetry identity
for the Hermite-based generalized Apostol-Bernoulli polynomials

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHB
(α)
n−m

(
dx+

d

c
i+ j, d2z;λ

)
Bα
m(cy;λ)

=
n∑

m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHB
(α)
n−m

(
cx+

c

d
i+ j, c2z;λ

)
Bα
m(dy;λ) (4.9)

Remark For λ = 1 in equation (4.9), the result reduces to known result of Pathan
and Khan [21] and further by taking α = 1, λ = 1 in equation (4.9), the result
reduces to known result of Pathan [20]
For k + 1 = −a = b = 1 and β = λ in Theorem 4.2, we get the corollary

Corollary 2 For all mεN, nεN0, λεC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers c and d.

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHE
(α)
n−m

(
dx+

d

c
i+ j, d2z;λ

)
Eαm(cy;λ)

=
n∑

m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHE
(α)
n−m

(
cx+

c

d
i+ j, c2z;λ

)
Eαm(dy;λ) (4.10)

Letting k = −2a = b = 1 and 2β = λ in Theorem 4.2, we get the corollary
Corollary 3 For all mεN, nεN0, λεC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers c and d.

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHG
(α)
n−m

(
dx+

d

c
i+ j, d2z;λ

)
Gαm(cy;λ)

=

n∑
m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHG
(α)
n−m

(
cx+

c

d
i+ j, c2z;λ

)
Gαm(dy;λ) (4.11)
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Theorem 4.3 For each pair of integers a and b and all integers and n ≥ 0. Then
the following identity holds true:

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHP
(α)
n−m,β

(
dx+

d

c
i, d2z; k, a, b

)
Pαm,β(cy +

c

d
j; k, a, b)

=
n∑

m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHP
(α)
n−m,β

(
cx+

c

d
i, c2z; k, a, b

)
Pαm,β(dy +

d

c
j; k, a, b)

(4.12)
Proof. The proof is analogous to Theorem 4.2 but we need to write equation (4.6)
in the form

g(t) =

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHP
(α)
n−m,β

(
dx+

d

c
i, d2z; k, a, b

)
Pαm,β(cy+

c

d
j; k, a, b))

(4.13)
On the other hand equation (4.6) can be shown equal to

g(t) =
n∑

m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHP
(α)
n−m,β

(
cx+

c

d
i, c2z; k, a, b

)
Pαm,β(dy+

d

c
j; k, a, b)

(4.14)
Next making change of index and by equating the coefficients of tn to zero in (4.13)
and (4.14), we get the theorem.

By comparing the coefficients of tn on the right hand sides of the last two equa-
tions, we arrive at the desired result.
For k=a=b=1 and β = λ in Theorem 4.3, we get the following corollary at once

Corollary 1 For all c, d,mεN, nεN0, λεC, we have the following symmetry identity
for the Hermite-based generalized Apostol-Bernoulli polynomials

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHB
(α)
n−m

(
dx+

d

c
i, d2z;λ

)
Bα
m(cy +

c

d
j;λ)

=

n∑
m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHB
(α)
n−m

(
cx+

c

d
i, c2z;λ

)
Bα
m(dy +

d

c
j;λ) (4.15)

Remark For λ = 1 in equation (4.15), the result reduces to known result of
Pathan and Khan [21] and further by taking α = 1, λ = 1 in equation (4.15), the
result reduces to known result of Pathan [20]
For k + 1 = −a = b = 1 and β = λ in Theorem 4.3, we get the corollary
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Corollary 2 For all mεN, nεN0, λεC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers c and d.

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHE
(α)
n−m

(
dx+

d

c
i, d2z;λ

)
Eαm(cy +

c

d
j;λ)

=

n∑
m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHE
(α)
n−m

(
cx+

c

d
i, c2z;λ

)
Eαm(dy +

d

c
j;λ) (4.16)

Letting k = −2a = b = 1 and 2β = λ in Theorem 4.3, we get the corollary

Corollary 3 For all mεN, nεN0, λεC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers c and d.

n∑
m=0

(
n
m

) c−1∑
i=0

d−1∑
j=0

cn−mdmHG
(α)
n−m

(
dx+

d

c
i, d2z;λ

)
Gαm(cy +

c

d
j;λ)

=
n∑

m=0

(
n
m

) d−1∑
i=0

c−1∑
j=0

cmdn−mHG
(α)
n−m

(
cx+

c

d
i, c2z;λ

)
Gαm(dy +

d

c
j;λ) (4.17)

Now, we prove the following symmetric identities involving sum of integer powers
Sk(n) and Mk(n) given by equation (1.13) and (1.14), Hermite-based polynomials

HP
(α)
n,β (x, y; k, a, b) and P

(α)
n,β (x; k, a, b)

Theorem 4.4 For all integers a > 0, b > 0 and n ≥ 0. Then the following identity
holds true:

n∑
m=0

(
n
m

)
cn−mdm+1

HP
(α)
n−m,β

(
dx, d2z; k, a, b

) m∑
i=0

(
m
i

)
Si

(
c− 1; (

β

a
)b
)
Pαm−i,β(cy; k, a, b)

=

n∑
m=0

(
n
m

)
cm+1dn−mHP

(α)
n−m,β

(
cx, c2z; k, a, b

) m∑
i=0

(
m
i

)
Si

(
d− 1; (

β

a
)b
)
Pαm−i,β(dy; k, a, b)

(4.18)

Proof. We now use

g(t) =
(22(1−k)ckdkt2k)α(βbecdt − ab)ecd(x+y)t+c2d2zt2

(βbect − ab)α(βbedt − ab)α+1

g(t) =

(
2(1−k)cktk

βbect − ab

)α
ecdxt+c

2d2zt2
(
βbecdt − ab

βbedt − ab

)(
2(1−k)dktk

(βbedt − ab

)α
ecdyt

132



M.A. Pathan and Waseem A. Khan – Some implicit summation formulas . . .

=

∞∑
n=0

HP
(α)
n,β

(
dx, d2z; k, a, b

) (ct)n

n!

∞∑
n=0

Sn

(
c− 1; (

β

a
)b
)

(dt)n

n!

∞∑
n=0

Pαn,β(cy; k, a, b)
(dt)n

n!

Using a similar plan, we get

g(t) =

∞∑
n=0

HP
(α)
n,β

(
cx, c2z; k, a, b

) (dt)n

n!

∞∑
n=0

Sn

(
d− 1; (

β

a
)b
)

(ct)n

n!

∞∑
n=0

Pαn,β(dy; k, a, b)
(ct)n

n!

Finally, (4.18) follows after an appropriate change of summation index and com-
parison of the coefficients of t.

For k=a=b=1 and β = λ in Theorem 4.4, we get the following corollary at once

Corollary 1 For all c, d,mεN, nεN0, λεC, we have the following symmetry identity
for the Hermite-based generalized Apostol-Bernoulli polynomials

n∑
m=0

(
n
m

)
cn−mdm+1

HB
(α)
n−m

(
dx, d2z;λ

) m∑
i=0

(
m
i

)
Si (c− 1;λ)Bα

m−i(cy;λ)

=

n∑
m=0

(
n
m

)
cm+1dn−mHB

(α)
n−m

(
cx, c2z;λ

) m∑
i=0

(
m
i

)
Si (d− 1;λ)Bα

m−i(dy;λ)

(4.19)

Remark For λ = 1 in equation (4.19), the result reduces to known result of
Pathan and Khan [21] and further by taking α = 1, λ = 1 in equation (4.19), the
result reduces to known result of Pathan [20]
For k + 1 = −a = b = 1 and β = λ in Theorem 4.4, we get the corollary

Corollary 2 For all mεN, nεN0, λεC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers c and d.

n∑
m=0

(
n
m

)
cn−mdm+1

HE
(α)
n−m

(
dx, d2z;λ

) m∑
i=0

(
m
i

)
Mi (c− 1;λ)Eαm−i(cy;λ)

=

n∑
m=0

(
n
m

)
cm+1dn−mHE

(α)
n−m

(
cx, c2z;λ

) m∑
i=0

(
m
i

)
Mi (d− 1;λ)Eαm−i(dy;λ)

(4.20)
Letting k = −2a = b = 1 and 2β = λ in Theorem 4.4, we get the corollary

Corollary 3 For all mεN, nεN0, λεC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers c and d.

n∑
m=0

(
n
m

)
cn−mdm+1

HG
(α)
n−m

(
dx, d2z;λ

) m∑
i=0

(
m
i

)
Mi (c− 1;λ)Gαm−i(cy;λ)
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=
n∑

m=0

(
n
m

)
cm+1dn−mHG

(α)
n−m

(
cx, c2z;λ

) m∑
i=0

(
m
i

)
Mi (d− 1;λ)Gαm−i(dy;λ)

(4.21)
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