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SOME IMPLICIT SUMMATION FORMULAS AND SYMMETRIC
IDENTITIES FOR THE GENERALIZED HERMITE-BASED
POLYNOMIALS

M.A. PATHAN AND WASEEM A. KHAN

ABSTRACT. In this paper, we introduce a unified family of Hermite-based Apos-
tol Bernoulli, Euler and Genocchi polynomials.We shall show that there is an inti-
mate connection between these polynomials and a new class of generalized polynomi-
als associated with the modified Milne-Thomson’s polynomials ol (x,v) of degree
n and order « introduced by Derre and Simsek. Some implicit summation formulae
and general symmetry identities are derived by using different analytical means and
applying generating functions. These results extend some known summations and
identities of generalized Bernoulli, Euler and Genocchi numbers and polynomials.
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1. INTRODUCTION

Recently, Ozarslan [15] introduced the following unification of the Apostol Bernoulli,
Apostol Euler and Apostol Genocchi polynomials. Explicitly Ozarslan studied a
generating function of the form

21—ktk a . © () "
n=0

(t+ bln(é) < 27, keNg; a, beR; aeR, BeC)
a

We notice that for a =1,

P?i,lg’($7 k,a, b) = Pn,ﬁ(SL'; k,a, b), neN
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and then (1.1) reduces to

217ktk ot & tn
me = anﬁ(l';k,(l, b)ﬁ (12)
n=0
which is defined by Ozden [17]. Ozden et al in [19] introduced many properties of
these polynomials. We give some specific special cases
1. By substituting a = b = k = 1 and § = X into (1.1), one has the Apostol-

Bernoulli polynomials P(lg,(x; 1,1,1) = Bga)(az;)\), which are defined by means of

n7
the following generating function

T -, i
()\et_l) 6tZZ%sz)(w;k)m,(|t+logkl<2w) (1.3)

(see for details [6] [9] [13] [15] [18] [23] see also the references cited in each of these
earlier works)
For A = a =1 in (1.3), the result reduces to

t S tn
t__
r— _ZBn(a:)m,]tK o (1.4)
n=0
where B, (x) denotes the classical Bernoulli polynomials (see from example [2]-[27];
see also the references cited in each of these earlier works)
2. If we substitute b = a« = 1,k=0,a=-1 and § = X into (1.1), we have the Apostol-

Euler polynomials Pél/i(x, 0,—1,1) = El(z,\)

2 “ xt G () (5. ﬁ
()\et+1> e _Z%En (2 0) 7, (| £+ log A [ < 2m) (1.5)
(see for details [6] [9] [13] [15] [18] [23] see also the references cited in each of these
earlier works)

For A =1 in (1.5), the result reduces to

2 L tn

= E,(z)— 2 1.
e ;} () | t|< 2 (1.6)
where E,(z) denotes the classical Euler polynomials (see from example [5] [6] [7] [9]
[10] [24] [25] [27] [29]; see also the references cited in each of these earlier works)
3. By substituting b = a = 1, k=1, a=-1 and 8 = X into (1.1), one has the Apostol-
Genocchi polynomials P(lg(a:; 1,—1,1) = 3Gy (2;A), which is defined by means of

n,
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the following generating function

Aet+1 ZG x)\ (| t+1log X |< 2n) (1.7)

(see for details [6] [9] [13] [15] [18] [23] see also the references cited in each of these
earlier works)

4. By substituting x =0 in the generating function (1.1), we obtain the corresponding
unification of the generating functions of Bernoulli, Euler and Genocchi numbers of
higher order. Thus we have

PL)(0; k,a,b) = P\%)(k,a,b),neN
Derre and Simsek [3] modified the Milne-Thomson’s polynomials o' (z) (see

for detail [12]) as o\ )(x v) of degree n and order o by the means of the following
generating function:

n

oo
t
g1(t730,0) = [(1, )T = 3 (e (18)
n=0

where f(t, ) is a function of t and integer «
Observe that & (x,0) = () (x) (cf. [12]).
217ktk

«
Setting f(t,a) = (m) in (1.8), we obtain the following polynomials given
by the generating function

_ « 00 (a) n

21 ktk‘ . y Pn (LE, k, a, b, V)t

g2(t, x5 0,v) = (ﬁbet ab> cotthty) — E S — (1.9)
n=0 ’

Observe that the polynomials P( )(x k,a,b,v) are related to not only generalized
polynomials but also the Hermlte based polynomials. For example, if h(¢,0) = 0 in
(1.9), we have

P\ (2, k,a,0,0) = P\ (x, k,a,b)

where P! B)(x k,a,b) denotes the generalized polynomials of higher order which is
defined by means of the following generating function

B( ,.1,‘704) Bbet—ab Z $ ) @, ) ( : )
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One can easily see that

P{%)(0,k,a,b) = P\%)(k,a,b)

n,

that is
21 ktk

Fp(t;a) = (ﬂbet _ab>a Z T: (1.11)

where Pr(la)(k, a,b) are generalized numbers.
If we take h(t,v) = h(t,y) = yt? in (1.1), we get generalized Hermite-based polyno-
mials of two variables HP( ﬁ) (z,y) introduced by Ozarslan [15] in the form

n

217keE \° pttyt? (@) t
<5bet ab) ! ZHP (z,y;k,a,0) (1.12)

which is essentially a generalization of Hermite-based Bernoulli, Euler and Genocchi
polynomials. We use the following definitions, relations and identities to derive our
main results.

n

For each integer k > 0, Sp(n) = 3. i* is called sum of integer powers or simply
=0

power sum. The exponential generating function for Sk(n) is

n+1)t _ 4

(

n

For each keNp, the sum My(n) = Y. (—1)*i* is known as the sum of alternative
i=0

integer powers. The following generating relation is straight forward for

1— (_et)(n-i-l)

. (1.14)

ZMk(n)H —1—ce 4+ (=)t =

Definition 1.1 Let ¢ > 0. The generalized 2-variable 1-parameter Hermite Kamp’e
de Feriet polynomials H,(z,y, c) polynomials for nonnegative integer n are defined
by

e.) tn
D Y AL (1.15)

This is an extended 2-variable Hermite Kamp’e de Feriet polynomials H,(z,y)
(see[l]) defined by

o0
2 "
eTttytt — E Hn(xay)ﬁ (1.16)
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Note that

H,(z,y,e) = Hy(z,y)
In order to collect the powers of t we expand the left hand side of (1.15) to get the
representation

QI3

]

(Inc)—dgn=2iyi
= 27)

H,(z,y,c) =n!
j=0

(1.17)

In this paper, we first give definitions of the generalized polynomials Pfﬁ) (z,y;k,a,b)
which generalize the concepts stated above and then research their basic prop-
erties and relationships with Bernoulli numbers B, (k,a,b), Bernoulli polynomi-
als By(x,k,a,b), Euler numbers E,(k,a,b) Euler polynomials F,(x;k,a,b) , the
generalized Euler numbers FE,(a,b) and generalized Euler polynomials. The re-
mainder of this paper is organized as follows. We modify generating functions
for the Milne-Thomson’s polynomials [13] and derive some identities related to
Hermite-based generalized Apostol-Bernoulli, Euler and Genocchi (ABEG) polyno-
mials g P 5(x,y; k, a,b, c) are defined. Some implicit summation formulae and gen-
eral symmétry identities of (ABEG) polynomials abPy ﬁ(:n, y; k,a,b,c) are derived by
using different analytical means and applying generating functions. These results ex-
tend some known summations and identities of generalized Hermite-Bernoulli poly-
nomials studied by Dattoli et al, Natalini et al, Zhang et al, Yang, Ozarslan, Pathan,
Pathan et al.

2. DEFINITIONS AND PROPERTIES OF THE HERMITE-BASED GENERALIZED
ApPOSTOL-BERNOULLI, EULER AND GENOCCHI (ABEG) POLYNOMIALS

# P\ (2, y: k. a,b,c)
In the modified Milne Thomson’s polynomials due to Derre and Simsek [3,12] de-
fined by (1.8) if we set f(t,a) = (21"“““

Bd—ab
(o)

polynomials P ; (z;k,v;a,b,c)

(03
) , we obtain the following generalized

Definition 2.1 Let a,b,c > 0 and a # b. The generalized Euler polynomials
E,(La) (z,v;a,b,c) for nonnegative integer n are defined by

21—ktk « & () n
<5bct_ab> cth(ty) _ an,ﬁ (x,k,v;a,b, C)ﬁ’ xeR, ke Ny, a, beR{0} (2.1)
n=0 ’

Setting h(t,v) = h(t,y) = yt? in (2.1), we get
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Definition 2.2 Let a,b,¢c > 0 and a # b. The generalized polynomials
Péaﬁ) (z,y; k,a,b,c) for nonnegative integer n are defined by

91 ktk a g2 & (@) m
<ﬂbct—ab> oty :ZPn’ﬂ(x,y;k,a,b,c)ﬁ, keNy, a,beR{0}, o, BeC' (2.2)

For a = 1, we obtain from (2.2) the generating function

2! kek wt+yt? - "
<Bbct_ab> c v = ZPn,ﬂ(x’y;k)avb)C)Ev (23)
n=0 :

whereas for y = 0 and ¢ = e, (2.2) reduces to known result Ozarslan [15].

Definition 2.3 Let a,b,c > 0 and a # b. The generalized Apostol Bernoulli, Euler

and Genocchi (ABEG) numbers Péaﬁ) (k,a,b, c) for nonnegative integer n are defined
by

21k \ t
O(t; k, o, a,b,¢) = <,6’bct — ab> Z k: a,b,c) keNy, a,bsR{0}, , eC
(2.4)
It is easy to prove that
P57 (kya,b,0) Z ( >P7Eff)ﬁ (k. a,b,0)P" (k. a,b,c) (2.5)

Further setting ¢ = e in (2.2), we get

Definition 2.4 Let a,b,c > 0 and a # b. The generalized Hermite-based polyno-

(a)(

mials g P, 5, y; k,a,b,e) for nonnegative integer n are defined by

21 ktk a N 9 n
<5bet ab) tyt ZH B (x,y;k,a,b,e)— ok ke Ny, a,beRR{0}, o, BeC

(2.6)
For the existence of the expansion, we need

b
(i) |t |< 2w where aeNy, k=1 and <ﬁ> = 1;] t |< 27 when aeNy, k=2,3,.. and

(g) =1; |t |<] blog( ) | when aeNy, ke N and (a> # 1 or (# —1); x,yeR,
peC/{0}, 1¢ =

(ii) |t |< 27 when <§)b —1; | t|<] blog( ) | when (g)b # —1, z,yeR, k=0,
a, peC, a,b,ceC 14 =1
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b
(iii) | ¢ |< 27 when aeNy and (g) — 1, z,yeR, keN, BeC, a,b,ceC/{0} 1% = 1

where w =| w | €, -1 < 0 < 7.
For k=a=b=1 and 8 = X in (2.6), we define the following

Definition 2.5 Let aeNy, A\ be an arbitrary (real or complex) parameter and
x,yeR. The Hermite-based generalized Apostol-Bernoulli polynomials are defined

by
t et t2 § : (a) t
()\Ct — 1) Y HB l’ y7 7!7 (27)

(|t |<2m,when) =1;|t |<| log(— ) |, when\ # 1, z,yeC, acC, 1% = 1)
For k+1= -a=b=1 and = X in (2.6), we define the following

Definition 2.6 Let aeNy, A\ be an arbitrary (real or complex) parameter and
x,yeR. The Hermite-based generalized Apostol-Euler polynomials are defined by

n

2 act+yt2 t
<)\6t—|—1> ZHE x y7 ‘a (28)

(|t |<2m,whenX = 1;| t |<|log(—=A) |, when\ # 1, z,yeC, acC, 1% = 1)
For k+1=-2a=b=1 and 2§ = X in (2.6), we define the following

Definition 2.7 Let aeNy, A\ be an arbitrary (real or complex) parameter and
x,yeR. The Hermite-based generalized Apostol-Genocchi polynomials are defined

by
2t xt+yt2 "
<)\€t+1> ZHG '7; y; '7 (29)

(|t |< 2m,whenX = 1;| t |<|log(=A) |, when\ # 1, z,yeC, acC, 1% = 1)
The generalized polynomials P ﬂ(az, y; k,a,b,c) defined by (2.2) have the follow-
ing properties which are stated as theorem below.

Theorem 2.1 Let a,b,¢c > 0 and a # b. Then zeR and n > 0. Then

P (@, ik, 1,1, 0) = a P,y K), PAY) (2,95 b, 1,1 €) = wBL (@, 3 V),

(
P\ (x:k,a,b,¢) = P (3K, a,b), P\%)(x,0;,1,1,€) = B (a; ) (2.10)

« = n
P£’ﬁ+7)(x+y,z+u;k,a,b,c):Z<m>P£Z/)B(zuabc) Pl m.p(@: Yk, a,b,c)
m=0

(2.11)
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o " n @
Pr(L,ga)(:B—i—Z’y;a,b,C)—Z(m)Pr(L )mﬁ(:nkabc) m(2,y;¢) (2.12)

m=0

Proof. The formula in (2.10) are obvious. Applying Definition (2.2), we have

« n (07 tm
E P +7 :c—l—y,z—f—u;k,a,bc—' E P()xy;k:,a,bc E P'Y) zukabc)m'
_ZZ o) " o) . e
P Z us k' a, b 6)7‘ n— mﬁ(x,y,k,a,b,c)m

n=0m=0
Now equating the coefficients of the like powers of t in the above equation, we get
the result (2.11). Again by Definition (2.2) of generalized polynomials, we have

n

o1—kek N\ 2 t
<ﬁbtb> ($+Z tHyt Z /8 13 + 2z s Yy k a, b C) (213)
cC—a

which can be written as

21_ktk “ xt zt+ t2 (a) tm > tm
<ﬁb—b> ’ ZP (x:ksa,b,0)— 3 Hulzy,0)—  (214)
- m=0 :

Replacing n by n-m in (2.14), comparing with (2.13) and equating their coefficients
of t" leads to formula (2.12).

3. IMPLICIT SUMMATION FORMULAE INVOLVING GENERALIZED HERMITE-BASED
POLYNOMIALS

For the derivation of implicit formulae involving generalized polynomials

Pg’ﬁ(ﬂv,y; k,a,b,c) and generalized Hermite-based polynomials HP?S,,Og (z,y;k,a,b,e)
the same considerations as developed for the ordinary Hermite and related polyno-
mials in Khan et al | 8] and Hermite-based polynomials in Ozarslan [ 15] holds
as well. First we prove the following results involving generalized polynomials
Pgﬁ(a:,y;k,a, b, c).

Theorem 3.1 Let a,b,¢c > 0 and a # b. Then for z, yeR and n > 0, The following

implicit summation formulae for generalized polynomials Prgog (z,y; k,a,b,c) holds
true:

N n,m n m
P7§+)m7ﬂ(zay;k7a7b7c) = Z (p ) < q )(Z )p+qP'rS,+)m —p— qﬁ(fﬂ,y;k,a,b,C)
p,q=0
(3.1)
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Proof. We replace t by t 4+ u and rewrite the generating function (2.2) as

21_k(t + u)k : (t+u)? _ P G ) tnum
<5b<t+>b> ¢’ MZ P s yikabo = (3.2)
0

Replacing x by z in the above equation and equating the resulting equation to
the above equation, we get

t"u™
oz (t+u) Z n+mmy,kabc Z n+m/82y;k,a,b,c)ﬁ%
n,m=0 n,m=0 ’ ’
(3.3)
On expanding exponential function (3.3) gives
(2 = 2)(t +u)]Y tu™
[( )]5” )] Zpé(j-)mﬁxy’kabc ZPT(Li)nqﬂzy,kabC)'m'
N=0 : n,m=0 n,m=0
(3.4)
which on using formula [28,p.52(2)]
$ 4 y > " ym
Z F(N =y Fntm)—=s (3.5)
n,m=0 ’ :
in the left hand side becomes
(o] (o]
Z _ l‘ p+q 1 m M
) Tl > n+mﬁxy’kabc ol Z n+mﬁzy’kabc)|m|
p,q=0 n,m=0 n,m=0
(3.6)

Now replacing n by n-p, m by m-q and using the lemma [28,p.100(1)] in the left
hand side of (3.6), we get

(z — x)Pta

(o) . tn ™
Zo Z@ plq! Brim—p—q8(® ¥3 ks 0,0, €) g =gy
= 5 Al skab o (3.7)

n m—
Finally on equating the coefficients of the like powers of t and u in the above equation,
we get the required result.

Corollary 1 Let a,b,c > 0 and a # b. Then for x,yeR and n > 0, the fol-
lowing implicit summation formula for generalized Apostol Bernoulli polynomials
B (z,y; A, a,b,¢)

@ = [ n m o
Bt = 3 (1) (1) el B, e hab
p,g=0

(3.8)
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Corollary 2 Let a,b,c > 0 and a # b. Then for x,yeR and n > 0, the
following implicit summation formula for generalized Apostol Euler polynomials
ES(x,y; A\ a,b,c)

N n,m n m a
E,(H_)m(z, y; A, a,bc) = Z ( p ) < q ) (2 — x)p+qE7(l+)m—p—q(x’ YA, a,b,¢)
P,q=0

(3.9)
Corollary 3 Let a,b,c > 0 and a # b. Then for x,yeR and n > 0, the fol-

lowing implicit summation formula for generalized Apostol Genocchi polynomials
Gg(x? y; )\7 a? b7 C)

Ggﬁzm(z Y; A, a,b,c) = Z ( Z ) < ;n ) (z — )p+qG,(f_‘2m . q(x,y;)\,a, b, c)
P,q=0

(3.10)
Theorem 3.2 Let a,b,c > 0 and a # b. Then for z,yeR and n > 0. Then

@ . N () p@
Plwkat =Y (0 )P e (G

m=0

Proof. By the definition of generalized polynomials and the definition (1.1), we
have

9l—kik a byt 0 (@) ' m (a)
Bbct_ab ¢ :an,ﬁ(x7y7kaa7byc)m: ZP ZH T,Y;C -
n=0 n=0

Now replacing n by n-m and comparing the coefficients of t", we get the result
(3.11).

Remark. For ¢ = e, (3.11) yields
HP(ﬁ)(:Uy,k:abe) Z<n>7§) 5k, a,b)Hp(z,y)

m
m=0

Corollary 1 Let a,b,c > 0 and a # b. Then for x,yeR and n > 0. Then

B d b = (1) B O aend (312
m=0

Corollary 2 Let a,b,c > 0 and a # b. Then for z,yeR and n > 0. Then

n

E(z,y; A\, a,b, ¢) = Z < Zz > £ mA, a,b)Hp, (2,9, ) (3.13)

m=0

122



M.A. Pathan and Waseem A. Khan — Some implicit summation formulas ...

Corollary 3 Let a,b,c > 0 and a # b. Then for x,yeR and n > 0. Then

n

G @,y N abe) =Y < " )Gﬁf‘_)m(A,a, b) (2, y, ) (3.14)

m=0

Theorem 3.3 Let a,b,¢c > 0 and a # b. Then for z,yeR and n > 0. Then

n—2j (5]
Pfﬁ)(x,y;k,a,b ¢) Z lnc nome JP( )(k,a,b)x"_Qj_my]
m=0 j=

|3

n!

mljl(n — 25 —m)!
(3.15)

zl—ktk
Bbct—ab

Proof. Applying the definition (2.2) to the term ( )a and expanding the

exponential function ¢® ¥ at t = 0 yields

21 Rk \® oyt t2
Bbct 0 = Z kab Zx Inc)” Zy Inc)’

— - - n n—k p() n—k " — 1
_712_:0 (Z( i > (Inc)"™"P, 5(k,a,b)z ) - ;y](lnc)Jj'

Replacing n by n-2j, we have

n

t
(e} .
py (z,y; k,a,b, c)—n‘

|M8
v
0

o) n—27j [%] n 2] (@) L
_ - n—m—j pla n—m-—2j,7
E - ( m > (Inc) P sk a,b)x Yy TSI (3.16)

Combining (3.16) and (2.2) and equating their coefficients of t" produce the formula
(3.15).

Corollary 1 Let a,b,c > 0 and a # b. Then for z,yeR and n > 0. Then

n—2j [5] !
o n—m-—, e} n—2j—m, j n:
B (z,y; X, a,b, ¢) g (Inc) IB(X a,b)z""% yjm!j!(n—Qj—m)!
m=0 j=0

(3.17)
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Corollary 2 Let a,b,c > 0 and a # b. Then for x,yeR and n > 0. Then

25 [5]
E,(f‘) (z,y; \,a,b,¢) = (In c)”_m_jE,E,‘f) (\ a, b)x”_Qj_myj
i=0

3
|

<.

n!

mljl(n —2j —m)!
(3.18)

3
I

Corollary 3 Let a,b,c > 0 and a # b. Then for x,yeR and n > 0. Then

.

25 [5]
G,(f‘) (x,y; \,a,b,¢) = (In c)"_m_jG,(ﬁ‘) (A, a, b):):”_Qj_myj
i=0

n

n!

mljl(n —2j —m)!
(3.19)
Theorem 3.4 Let a,b,¢c > 0 and a # b. Then for z,yeR and n > 0. Then

3
I

n—2j .
Pr(zaﬂ)(x + Ly ka,b,c) = < 77;_ & > (lnc)n_m_jp,(ncfzg(x; k,a,b,c) (3.20)
=0 m=0

|3

Proof. By the definition of generalized polynomials, we have

217Kk \® (z+1)t+yt? > (a) t"
e x yt? . t
(Bbct—ab> c —;Pnﬁ(x—&-l,y,k,a,b,c)n! (3.21)
which can be written as
o1—kk ¢ 2
<ﬁbtb> “etevt
c—a
oo o0 o0 .
i " , 427
= (Z Px)ﬂ(aﬁ;k,a, b, C)m‘> <Zx”(lnc)”n‘> Zyﬂ(lnc)]j
m=0 ’ n=0 ' =0 J:
oo n e .
n _ tn : 427
=22 < " ) (ne)" =" Py (wsk,ab,0) Zyj(lnc)ﬂﬁ (3.22)

n=0m=0
Replacing n by n-2j, we have

(3] n—2j

= (@) . L2 _ = n— 2.7 n—m—j p(a) . "
ZPTL’B(x—&—l,y,k,a,b,c)m—Z . ( m )(h’lc) JPm,ﬁ(l',k,a,b,C)m
n=0 n=0 j=0 m=0

(3.23)
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Combining (3.21) and (3.23) and equating their coefficients of ¢" leads to formula
(3.20).

Corollary 1 Let a,b,c > 0 and a # b. Then for x,yeR and n > 0. Then

[%] n—2j
B(O‘)(:U—l—l y; A, a,b,¢)

OM

< n—2j >(lnc)” ™3 BO) (25 ), a,b,¢)  (3.24)

Corollary 2 Let a,b,c > 0 and a # b. Then for z,yeR and n > 0. Then

NIE]

(5] n— 27
EW(z4+1,y;\,a,b,¢) = Z < n=2j ) (Ine)" ™I E) (2; X, a,b,¢) (3.25)
7=0 m=0

Corollary 3 Let a,b,c > 0 and a # b. Then for z,yeR and n > 0. Then

I3

n—2j
G (x4 1,9\, a,b,¢) Z ( n=2 ) (Ine)" ™G (25 X\, a,b,¢)  (3.26)
j=0 m=0

Theorem 3.5 Let a,b,¢c > 0 and a # b. Then for z,yeR and n > 0. Then

« - a—1 a
#P) (@, yik a,be) = < ; >P7§ (k. b) g P (@, ys k,a,be)  (3.27)

m=0

Proof. By the definition of generalized Hermite-based polynomials, we have

21—k‘tk 21—ktk‘ @ ct byt
Bret —ab ) \ Bret —ab ) ©
m

21-ktk t
<5bet_ab> ZH B (4K, a,b,¢) —

Now proceeding on the lines of Theorem 3.2,replacing n by n-m and equating the
coefficients of t" leads to formula (3.27)

Corollary 1 Let a,b > 0 and a # b. Then for z,yeR and n > 0. Then

1B (@ yi X a.be) = Y ( . )Béﬁ?(x,a, DBy (2. y: A a,be)  (3.28)
m=0
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Corollary 2 Let a,b > 0 and a # b. Then for z,yeR and n > 0. Then

m

HE® (@A a.b.0) = Y < " )Eé“_:n”u,a,b)HEé?)(x,y;A,a,b,e> (3.29)

m=0

Corollary 3 Let a,b > 0 and a # b. Then for z,yeR and n > 0. Then

m

HG (@, A a.be) = Y < " )Gﬁf_é)w, D) G (z,y: \a,be)  (3.30)

m=0

Theorem 3.6 For arbitrary real or complex parameter «, the following implicit

summation formula involving generalized Euler polynomials Prgog (z,y;k,a,b,c) holds
true

n

P+ Lykabe)= > ( Z > (Ine)" "™ P\ (z,y; k, a,b,c) (3.31)

m=0

Proof. By the definition of generalized polynomials, we have
tn

) N #n 0 o
S P @+ 1,y k a,b, Vo ~ D P yik,asb, i
n=0 n=0

21—ktk a
= (617 ¢ b) ettt (¢ —1)
cC—a
n

= (Z P(a) (x y;k,a,b,c)f:!) (i (Inc)” ) Z ﬂ (z,y; k,a,b, c)t—
n=0

= nmpl@) (o " S ) tn
- ;W;(ln )" By (@, yi by b, 0) oy - Z%PW (z.y: k. a,b,c) —

Finally, equating the coefficients of the like powers of t", we get (3.31).

Corollary 1 For arbitrary real or complex parameter «, the following implicit sum-

mation formula involving generalized Apostol Bernoulli polynomials Béa) (z,y; A\, a,b,¢)
holds true:

n

B{)(z+ 1,y M a,b,0) =Y ( . ) (Ine)" ™ B (z, y; A, a, b, ) (3.32)

m=0
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Corollary 2 For arbitrary real or complex parameter «, the following implicit sum-

mation formula involving generalized Apostol Euler polynomials E,(La) (z,y; X\, a,b,¢)
holds true:

E® (x4 1,550, a,b,¢) = Y ( . ) (o)™ " E (2, y; A, a,b, ¢) (3.33)

m=0

Corollary 3 For arbitrary real or complex parameter «, the following implicit sum-
mation formula involving generalized Apostol Genocchi polynomials Ggla) (z,y; \,a,b,¢)
holds true:

G+ Lhand = 3 (1) oGyt (330

m=0

4. GENERAL SYMMETRY IDENTITIES

In this section, we give general symmetry identities for the generalized polynomi-
als P( )(:z y; k,a,b) and P( )(k: a,b) by applying the generating functions (1.1) and
(2.6). The results extend some known identities of Zhang et al [31], Yang et al [30],
Pathan [20], Pathan and Khan [21] and Ozarslan [15]. Throughout this section «
will be taken as an arbitrary real or complex parameter.

Theorem 4.1 Let o, ke Ny a,beR/{0} ; 5eC, x,yeR and n > 0. Then the following
identity holds true:

Z < Zl >dmc"_mHPT(i)m’ﬁ(dx,d2z;k,a, b)HPT(nOf)B(cy,CQz;k,a, b)

m=0

:Z(nm> cnarm P() (cxczk:ab) P(a)(dy,d2zkab) (4.1)

m=0

Proof. Start with

ok gko2(1—k) 42k @
g(t) — ( ) ecd(w+y)t+(02+d2)zt2 (42)

(Bbect — ab)(Bbedt — gb

Then the expression for g(t) is symmetric in a and b and we can expand g(t) into
series in two ways to obtain

(dt)™
m!

ZHP(Q dz,d?z; k,a,b) <C:L? Z HPﬁlf)B(cy, 2k, a,b)

m=0
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_ Z Z HP’IS/am,B dﬂf, d2Z;k7avb)(C)7_HP,(anzg(Cy, C2Z;k,a,b)&@

== (n—m)! m! n!
On the similar lines we can show that
ZP()cxczkab i ddQZk:ab)( ct)”
H y? !

n=0 m=0

_ZZH o m,B (cz,c?z: k,a b)% &%(dy,d% k,a b)(><73!
n=0 k=0

by comparing the coefficients of t” on the right hand sides of the last two equations
we arrive at the desired result.
For k=a=b=1 and # = A in Theorem 4.1, we get the following corollary

Corollary 1 For all ¢,d, meN,ne Ny, AeC', we have the following symmetry identity
for the Hermite-based generalized Apostol-Bernoulli polynomials

n

3 < )dmcn—mHB,%(dw,sz;MHBﬁ,?)(cy,c?z; )

= Z < 2 )cmd"_mHBfLa)m(cm,CQz;)\)HBﬁ,?)(dy,dQ,z; A) (4.3)
m=0

Remark For A =1 in equation (4.3), the result reduces to known result of Pathan
and Khan [21] and further by taking a = 1,A = 1 in equation (4.3), the result
reduces to another known result of Pathan [20]

For k+1=—-a=b=1and § = X in Theorem 4.1, we get the corollary

Corollary 2 For all meN, neNg, AeC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers ¢ and d.

Z < ZL )dmc”_mHEfla)m(dx,dzz;)\)HEr(,f‘)(cy,CQz;)\)

=2 ( Z >Cmd"mHE£"_)m(cx,c2z;A) wEY (dy, d*z; \) (4.4)
b

Letting k = — =1 and 26 = A in Theorem 4.1, we get the corollary
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Corollary 3 For all meN, ne Ny, AeC, we have for each pair of positive even integers
¢ and d or for each pair of positive odd integers ¢ and d.

m

n
Z < " )dmc”_mHG;a)m(d:E,dQ,z;)\)HG,(;“)(cy,cQz;)\)

m=0

= Z < :1 >cmdn_mHng)m(cx,cQZ;)\)HGg,‘j‘)(dy,d2z;)\) (4.5)

Theorem 4.2 Let a,keNy;a,beR/{0}; peC and x,yeR and n > 0. Then the
following identity holds true:

n c—1d-1 d
Z( )ZZC" mgm P,@M <dm+ci+j,d2,z;k,a, b)  s(cysk,a,b)

m=0 i=0 j=0
n d—1 c—1
- < )chmdn " na) (cat+di+j702z;k,a,b> .5 (dy; Ky a,b)
m=0 7=l ]
(4.6)
Proof. Let

(BbGCt _ ab)(ﬂbedt _ ect — 1)(6‘# — 1)
¢ e
g(t) = M eCdxt+c2d2zt2 eCdt -1 2(1ik)dktk ecdyt eCdti_l
(Bbect —ab ect — 1 (,Bbedt b prr—
= <2(11)_k)cktkb cdxt+c2d22t2 Z dti % podyt Z et
(Bbet —a (Bbedt
1-k) k+k c—1d-1
- ((6(“)”> AN Y el Z < s(cysk,a,b) (dt)m
e .
d

g(t) _ 22(17k)ck‘dk‘t2k & (€Cdt _ 1)2 ecd(g;+y)t+02d2zt2
a’) ) (

=0 j=0

:ii ( Zl >izcn—mdeP£ )mﬁ<dx—|—dz—|—],d zik,a b> Py, s(cy; kya,b)

n=0m=0

(4.7)
On the other hand
d—1c—1 c
Z Z ( )ZZdTL e P7(1 )m[i (Cx+gi+j,62z;k,a,b) ﬁ,ﬁ(dy;k,a,b)
n=0m=0 i=0 j=0
(4.8)
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By comparing the coefficients of " on the right hand sides of the last two equations,
we arrive at the desired result.
For k=a=b=1 and 8 = A in Theorem 4.2, we get the following corollary at once

Corollary 1 For all ¢, d, meN,ne Ny, AeC', we have the following symmetry identity
for the Hermite-based generalized Apostol-Bernoulli polynomials

n c—1d-1
@ d
3 ( n > SN e man B (dx + Zi 2z )\> B2 (cy; \)
m=o \ " i=0 j=0 ¢
n n d—1 c—1 c
=Y ( o ) chmdnmeBffi)m (cx + it 2z )\) B2 (dy;A)  (4.9)
m=0 =0 j=0

Remark For A =1 in equation (4.9), the result reduces to known result of Pathan
and Khan [21] and further by taking o = 1,A = 1 in equation (4.9), the result
reduces to known result of Pathan [20]

For k+1=—-a=b=1 and 8 = A in Theorem 4.2, we get the corollary

Corollary 2 For all meN, ne Ny, AeC, we have for each pair of positive even integers
¢ and d or for each pair of positive odd integers ¢ and d.

n c—1d-1 d
3 ( ; > chn—mdeE,ﬁci’m (dm + it d*z; A> En(cy; A)

i=0 j=0

n d—1 c—1
_ z:o < " > ZgZ;Cmdn_mHE’sa‘)m (cx+ Zit iz A) Eg(dy: ) (410)
m= =V 7=

Letting k = —2a = b =1 and 25 = A in Theorem 4.2, we get the corollary
Corollary 3 For all meN, ne Ny, AeC, we have for each pair of positive even integers
c and d or for each pair of positive odd integers ¢ and d.

n c—1d-1 d
Z ( :1 ) ch_mdeG,(fi)m (dm + EZ + 4, d%z; )\> Go (cy; M)

m=0 =0 j=0

n d—1 c—1
= mz::o ( Zz > ;;jz;cmd”—mgafﬁm (cx + 2@' tj,é A) Go(dy:\)  (4.11)
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Theorem 4.3 For each pair of integers a and b and all integers and n > 0. Then
the following identity holds true:

n c—1d-1
n—m jym « d. C .
Z < )ZZ d Pé )mﬁ <dfc+cz,d2z;kz,a,b) mp(cy + g];k:,a,b)

=0 =0 j=0

n d—1c—1
(;)ZZcmdn_mH na) (caz+dzczkjab) mﬁ(dy—l-djkab)
=0

i=0 j=0
(4.12)
Proof. The proof is analogous to Theorem 4.2 but we need to write equation (4.6)
in the form

c—1d-1
n—m jgm « d o C.
o(t) = Z( VXS e arl®, (o G ek o) P et Siska.0)

m=0 =0 7=0
(4.13)
On the other hand equation (4.6) can be shown equal to

d—1c—1
g(t) = Z < >ZZ ctdr™m Pyga)mﬁ (cx—f— 52’,022;1{:,@, b) %ﬁ(dy—i—gj;k:,a,b)

m=0 =0 j=0
(4.14)
Next making change of index and by equating the coefficients of ¢ to zero in (4.13)
and (4.14), we get the theorem.
By comparing the coefficients of t” on the right hand sides of the last two equa-
tions, we arrive at the desired result.
For k=a=b=1 and § = A in Theorem 4.3, we get the following corollary at once

Corollary 1 For all ¢,d, me N, ne Ny, AeC', we have the following symmetry identity
for the Hermite-based generalized Apostol-Bernoulli polynomials

c—1d-1
Z( )ZZc” "d" B, (d:v+d dzz;A)Bmcw;j;A)

m=0 =0 5=0
d—1c—1
=3 () Z T e (e i) B+ i
AdV "y B, ca;—i—gz,c z;\) By (dy + —j; A)  (4.15)
m=0 =0 5=0 ¢
Remark For A\ = 1 in equation (4.15), the result reduces to known result of

Pathan and Khan [21] and further by taking @ = 1,A = 1 in equation (4.15), the
result reduces to known result of Pathan [20]
For k+1=—-a=5b=1 and § = X in Theorem 4.3, we get the corollary
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Corollary 2 For all meN, neNy, AeC, we have for each pair of positive even integers
¢ and d or for each pair of positive odd integers ¢ and d.

c—1d-1 d C
Z ( >ZZ n—m gm Efloi)m <d$+i,d2z;)\> Ep (cy + aﬁ)\)
c

m=0 =0 j=0
n n d—1 c—1 " . p
= mgn=m “ ;2. o .
_mZ::O< m > Z:g;)c @B, (o + i 2\ Eg(dy + SjiA) (416)

Letting k = —2a = b =1 and 28 = X in Theorem 4.3, we get the corollary

Corollary 3 For all meN, ne Ny, AeC, we have for each pair of positive even integers
¢ and d or for each pair of positive odd integers ¢ and d.

c—1d-1
3 (2 )EE et (s ) s o

m=0 =0 j=0
d—1 c—1 J
—Z< >ZZcmd" m Gi)m(caz—i-dzcz)\)Ga(dy—i— - A (4.17)
=0 5=0

Now, we prove the following symmetric identities involving sum of integer powers
Sk(n) and Mg(n) given by equation (1.13) and (1.14), Hermite-based polynomials

HP(B)(a: y; k,a,b) and P( )(a: k,a,b)

Theorem 4.4 For all integers a > 0, b > 0 and n > 0. Then the following identity
holds true:

- n n—m Jjm « < m 6 le%
Z(m>c d +1HP£7)m’5(da: d*z;k,a,b) Z( )Si (c—l(a)>Pm i.p(cy; K, a,b)

m=0 i=0
_ - n m—+1_m—m () - ) . ﬂ
= O<m>c A" g P ﬁcxczkabz_;< ) < 1()) m—i.p(dy; k,a,b)

(4.18)

Proof. We now use
(22(17k)ckdkt2k)a(6becdt _ ab)ecd(z+y)t+c‘2d2zt2

(Bbect _ ab)a(ﬁbedt _ ab)a-{-l
o(1—k) gk \ @ cars o (et — ab o(1—k) gk \ @ vt
g(t) = Bbect — b € Bbedt — b (Boedt — ab e
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- ZHP(Q dz, d*z;

ZS"< —1;( ﬂ >(dt ZP,?ﬂ cy,kab)(dt)n

Using a similar plan, we get

) ( dt)" - B ) = e (ct)"
ZOHP nl Zosn (dla(a) Tzopn,ﬁ(dyakaa7b) n!

Finally, (4.18) follows after an appropriate change of summation index and com-
parison of the coefficients of t.
For k=a=b=1 and § = A in Theorem 4.4, we get the following corollary at once

Corollary 1 For all ¢,d, meN,ne Ny, \eC', we have the following symmetry identity
for the Hermite-based generalized Apostol-Bernoulli polynomials

Z_:O < Zl > cnfmdm+1HB£La_)m (dx,d2z; )\) z; < Zn > Si (e = 1;X) By, _i(cy; A)

_ < " > M m B (ex, e A) Y < ;” > S; (d—1;7) B2 _,(dy: \)
0 =0
(4.19)

Remark For A\ = 1 in equation (4.19), the result reduces to known result of
Pathan and Khan [21] and further by taking @ = 1,A = 1 in equation (4.19), the
result reduces to known result of Pathan [20]

For k+1=—-a=5b=1 and 8 = X\ in Theorem 4.4, we get the corollary

Corollary 2 For all meN, ne Ny, AeC, we have for each pair of positive even integers
¢ and d or for each pair of positive odd integers ¢ and d.

3 ( ; > g B (de,dPz ) ( :” > M; (¢ — 1;A) ES_(cy; )

m=0 i=0
- ZO < " > gy B (e, 2 \) 2; ( " > M; (d— 1;\) ES_(dy; A)
m= i

(4.20)
Letting k = —2a = b =1 and 28 = X in Theorem 4.4, we get the corollary

Corollary 3 For all meN, neNy, AeC, we have for each pair of positive even integers
¢ and d or for each pair of positive odd integers ¢ and d.

ZO ( :1 ) cn—mdm+1HG(a) (dx d2z /\) ; < Zn ) M;(c—1;N)Go _i(cy; N)
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— E:O ( qu ) M G, (e, PN > < :” ) M; (d—1;0) G2 _;(dy; \)

=

’ (4.21)
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