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1. Introduction

Let A denote the class of analytic functions f of the form

f(z) = z +

∞∑
n=2

anz
n (1.1)

defined on the open unit disk U = {z ∈ C : |z| < 1}. Silverman introduced and
studied about a sub class T of A consisting of functions of the form

f(z) = z −
∞∑
n=2

anz
n (an ≥ 0). (1.2)

Let g(z) = z +
∑∞

n=2 bnz
n be a function in A then the convolution or Hadamard

product of f given by (1.1) and g(z) is defined as

(f ∗ g)(z) := z +

∞∑
n=2

anbnz
n.

Modified Hadamard product for functions with negative coefficients f(z) given by
(1.2) and g(z) = z −

∑∞
n=2 bnz

n (bn ≥ 0) is defined as

(f ∗ g)(z) := z −
∞∑
n=2

anbnz
n.
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For complex numbers α1, α2, . . . , αq and β1, β2, . . . , βs; (βj ∈ C \ Z−0 ;Z−0 =
{0,−1,−2, . . .} ; for j = 1, 2, .., s), the generalized hypergeometric function, denoted
as qFs(α1, α2, . . . , αq;β1, β2, . . . , βs; z), defined as

qFs(α1, α2, . . . , αq;β1, β2, . . . , βs; z) :=

∞∑
n=0

(α1)n(α2)n . . . (αq)nz
n

(β1)n(β2)n . . . (βs)nn!

whereq ≤ s + 1; q, s ∈ N0 := N ∪ {0}; z ∈ U and N denotes the set of all positive
integers and (x)n is the Pochhammer symbol defined in terms of gamma function,
as

(x)n :=
Γ(x+ n)

Γ(x)
=

{
1 if n = 0
x(x+ 1) . . . (x+ n− 1) if n ∈ N.

Corresponding to the function gq,s(α1, β1; z), defined by

gq,s(α1, β1; z) := zqFs(α1, α2, . . . , αq;β1, β2, . . . , βs; z),

let us introduce a generalized differential operator Dmλ,µ(α1, β1)f(z) : A → A as
follows

D0
λ,µ(α1, β1)f(z) := f(z) ∗ gq,s(α1, β1; z)

D1
λ,µ(α1, β1)f(z) := (1− λ+ µ)(f(z) ∗ gq,s(α1, β1; z)) +

(λ− µ)z(f(z) ∗ gq,s(α1, β1; z))
′ + λµz2(f(z) ∗ gq,s(α1, β1; z))

′′

Dmλ,µ(α1, β1)f(z) := D1
λ,µ(Dm−1λ,µ (α1, β1)f(z))

where 0 ≤ µ ≤ λ ≤ 1 and m ∈ N0 = N ∪ {0}. It is easy to observe that

Dmλ,µ(α1, β1)f(z) = z+

∞∑
n=2

[1+(n−1)(λ−µ+nµλ)]m
(α1)n−1(α2)n−1 . . . (αq)n−1

(β1)n−1(β2)n−1 . . . (βs)n−1(n− 1)!
anz

n.

For brevity let us take

Bn =
(α1)n−1(α2)n−1 . . . (αq)n−1

(β1)n−1(β2)n−1 . . . (βs)n−1(n− 1)!
. (1.3)

Hence

Dmλ,µ(α1, β1)f(z) = z +
∞∑
n=2

[1 + (n− 1)(λ− µ+ nµλ)]mBnanz
n.

This operator Dmλ,µ(α1, β1)f(z) generalizes several earlier operators for proper
choices of the parameters. For µ = 0, we find Dmλ,0(α1, β1)f(z) reduces to the
operator introduced and studied by Selvaraj et al., [27]. For q = 2, s = 1, α1 = β1
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we see that this operator reduces to the operator introduced and studied by Dorina
Răducanu et al., [4]. For λ = 1, µ = 0, q = 2, s = 1, α1 = β1 we obtain the differential
operator defined by Al Oboudi [16]. For λ = µ = 0 we obtain Dziok-Srivatsava
operator [5].

Further by specializing the parameters we can find Ruscheweyh derivative oper-
ator [25], Carlson-Shaffer operator [3], fractional calculus operators [18, 19], Hohlov
linear operator [8] and the generalized Bernardi-Libera-Livingston linear integral
operator [2, 11, 13] and Sălăgean derivative operator [26].

Definition 1.1. Let 0 ≤ γ ≤ 1, α ≥ 1, k ≥ 0 and 0 ≤ β < 1. A function f ∈ A is
said to be in the class S(λ, µ,m, γ, α, k, β), if it satisfies

<
{
α
zG′(z)

G(z)
− (α− 1)

}
> k

∣∣∣∣αzG′(z)G(z)
− α

∣∣∣∣+ β (1.4)

where
G(z) = (1− γ)Dmλ,µ(α1, β1)f(z) + γz[Dmλ,µ(α1, β1)f(z)]′ (1.5)

Also we define TS(λ, µ,m, γ, α, k, β) = T ∩ S(λ, µ,m, γ, α, k, β).

By specializing the parameters involved in S(λ, µ,m, γ, α, k, β) and
TS(λ, µ,m, γ, α, k, β) one could result in known classes of analytic functions which
were studied earlier such as Starlike functions, parabolic starlike functions and k-
starlike functions. Further several new subclasses of analytic functions could be
defined by specializing the parameters involved.

In this investigation various properties of the functions belonging to the classes
S(λ, µ,m, γ, α, k, β) and TS(λ, µ,m, γ, α, k, β).

2. Coefficient estimates

Lemma 2.1. [4] Let β be a real number and let w be a complex number. Then
<w ≥ β if and only if

|w + (1− β)| − |w − (1 + β)| ≥ 0.

Theorem 2.2. Let f(z) ∈ A as given by (1.1). If

∞∑
n=2

[1− β + α(n− 1)(1 + k)]Bn|an| ≤ 1− β (2.1)

then f ∈ S(λ, µ,m, γ, α, k, β).
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Proof. It is sufficient to show that∣∣∣∣αzG′(z)G(z)
− (α− 1)− k

∣∣∣∣αzG′(z)G(z)
− α

∣∣∣∣− (1 + β)

∣∣∣∣
≤
∣∣∣∣αzG′(z)G(z)

− (α− 1)− k
∣∣∣∣αzG′(z)G(z)

− α
∣∣∣∣+ (1− β)

∣∣∣∣ . (2.2)

Consider ∣∣∣∣αzG′(z)G(z)
− (α− 1)− k

∣∣∣∣αzG′(z)G(z)
− α

∣∣∣∣+ (1− β)

∣∣∣∣
=

1

G(z)

∣∣∣αzG′(z)− (α− 1)G(z)− keiθ|αzG′(z)− αG(z)|+ (1− β)G(z)
∣∣∣

>
|z|
|G(z)|

[2− β −
∞∑
n=2

[2− β + α(n− 1)(1 + k)]Bn|an|].

In similar manner∣∣∣∣αzG′(z)G(z)
− (α− 1)− k

∣∣∣∣αzG′(z)G(z)
− α

∣∣∣∣− (1 + β)

∣∣∣∣
<
|z|
|G(z)|

[β +

∞∑
n=2

[α(n− 1)(1 + k)− β]Bn|an|].

Therefore ∣∣∣∣αzG′(z)G(z)
− (α− 1)− k

∣∣∣∣αzG′(z)G(z)
− α

∣∣∣∣+ (1− β)

∣∣∣∣
−
∣∣∣∣αzG′(z)G(z)

− (α− 1)− k
∣∣∣∣αzG′(z)G(z)

− α
∣∣∣∣− (1 + β)

∣∣∣∣
>
|z|
|G(z)|

[2(1− β)− 2
∞∑
n=2

[1− β + α(n− 1)(1 + k)]Bn|an| ≥ 0.

Hence the proof.

Theorem 2.3. If f ∈ T as given in (1.2), then f ∈ TS(λ, µ,m, γ, k, α1, β1) if and
only if

∞∑
n=2

[1− β + α(n− 1)(k + 1)]Bn|an| ≤ 1− β. (2.3)

The result is sharp.
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Proof. Assume that the condition (2.3) holds. In view of Theorem 2.2 and by
the definition of TS(λ, µ,m, γ, k, α1, β1), we see that f ∈ TS(λ, µ,m, γ, k, α1, β1).
Conversely suppose that f ∈ TS(λ, µ,m, γ, k, α1, β1), then (1.4) reduces to

1−
∑∞

n=2[1 + α(n− 1)]Bnanz
n−1

1−
∑∞

n−2Bnanz
n−1 − β > k

∣∣∣∣∑∞n=2 α(n− 1)Bnanz
n−1

1−
∑∞

n=2Bnanz
n−1

∣∣∣∣ . (2.4)

By letting z → 1− through real axis we get the desired result.
Also the result is sharp for the functions given by

f(z) = z − 1− β
[1− β + α(n− 1)(1 + k)]Bn

zn for n ≥ 2. (2.5)

Corollary 2.4. If f ∈ TS(λ, µ,m, γ, k, α1, β1), then

an ≤
1− β

[1− β + α(n− 1)(1 + k)]Bn
for n ≥ 2.

3. Growth and Distortion Theorem

Theorem 3.1. Let f ∈ TS(λ, µ,m, γ, k, α1, β1). Then for |z| < 1 ,

r − 1− β
[1− β + α(1 + k)]B2

r2 ≤ |f(z)| ≤ r +
1− β

[1− β + α(1 + k)]B2
r2

and

1− 2(1− β)

[1− β + α(1 + k)]B2
r ≤ |f ′(z)| ≤ 1 +

1− β
[1− β + α(1 + k)]B2

r.

The result is sharp for the function f(z) given by

f(z) = z − 1− β
[1− β + α(1 + k)]B2

z2.

Proof. By Theorem(2.3) we have for f(z) ∈ TS(λ, µ,m, γ, k, α1, β1),

∞∑
n=2

[1− β + α(n− 1)(k + 1)]Bnan ≤ 1− β.

Note that

[1− β + α(k + 1)]B2

∞∑
n=2

an =

∞∑
n=2

[1− β + α(k + 1)]B2an
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≤
∞∑
n=2

[1− β + α(n− 1)(k + 1)]Bnan ≤ 1− β.

Hence
∞∑
n=2

an ≤
1− β

[1− β + α(1 + k)]B2
. (3.1)

Therefore

|f(z)| ≤ r +
∞∑
n=2

anr
n

≤ r + r2
∞∑
n=2

an

≤ r +
1− β

[1− β + α(1 + k)]B2
r2

and

|f(z)| ≥ r −
∞∑
n=2

anr
n

≥ r − r2
∞∑
n=2

an

≥ 1− β
[1− β + α(1 + k)]B2

r2.

In view of Theorem 2.3 we have,

[1− β + α(1 + k)]B2

2

∞∑
n=2

nan =
∞∑
n=2

[1− β + α(1 + k)]B2

2
nan

≤
∞∑
n=2

[1− β + α(n− 1)(1 + k)]Bnnan
n

≤ 1− β.

Therefore

|f ′(z)| ≤ 1 +
∞∑
n=2

nanr
n−1

≤ 1 + r

∞∑
n=2

nan

≤ 1 +
2(1− β)

[1− β + α(1 + k)]B2
r.
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Similarly we can prove

|f ′(z)| ≥ 1− 2(1− β)

[1− β + α(1 + k)]B2
r.

4. Extreme points

Theorem 4.1. Let

f1(z) := z and fn(z) := z − 1− β
[1− β + α(n− 1)(1 + k)]Bn

zn. (4.1)

Then f ∈ TS(λ, µ,m, γ, k, α1, β1) if and only if

f(z) =
∞∑
n=1

λnfn(z) (z ∈ U). (4.2)

where λn ≥ 0, (n ≥ 1) and
∑∞

n=1 λn = 1. Also the extreme points of
TS(λ, µ,m, γ, k, α1, β1) are given by (4.1).

Proof. Suppose (4.2) holds for f ∈ TS(λ, µ,m, γ, k, α1, β1), then

f(z) = z +
∞∑
n=2

λn
1− β

[1− β + α(n− 1)(1 + k)]Bn
zn.

Since
∞∑
n=2

[1− β + α(n− 1)(1 + k)]Bnλn(1− β)

[1− β + α(n− 1)(1 + k)]Bn
= (1− β)

∞∑
n=2

λn

= (1− β)(1− λ1)
≤ 1− β,

we have f ∈ TS(λ, µ,m, γ, k, α1, β1) .
Conversely, suppose that f ∈ TS(λ, µ,m, γ, k, α1, β1) and take

λn =
[1− β + α(n− 1)(1 + k)]Bn

1− β
an for n ≥ 2

and λ1 = 1−
∞∑
n=2

λn.

Then f(z) =

∞∑
n=1

λnfn(z).

Hence the proof.
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5. Closure Theorem

Theorem 5.1. Let the functions fj ∈ TS(λ, µ,m, γ, k, α1, β1) be defined by

fj(z) = z −
∞∑
n=2

an,jz
n (z ∈ U) (5.1)

and let cj ≥ 0 (j = 1, 2, . . . , p) such that
∑p

j=1 cj = 1. Then h(z) =
∑p

j=1 cjfj(z) ∈
TS(λ, µ,m, γ, k, α1, β1).

Proof. Now h(z) can be written as

h(z) =

p∑
j=1

cj

[
z −

∞∑
n=2

an,jz
n

]

= z −
∞∑
n=2

 p∑
j=1

cjan,j

 zn.
Since fj ∈ TS(λ, µ,m, γ, k, α1, β1) for every j = 1, 2, . . . , p we have

∞∑
n=2

[1− β + α(n− 1)(k + 1)]Bnan,j ≤ 1− β.

Therefore

∞∑
n=2

[1− β + α(n− 1)(k + 1)]Bn

 p∑
j=1

cjan,j

 ≤ p∑
j=1

cj(1− β) = 1− β.

Hence h ∈ TS(λ, µ,m, γ, k, α1, β1).

Corollary 5.2. The class TS(λ, µ,m, γ, k, α1, β1) is closed under convex linear com-
bination.

6. Convolution and Integral properties

Theorem 6.1. Let g(z) ∈ T of the form

g(z) = z −
∞∑
n=2

bnz
n (0 ≤ bn ≤ 1 for n ≥ 2)

be analytic in U . If the function f ∈ TS(λ, µ,m, γ, k, α1, β1), then (f ∗ g)(z) ∈
TS(λ, µ,m, γ, k, α1, β1), where ∗ denotes the modified Hadamard product.
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Proof. Consider
∞∑
n=2

[1− β + α(n− 1)(k + 1)]Bnanbn

≤
∞∑
n=2

[1− β + α(n− 1)(k + 1)]Bnan ≤ 1− β

and hence f ∗ g ∈ TS(λ, µ,m, γ, k, α1, β1).

Definition 6.1. Let Ic : T → T be an integral operator defined as

Ic(f(z)) =
c+ 1

zc

∫ z

0
tc−1f(t)dt (c > −1, z ∈ U). (6.1)

Note that for f(z) given by (1.2),

Ic(f(z)) = z −
∞∑
n=2

c+ 1

c+ n
anz

n.

By taking g(z) = z −
∑∞

n=2
c+1
c+nz

n where 0 ≤ c+1
c+n ≤ 1 in Theorem 6.1, we have the

following result.

Corollary 6.2. If the function f ∈ TS(λ, µ,m, γ, k, α1, β1) then
Ic(f(z)) ∈ TS(λ, µ,m, γ, k, α1, β1).

7. Radii of Starlikeness, Convexity and Close to convexity

Theorem 7.1. Let the function f ∈ TS(λ, µ,m, γ, k, α1, β1). Then f is starlike of
order ρ(0 ≤ ρ < 1) in |z| < r1 where

r1 = inf
n≥2

[
(1− ρ)[1− β + α(n− 1)(k + 1)]Bn

(n− ρ)(1− β)

] 1
n−1

.

Proof. To prove the result we have to show that∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ ≤ 1− ρ (0 ≤ ρ ≤ 1)

for z ∈ U with |z| < r1. We have
∣∣∣ zf ′(z)f(z) − 1

∣∣∣ ≤ 1 − ρ if
∑∞

n=2
n−ρ
1−ρanz

n−1 ≤ 1. By

(2.3) we have
∞∑
n=2

[1− β + α(n− 1)(k + 1)]Bn|an|
1− β

≤ 1.
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Hence the result will follow if

n− ρ
1− ρ

|z|n−1 ≤ [1− β + α(n− 1)(k + 1)]Bn|an|
1− β

or if |z| ≤
[

(1− ρ)[1− β + α(n− 1)(k + 1)]Bn
(n− ρ)(1− β)

] 1
n−1

.

Corollary 7.2. Let the function f ∈ TS(λ, µ,m, γ, k, α1, β1). Then f is convex of
order ρ(0 ≤ ρ < 1) in |z| < r2 where

r2 = inf
n≥2

[
(1− ρ)[1− β + α(n− 1)(k + 1)]Bn

n(n− ρ)(1− β)

] 1
n−1

.

Corollary 7.3. Let the function f ∈ TS(λ, µ,m, γ, k, α1, β1). Then f is close to
covex of order ρ(0 ≤ ρ < 1) in |z| < r3 where

r3 = inf
n≥2

[
(1− ρ)[1− β + α(n− 1)(k + 1)]Bn

n(1− β)

] 1
n−1

.
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