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A SUBCLASS OF ANALYTIC FUNCTIONS AND A GENERALIZED
LINEAR DIFFERENTIAL OPERATOR
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ABSTRACT. In this article a sub class of analytic function in introduced, which is
defined using a generalized differential operator and various properties of this sub
class are discussed.
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1. INTRODUCTION

Let A denote the class of analytic functions f of the form
o)
f(2) :z+Zanz” (1.1)
n=2

defined on the open unit disk U = {z € C : |z| < 1}. Silverman introduced and
studied about a sub class T of A consisting of functions of the form

flz)=2z— Z anz" (an > 0). (1.2)
n=2

Let g(z) = 2+ > .25 bpz™ be a function in A then the convolution or Hadamard
product of f given by (1.1) and g(z) is defined as

(f*xg)(z) =2+ Zanbnz".
n=2

Modified Hadamard product for functions with negative coefficients f(z) given by
(1.2) and g(2) = 2 — Y o2 5 bpz™ (b, > 0) is defined as

(f*xg)(z) =2z— Zanbnz".
n=2

63


http://www.uab.ro/auajournal/

N. Marikkannan — A subclass of analytic ...

For complex numbers oy, ,...,0q and Bi,02,...,0s (85 € C\ 22, =
{0,—-1,-2,...}; for j = 1,2,..,s), the generalized hypergeometric function, denoted
as oFs(ar,ag, ..., 0401, B2, ..., Bs; 2), defined as

oFs(ar, o, ... aq; 81, B2, ..., Bs; 2) 1= Z (@1)n(@2)n - (@g)n?

whereq < s+ 1;¢,s € Ny := NU{0};z € U and N denotes the set of all positive
integers and (z), is the Pochhammer symbol defined in terms of gamma function,

s _I'x+n) [ 1 if n=0
(I')n-—r(x)_{x(l’—i—l),..(x—l—n—l) if neN.

Corresponding to the function gq s(a1, f1;2), defined by
gq,s(alyﬂl; Z) = ZqFS(aly ag, ... 705(];517523 cee 7/88; Z)a

let us introduce a generalized differential operator DY, (a1,51)f(2) :+ A — A as
follows

DY ular, B1)f(z) o= f(2) * ggsa, B; 2)
Dyulan, B1)f(z) = (L= A+ p)(f(2) * ggs(ar, Br; 2)) +

(A = W)2(f(2) * ggs(an, B1:2)) + Mz (f(2) * gg,s(aur, 1 2))”
DY (on,B1)f(2) = DDy, (o1, $1)f(2))

where 0 < p <A <1and m € Ng=NU{0}. It is easy to observe that

Dl f) f(2) = z+Z[1+(n—1)(A—u+nuA)}m(/@1)(,?_11)21521)101_21% 1(5S)iai)(2i1) anz"
For brevity let us take
- (al)nfl(OZZ)nfl cee (aq)nq
Bn = (B)n-1B2)n-1---(Bs)n-1(n—1)I" (1.3)
Hence
DY (a1, 1) f(2) = 2 + Z (n —1)(A = p+ npA)|" Bpanz"

This operator DTM(OQ, B1)f(z) generalizes several earlier operators for proper
choices of the parameters. For pu = 0, we find D;\’fo(al,ﬁl)f(z) reduces to the
operator introduced and studied by Selvaraj et al., [27]. For ¢ = 2,5 = 1,01 = 5
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we see that this operator reduces to the operator introduced and studied by Dorina
Raducanu et al., [4]. For A = 1,4 =0,9 = 2,s = 1,1 = 81 we obtain the differential
operator defined by Al Oboudi [16]. For A\ = u = 0 we obtain Dziok-Srivatsava
operator [5].

Further by specializing the parameters we can find Ruscheweyh derivative oper-
ator [25], Carlson-Shaffer operator [3], fractional calculus operators [18, 19], Hohlov
linear operator [8] and the generalized Bernardi-Libera-Livingston linear integral
operator [2, 11, 13] and Salagean derivative operator [26].

Definition 1.1. Let 0 <y < 1l,a>1,k>0and 0 < § < 1. A function f € A is
said to be in the class S(\, u, m, v, a, k, B), if it satisfies

%{azg(/g) —(a—l)} >k‘azg;i§) —a|+p (1.4)
where
G(2) = (1 =)D, (a1, B1) f(2) + v2[DXu (a1, Br) f(2)] (1.5)

Also we define TS(Aauvma'%OZ’ka) =TnN S()‘a/%m”%aa k)ﬁ)

By specializing the parameters involved in S(A, pu, m,~, a, k, ) and
TS(A, i, m, vy, a, k, 3) one could result in known classes of analytic functions which
were studied earlier such as Starlike functions, parabolic starlike functions and k-
starlike functions. Further several new subclasses of analytic functions could be
defined by specializing the parameters involved.

In this investigation various properties of the functions belonging to the classes
S(A, wymy v, ek, B) and T'S(A, pu, m, v, o, k, 5).

2. COEFFICIENT ESTIMATES

Lemma 2.1. [4] Let 8 be a real number and let w be a complex number. Then
Rw > B if and only if

jw+ (1 =B) —|w—-(1+p)=0.

Theorem 2.2. Let f(z) € A as given by (1.1). If

o0

D [1=B+am—1)1+k)|Balas <1-5 (2.1)

n=2

then f € S()‘uﬂvmv’% O[,k,,B).
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Proof. 1t is sufficient to show that

2G'(2)

aG(z) —(oz—l)—k:ozG(z) -« —(1-1—,3)‘
2GY(2) o 2G'(2) Ca B
<G (a—1)—k o +(1 ﬁ)‘ (2.2)
Consider &) a'(2)
el - -keig ) ol v a5
= — |lazG'(2) = (o — z) — ke’ |azG(2) — aG(z - z
= & G'(2) — (@ = 1)G(z) — ke”[azG'(z) — aG(2)| + (1 — B)G(z)
LIPS R S 0
> \G(z)|[2 B ;[2 B+ a(n —1)(1+ k)] Bp|an ).
In similar manner
2G'(2) o 1) aZG/(Z) Cal -
aG(z) ( 1) —k G (1—1—6)‘
] - . _ a
< |G(Z)|L6+nz::2[a(n 1)(1+k) 5}Bn| nH
Therefore G'(2) a(2)
G0 —( —1)—k‘aG(Z) -« +(1—B)‘
> G@)\ 20— 8) — 23 11— B+ a(n—1)(1 + k)| Balan| > 0.
n=2

Hence the proof.

Theorem 2.3. If f € T as given in (1.2), then f € T'S(A\, u,m,~, k, a1, 1) if and
only if

o0

> L= B+a(m—1)(k+1)]|Bnlan| <1 - 8. (2.3)

n=2

The result is sharp.
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Proof. Assume that the condition (2.3) holds. In view of Theorem 2.2 and by
the definition of T'S(\, u, m,~,k, a1, 1), we see that f € T'S(A\, u,m,~,k,a1,51).
Conversely suppose that f € TS(A, u, m,v, k, a1, 31), then (1.4) reduces to

13 +a(n —1)]Bpanz"~ S0 ya(n —1)Bpay 2"t

1
-B>k

2.4
1-— 220_2 Bnanznil 1-— 220:2 Bnanz”*1 ( )
By letting z — 1~ through real axis we get the desired result.
Also the result is sharp for the functions given by
1—
flz) =2— & 2" for n>2. (2.5)

1—3+aln—1)(1+k)B,

Corollary 2.4. If f € TS(\, u,m,v,k, a1, 1), then

1-p
[1—B+a(n—1)(1+k)]B»

an < for n > 2.

3. GROWTH AND DISTORTION THEOREM
Theorem 3.1. Let f € TS(\, u,m,v,k,a1,51). Then for |z| < 1,

1-5 1-p 2

Ol e 1y A Gkt sy ey

and
2(1-p)
[1— 08+ a(l+k)|Bs
The result is sharp for the function f(z) given by
1-5 22,
[1— 038+ a(l+k)Bs:

Proof. By Theorem(2.3) we have for f(z) € TS\, u,m, v, k, a1, f1),

1-p

1= I—B+a(l+k)Bs

r<lfi@) <1+

)=z~

Y =B +a(n—1)(k+1)|Bya, <1- 5.
n=2
Note that
[1—B+ak+1)]By> an=Y [1—B+alk+1)]Ba,
n=2 n=2
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§:1—5+an—iﬂh+MBwn§1—ﬂ

Hence
Z an < 1= B
~ 1— B+ a(l+k)]B:
Therefore
F] < r+) ap”
n=2
< r+ r? Z an
n=2
1-5 2
< +
= "TH-Btall+k)Bs
and

POl = =S a”
n=2

r—r2Zan

n=2

1-8 2
Z M—Bra(l+mB

In view of Theorem 2.3 we have,

1— a(l+ k)| By — - a(l + k)|B
[ 54‘2(4‘)]22”%:2[ 5+2(+)] a,

A\

n=2 n=2

IN

M1 -8+ am—1)(1+k)|B,na,
z:[ B+ o )(1+ k)]

n
n=2

1- 8.

IN

Therefore

[e.9]

1+ Z na,r" !

n=2

'(2)]

IN

INA
—
_I_
=
(]
S
s

2(1-8)
1-B+a(l+k)B

IN
—_
+
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Similarly we can prove

2(1-5)

Pz - g aa B

4. EXTREME POINTS

Theorem 4.1. Let
A=z and - fa(z) =2 = g e T N AT

Then f € TS(X, pu,m,v, k, a1, (1) if and only if

FE) =) Mfalz) (€U
n=1
where A\, >0, (n > 1) and > >° | A\, = 1. Also the extreme points of
TS\, u,m,,k,a1, 1) are given by (4.1).
Proof. Suppose (4.2) holds for f € T'S(A, u,m,~,k, a1, 1), then

0 1-5 n
f(z) :z+;)\n[l_5+a(n_1)(1+k)}an ‘

Since

[e.e]

Z[1_5+a(n—1)(1+k)]BnAn(1—ﬁ) = (1-8)D M
n=2

[1—-8+an—-1)(1+k)|B,

n=2
= 1-50-N)
S 1_5>

we have f S TS()\,M,TI’L,’)/, k7051751) :
Conversely, suppose that f € T'S(\, u, m,~, k, a1, 51) and take
1-— —1)(1 B,
o [1—B+am—1)1+k) o, for  n>2

1-p

and A= 1—i)m.
n=2

Then  f(z) = Y Aufa(2).
n=1

Hence the proof.
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5. CLOSURE THEOREM

Theorem 5.1. Let the functions f; € T'S(A, u,m,~, k, 1, B1) be defined by
fi(z) =2z — Zaw‘zn (ze€U) (5.1)
n=2

andletc; >0 (j=1,2,...,p)suchthat 37, c; = 1. Then h(2) = 3°_, ¢;fj(2) €
TS()‘uu?mfyakaalaﬁl)‘

Proof. Now h(z) can be written as
P 0o
h(z) = ZCj !z - Z anyjz"]
o [ p
= z-— Z chan,j 2",

n=2 [ j=1

Since f; € T'S(\, u,m, v, k, a1, B1) for every j =1,2,...,p we have

Y 1= B+a(m—1)(k+1)]Bnan; <1- 8.
n=2
Therefore
e’} p p
=B+ an—1)(k+1)]By | Y cjan;| <Y c(1-8)=1-4.
n=2 j=1 j=1

Hence h € TS(\, u,m,~, k, a1, 51).

Corollary 5.2. The class T'S(A, p,m, v, k, a1, B1) is closed under convex linear com-
bination.

6. CONVOLUTION AND INTEGRAL PROPERTIES
Theorem 6.1. Let g(z) € T of the form
o
g(z):z—anz” 0<b,<1 for n>2)
n=2

be analytic in U. If the function f € T'S(\, pu,m,v,k,a1,B1), then (f x g)(z) €
TS(\, u,m, v, k,a1,P1), where * denotes the modified Hadamard product.
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Proof. Consider

e}

Y 1= B+ a(n—1)(k+ 1) Buanbn

n=2

< i[l —B+an—1)(k+1)Bra, <1—-p
n=2

and hence fxg € T'S(\, u,m,v,k, a1, f1).

Definition 6.1. Let I.: T — T be an integral operator defined as

L(f(z) = <2 /0 i dt (e> 1,z € U). (6.1)

ZC
Note that for f(z) given by (1.2),

L) =2- Y Shla,

ctn
=2 +

By taking g(z) =2z —> 2, CISLZ where 0 < C‘H <1 in Theorem 6.1, we have the
following result.

Corollary 6.2. If the function f € T'S(\, u,m,7,k, a1, 1) then
IC(f<Z)) € TS()\7 ey T, 7Y, kv aq, /81)

7. RADII OF STARLIKENESS, CONVEXITY AND CLOSE TO CONVEXITY

Theorem 7.1. Let the function f € T'S(\, u,m,~,k, a1, 51). Then f is starlike of
order p(0 < p < 1) in |z| < r; where

1
1—p)[l — - n=
= o [ Bl e 1]
") (n—p)(1—B)
Proof. To prove the result we have to show that
2f(2) ’
-11<1—-p 0<p<l1
) ( )
for z € U with |z| < r1. We have Z]J:l —1‘ <1—pif Y02, 5= pan 21 < 1. By
(2.3) we have
i 1-B8+an—1)(k+1)]B, |an|
n=2 1_’3
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Hence the result will follow if

DLt < [1 =B+ a(n—1)(k+1)]Bn|an|

1 1-7
. (1—p)1 - B+an—1)(k+1)]B,]
orit 1 < | (n— )1 B) |

Corollary 7.2. Let the function f € T'S(\, u,m, v, k,a1,61). Then f is convex of
order p(0 < p < 1) in |z| < ro where

O—MU—6+Mn—D%+UBﬂnL
n(n—p)(1-B) '

Corollary 7.3. Let the function f € T'S(A, u,m,~,k,a1,51). Then f is close to
covex of order p(0 < p < 1) in |z| < rg where

r9 = inf
n>2

rg = inf
n>2

[(1 —p)[l—B+aln—1)(k+ 1)]13”} T
n(l—p5) ‘
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