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ON UNIVALENCE CRITERIA FOR ANALYTIC FUNCTIONS
DEFINED BY SALAGEAN OPERATOR AND RUSCHEWEYH
DERIVATIVE

A. ALB Lupras

ABSTRACT. In this paper we obtain sufficient conditions for univalence of ana-
lytic functions defined by the linear operator L} : A — A, L f(z) = (1—a)R" f(2)+
aS"f(z), z € U, where R"f(z) is the Ruscheweyh derivative, S™f(z) the Salagean
operator and A, = {f € H(U) : f(2) = 2z + ant12" 1 + ..., 2 € U} is the class of
normalized analytic functions with A; = A.
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1. INTRODUCTION

Denote by U the unit disc of the complex plane, U = {z € C : |z] < 1} and H(U)
the space of holomorphic functions in U.

Let A, = {f € HU): f(z) =2+ an12" +..., 2€U} with Ay =Aand S
the subclass of functions that are univalent in U.

Definition 1. Salagean [10]) For f € A, n € N, the operator S™ is defined by
St A— A,

S°f(z) = [f(2)
S'f(z) = zf'(2)
STf(z) = 2(S"f(2)), zel.

Remark 1. If f € A, f(z) = z+ 372,027, then S"f (z) = z + 372, j"a;27,
zeU.

25


http://www.uab.ro/auajournal/

A. Alb Lupas — On univalence criteria ...

Definition 2. (Ruscheweyh [9]) For f € A, n € N, the operator R"™ is defined by
R": A— A,

Rf(2) = [(2)
R'f(2) = zf'(2)
(n+1D)R"™f(2) = 2(R"f(2)) +nR"f(z), zeU.

Remark 2. If f € A, f(z) = 2+ 372, a;27, then R"f (2) = 24+ 332, %aﬂj,
zeU.

Definition 3. [1], [2] Let « > 0, n € N. Denote by L’ the operator given by
Ly A— A,
L2f(z)=(1—a)R"f(2) + aS" f(2), zeU.
Remark 3. If fe A, f(z) =z + Z;’;Q a;jz’, then
) n n+j—1)! i
Lof(z) =2z+3272, {ay +(1—-a) (nlz?_ll))! }ajzj, zeU.

Our considerations are based on the following results.

Lemma 1. [4] Let f € A. If for all z € U
<1 o ’Z|2) Zf// (Z)

f'(2)
then the function f is univalent in U.

— )

Lemma 2. [7] Let f € A. If for all z € U

21 ()
1% (z)

then the function f is univalent in U.

_1'§17

Lemma 3. [11] Let p be a real number, > 5 and f € A. If for all z € U

0= 1]

then the function f is univalent in U.
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Lemma 4. [6]If f(z) € S and

z

=1 bn n,
F =Lt 2t

then

o0

Y (n—1)[ba)* < 1.

n=1

Lemma 5. [8] Let v € C, Re(v) >0 and f € A. If for all z € U

(1 _ ’z‘QRe(u))
Re (v)

2f"(2)
f"(z)

F,(2) = (y /0 T I (w) du)i

then the function

1s univalent in U.

2. THE MAIN RESULT

Following the paper of M. Darus and R. Ibrahim [5], we establish the sufficient
conditions to obtain a univalence for analytic function involving the differential
operator RDY .

Theorem 6. Let f € A. If for all z € U,

o

. (n+j1)!} .
ajl"+ (1 — o) —F—-— 27— 1) |a;| <1. 1
Z{; (1= o) B 1 27 = 1)l 1)
Then L2 f (2) is univalent in U.
Proof. Let f € A. Assume that (1) is hold. Then for all z € U we have
2 (L2 f (2)" 2 (L2 f (2))"
(Laf (2) (Laf (2))
(1) 23252 i + (1 - ) G 15 G - Dyl
z _ -
(1 + Z;’iQ {aj” +(1-a) (g!—&.j__ll))!! } jajszl)
252525 {aim + (1= 0) SR 5 (G- 1) Jayl
1= {aj" +(1-a) (:1?;?—_11))!!}3' |a;]

n
«

Thus, in view of Lemma 1, L] f (z) is univalent in U.
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Theorem 7. Let f € A. If for all z € U,

[e.o]

" n -1
;{ay +-a) U= g < 2)

Then L2 f (z) is univalent in U.

Proof. Let f € A. Assume that (2) is hold. It is sufficient to show that

218/ (2)) <1
(Laf )

which is equivalent to show that

2 )]

214 ()"
We have
2prey| |2 (S e+ 0 -0 B es )|
2141 ()"

s e

1+, {ajn +(1-a) (S!J(rf:f))!!}jajzj_l
, N2
2 (1 + 3252 {agm 4+ (1 @) S oyt 4 (252, {agm + (1 — @) S ag2m1) )
[e%s) ‘n n+j5—1)! .
145052, {aim + (1 - a) SR o
00 . n+j—1)! o) . n+j—1)!
2 (12552, {ajn + (1 - a) S oy — (252, {agm + (1 - 0) G Hayl) )

which is less than 1 if the assertion (2) is hold. Thus in view of Lemma 2, L f (2)
is univalent in U.

<

Theorem 8. Let f € A. If for all z € U

7= ?!} laj| <2p—1, pu> ;. (3)

Z] (-1 + 2/1—1)]{04]'”4‘(1—04)”!(3._1!

Then L2 f (z) is univalent in U.
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Proof. Let f € A. Then for all z € U we have

'(1_ |z\2“) m+l—u’ < ‘<1+\z|2“) Z(Lgf(z)) Y-l <
22555 {od" + (1= o) S5t 19 G = Dol | o

00 . n+j—1)!] .
1— 23:2 {a]n +(1-a) (n!E?—ll)z }j \aj]

the last inequality is less that p if the assertion (3) is hold. thus, in view of Lemma
3, L f (z) is univalent in U.

As applications of Theorems 6, 7 and 8 we have the following result

Theorem 9. Let f € A. If for all z € U one of the inequalities (1-3) holds, then

Z]—l b;|* <1,
7=1

where

L”f —1+sz

Proof. Let f € A. Then, in view of Theorems 6, 7 or 8, L f (z) is univalent in U.
Hence, by Lemma 4 we obtain the result.

Theorem 10. Let f € A. If for all z € U,

(n+j—1)

Zj (j —1) + Re (v )]{aj"+(1—a) WG 1)

}|a]] < Re(v), Re(v)>0.

(4)
Then

1s unwwalent in U.

Proof. Let f € A. Then for all z € U, we have
(2B o tap e (04 E) o o
Re(w) | (Laf()) |~ Re(w) | (Laf(2))

o S {aim+(1—a) SEENY (G- 1) oyl

Re() 1- x5, {ajn+ (1 - a) I ilasl

<
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The last inequality is less than 1 if the assertion (4) is hold. Thus, in view of Lemma
5, G, (#) is univalent.
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