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ON CLASS OF NONHOMOGENEOUS DISCRETE DIRICHLET
PROBLEMS

A. AYOUuJIL

ABSTRACT. This work deals with the nonhomogeneous discrete Dirichlet eigen-
value problem

—A((|Au(k:—1)|p1(k—1)_2—|—|Au(k—l)|p2(k—1)_2)Au(k—l)) = Aul®™™ 2y, ke [1,T).

Through an approach based on variational methods and critical points, intervals of a
numerical parameter A are derived for which the existence and nonexistence results
are obtained.
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1. INTRODUCTION

In the recent mathematical literature a great deal of work has been devoted to the
study of discrete boundary value problems. The studies of such kind of problems
can be placed at the interface of certain mathematical fields, such as nonlinear dif-
ferential equations and numerical analysis. More, they are strongly motivated by
their applicability to various fields of research, such as computer science, mechani-
cal engineering, control systems, artificial or biological neural networks, economics
and many others. For this reasons, in these last years, many authors have widely
developed various methods and techniques, such as fixed points theorems, lower and
upper solutions, and Brower degree. Very recently, also the critical point theory has
aroused the attention of many authors in the study of these problems. Far from
being exhaustive, further details can be found in [1, 3, 4, 8, 11, 12, 14] and the
reference therein.

Let T > 2 be a positive integer, [a,b] be the discrete interval {a,a + 1,...,b}
where a and b are integers and a < b. and A be a positive parameter. The main aim
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of this paper is to study the existence of solutions for following discrete boundary
value problem

_A<(]Au(k: — 1)|P1(k71)72 + |Au(k — 1)‘p2(k—1)*2) Au(k — 1)) _ >\|u’q(k)f2u7
k€ [1,T],u(0) = u(T + 1) =0,

(1)

where p1,p2 : [0,T] — [2,00) and ¢ : [1,T] — [2, 00) are bounded functions, Au(k) =
u(k + 1) — u(k) is the forward difference operator while A is a positive real number.

Continuous versions of problems such as (1) are known to be mathematical mod-
els of various phenomena arising in the study of elastic mechanics [18], electrorheolog-
ical fluids [15] or image restoration [5]. Variational continuous anisotropic problems
have been started by Fan and Zhang in [7] and later considered by many methods
and authors, see [10] for an extensive survey of such boundary value problems.

However, to the best of our knowledge, discrete problems like (1) involving
anisotropic exponents have been discussed for the first time by Mihailescu, Rad-
ulescu and Tersian [14] and for the second time by Koné and Ouaro [12], where
known tools from the critical point theory are applied in order to get the existence
of solutions.

From now onwards, we will use the following notations:

Pmin (k) := min p;(k), Ppmax(k) := nlzluzgpi(k:), for all k € [0,T7;

i=1,2
. := min in(k), + .= min k);
pmln kG[O,T] pmln( ) pmax kG[O,T] pmax( )

- = mi (k), p = i(k), fori=1,2;
P 9] ) o

- ; + .
= in q(k) and¢" = R q(k)

Inspired by the paper [14] and the ideas introduced in [8, 13], our analysis mainly
concern existence and nonexistence of weak solutions to problem (1), under appro-
priate assumptions. More precisely, we aim to provide intervals for a parameter A
for which problem (1) has, or not, non trivial solutions. For these results we use
some known tools such as a direct variational method, mountain pass geometry and
Ekeland’s variational principle.

Firstly, in the situation when p;;in < ¢ < q" < ppax and following along the
same lines as in [13], we will prove the existence of two positive constants A, and A
with A, < A such that any A € [\, +00) is an eigenvalue, while and A € (0, \,) is not
an eigenvalue of our problem.

Secondly, in the case ¢~ < p_.. or ¢~ > pf.., and by applying mountain pass
Lemma and Ekeland’s variational principle, we will show that there exists a positive
constant A, such that any A € (0, \) is an eigenvalue of problem (1).
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The remaining part of this article is organized as follows. The second section
is devoted to mathematical preliminaries and statement of main results which are
proved in the third section.

2. PRELIMINARIES AND STATEMENT OF MAIN RESULTS

Solutions to (1) will be investigated in a space
W= {u:[0,T+1] > Rs.tu(0) = u(l +1) =0},

which is a T-dimensional Hilbert space, see [2], with the inner product

T+1
(u,v) = Z Au(k —1)Av(k —1), for all u,v € W.
k=1

The associated norm is defined by

T+1

ol = (35 18wt~ 2)*,

Moreover, it is useful to introduce other norms on W, namely

1

T
]y = (Z\u(k)ym)”, Vu € W and m > 2.

It can be verified (see [4]) that
TQQ_TTZL‘U|2 < |ufm < T%|u|2, Vu € W and m > 2. (2)

Next, we list some inequalities that will be are used later. For (a)—(c) see [8, 14],
for (d) and (e) see [8] and for (g) see [17].

Lemma 1. For every u € W, we have

T+1

(a) Z|u W' <T(T+ 1)) [Au(k— 1), Vm > 2.
k=1
T+1 -
() D |Auk—1)PEY > 1778 T —(T+1),  with |lul| > 1.
k=1
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T+1
() > |Au(k—1)PFD > with ||lul| < 1.
k=1
5 T+1
(@ (T+2)72 [u|™ <> [Au(k = D)™ < (T +1Dul™, ¥m>2.
k=1
T+1
() 3 |Au(k = DPFD < (T + )flulP + (T +1),
k=1
T+1

(f) Zmu 1)p—1) <2mZyu ", ¥m > 2.

T+1

(9) km[?% lu(k)] < (T +1) %(Z |Au(k —1) ]p) ,  forallp,q > 1 such that
€
L
p g

We say that A € R is an eigenvalue of problem (1) if there exists u € W \ {0}
such that
T+1
> (\Au(k )Pt ED=2p | Au(k )ym(k-l)—?)m(k —1)Ap(k —1)
k=1

T
=D Julk)[ 1O 2u(k)p(k),
k=1

for any ¢ € W. We point out that if A is an eigenvalue of problem (1), then the
corresponding eigenfunction u € W\ {0} is a weak solution of problem (1).
Define

~ _ J(u)
A= inf =~
ueil/ll;l\{O} I(u)’
where
T+1 1 1
J(u) = — | Au(k — 1)Pr*D | Au(k — 1))
)= 3 (=g iaut =1 oy Atk = D)
and
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3. MAIN RESULTS AND PROOFS

Theorem 2. If
prtlin < q_ < q+ < p;1axa (3)

then X > 0. Moreover, any \ € [/)\\, +00) is an eigenvalue of problem (1). Further-
more, there exists a positive constant Ay such that A, < X\ and any A € (0, \,) is not
an eigenvalue of problem (1).

Proof. Our proof, follows as [13], is divide in a series of steps in order to clarify the
exposition.

Step 1 we show x> 0.

By (3), for all k € [1,T] and u € W, we point out that
[Au(k)|”" + [Auk)|” < 2(|Au(k)P® + | Au(k)2®),

and
(k) |7®) < Ju(k)|T + [u(k)|” .

Thus, summing for k from 1 to T', for u € W we obtain

> (18I +|Au(k |q)<22(|Au I + AP @)

k=1

and

k=1 k=1
T+41 T+1

< |Au(k = DI + e Y |Au(k —1)] (6)
k=1 k=1

Thus, according to (4), it follows

T
> utk)®) < 2c32 (1Au(k)® + | Au(k) =) (7)
k=1
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Consequently, from (7), we deduce

T+1 T+1
é(z Au(k — 1)PrE-D 4 Z Al — 1) 21)
> inf k=1
weW\{0} 1 XT:
-2
Z|Au |p1 —i—Z\Au \pz’
= q inf

pmax ueW\{0}

T
> lulk)|e®
k=1

q
>
o 2cp$ax

So, Step 1 is verified.

> 0.

Step 2 A is an eigenvalue of problem (1).

We need to establish the following two auxiliary results which will be used.

Claim: J(w)
U
lim ——= = 8
lul—0 1 (u) )
J(u)
im —— = 4o00. 9
lul| o0 1 () ®)
Indeed, using (6) and 2, we infer
T+1 T+1

yu\gj+yu\g §072\Au — 1) —|—cq+Z\Au —1)|

gcquHqu +cq+T||qu . (10)

Then, combining relations (5) and (10), it follows
Z W) < e Tlull?™ + e Tlul” (1)

On the other hand, from Lemma 1 (c¢), there exists a positive constant C' such

that
T+1

S 1Au(k — 1Pt > Oluf[Prin,  Vu € W owith [Jul < 1. (12)
k=1
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We focus on the case, when v € W with ||ul| < 1. Thus, |Au(k)| < 1 for any
k € ]0,T]. So, for any u € W with |lu|| < 1 small enough, by relations (11) and (12)
we get

T+1
p'&. Z | Au(k — 1)|Pmin(k=1)
J(U) > min 37
I(u) — 7 (cp— llulla™ +e 4 llulle*)
=
7 O] Piin

" Ponin Teg=ull?™ + g flufl ™)

In view of 3, passing to the limit as ||u|| — 0 in the above inequality, (8) follows.
Similarly, from Lemma 1 (b), there exist two positive constants C and Co such
that

T+1

> <\Au(k — 1) [Pmax(b=1) > Oy |juy||Prax — Cy,  Vu € W owith |jul > 1. (13)
k=1

Thus, for any w € W with |lul| > 1, from (11) and (13), we obtain

T+1
_1 1) |Pmax(k—1)
LN " |Au(k - 1)
k=1

J(u) Pmax
T(u) =

T (e, ulls™ +c ¢ Jullet)
=

q- Cl||u”p;.ax — Oy
" pmax T (cq-[[ul|9™ + et Jul|77)

Using again 3, passing to the limit as ||u|| — +o0, (9) holds true.
Now, we verify step 2. For this, we will prove that there exists ug € W\ {0}
such that

= (14)
In fact, Let (u,) C W\ {0} be a minimizing sequence for A, that is,

lim J(un)

n—00 [(un)

=\ (15)

In view of the 9 above, we infer that (u,) is bounded in W. That information
combined with the fact that W is a finite dimensional Hilbert space implies that
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there exists a subsequence, still denoted by (u,,), and ug € W such that wu,, converges
to ug in W. As consequence,

J(UO) S .
I(uO) = A, if ug 75 0.

It remains to show that wug is nontrivial. In fact, if not, (8) implies
lim J(un) =
n—oo [ ()
But, this contradicts (15). Thus, ug # 0 and (14) holds true.
Therefore, for any v € W, we infer
d J(up +tv) ‘
dt I(ug + tv) li=0

A simple computation yields,

T+1
3 <\Au0( 1) [P E=D=2 4| Ay (k 1)\p2(k_1)_2)Auo(k — 1)Av(k — 1)1 (ug)
k=1

—Zlu R) 2 u(k)o (k) J (u)-

for any v € W. The above relation combined with (14) and the fact that I(up) # 0
implies the fact that A is an eigenvalue of problem (1). Thus, step 2 is verified.

Remark 1. Define

T+1

3 (|Au(k — )P D Ak — 1);?2(’@*1))

k=1

Ae= uEIl/IEl\f{O} r ' (16)
D (k)1
k=1
One has
2> A

In fact, as ug is an eigenfunction corresponding to the eigenvalue P\ of problem (1),
then

T+1

3 (]Auo(k 1) [P F=D=2 4| Ay (k — )ym(’f*l)*?)mo(k— DAw(k — 1)

k=1

T
=AD" k)" 2uk)o k),
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for every v € W. Taking v = ug, we obtain
T+1 T
S~ (12 = DA 4 gk — D) =X fug ()11,
k=1 k=1
Step 3 Any \ € (X, o0) is an eigenvalue of problem (1).
Fix A € (X, +00), let us define a functional Ty : W — R by
Th(u) = J(u) — M (u).

Standard arguments assure that Ty € C1(W,R) and its Gateaux derivative T)/\ at u
reads

T+1
(Th(w),0) = 3 (18u(k = DPED2 4 JAuk - DP=ED72) Aulk - 1) Av(k - 1)
k=1
T
=AY fu(k) [ 2u(k)o(k),
k=1
for all v € W.

Suppose that u is a critical point to T}, i.e. (T//\(u),v) =0 for all v € W.
Summing by parts and taking boundary values into account, see [9], we observe that

T+1
i A(\Au(k 1)[PrE=D=2 0| Ay (k )ym(k—l)—?)Au(k — Dk —1)

T

= A> Ju(k) "B 2u(k)o(k) = 0.

k=1

Since v € W is arbitrary, we see that u satisfies (1).

As W is finite dimensional and T is Gateaux differentiable and continuous it
suffices to show that it is coercive. By Lemma 1 (b) and (11), for sufficiently large
|lu||, we obtain

T(u) = CufJul|Pmex — Co = AT (cq [ull " + cq+ Jull "),

where ¢;,i = 1,2 are positive constants. Thanks to ¢~ < ¢7 < p;, we conclude
T\(u) — 400 as ||u|| = +oo. Applying [16, Theorem 1.2] in order to prove that
there exists uy € W a global minimum point of T3 and thus, a critical point of T).
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In order to finish the proof of step 3 it is enough to show that u) is not trivial.

Indeed, since A > A= inf J(w)
uew\{0} 1(u)

J(vy) < M (vy), thatis Ty(vy) <O.

it follows that there exists vy € W such that

l }lus,

and we conclude that uy is a nontrivial critical point of T. Thus, step 3 is verified.
Step 4 Any A € (0, \,) is not an eigenvalue of problem (1) with A, is given by (16).

Precise that, from Remark 1, we have A\, < A By contradiction, if we assume
that there exists A € (0, ) an eigenvalue of problem (1), then there exists uy €
W\ {0} such that

(J (un),v) = MI (uy),v), YoeW.

In particular, for v = uy) we get

T+1 T
3 (yAuA(k — )P ED 4 Auy (k — 1);1’2(’“*1)) =AY Jua(k)[a®,
k=1 k=1

T
The fact that uy € W\ {0} assures that Z lux(k)]7®) > 0. Since A < A, the above

information yields =
T+1 T
> (18wt = )P E D Aun (b = DP2ED) = A3 Jun (k)20
k=1 k=1
T
SAS Jun ()70
k=1
T+1
=3 (Jaw(k = )P D 4+ | Auy (k- 1)),
k=1

Clearly, the above inequalities lead to a contradiction. Thus, step 4 is verified and
the proof of Theorem 2 is ended.

Theorem 3. If
¢ <Pmin 07 € > DPhax (17)

then, there exists a positive constant \* such that any A € (0,\*) is an eigenvalue
of problem (1).

10
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Proof. Case q~ > pl ..

In order to use a mountain pass lemma, we start by proving that T’ satisfies the
Palais-Smale condition. Let (u,,) C W be a sequence such that {T\(uy)} is bounded
and J(up) — 0. As W is finitely dimensional, it is enough to show that (u,) is
bounded. If not, we may assume that ||u,| — co as n — co. Thus, we may consider
that ||up|| > 1 for any integer n. Then, by inequality (f), (d) and (e) in Lemma 1,
we get

2q*>\ 2—q—

(T Dl (T 1) = Z 2T+ 1)

Tx(un) < |

Pmax

which implies that Th(u,) — —oc as ||u,|| — +o00 because ¢~ > pf ... Thus, we
obtain a contradiction with the fact that T)(uy) is bounded. Hence, the sequence
(up) is bounded.

Now, we will verify the other assumptions. Put

—1
0= {u eW: |ul < (T+1)T}.
Then, from Lemma 1 (g), it follows

[u()] < mae [u(s)| < (T+ D ul <1, VueQ, vhellT)
sell,

S0,

1 Pihax—2 —pihax I 1
Tx(u) > T (T+1) 2% =2 —~, YuedQ

+ )
max kzl Q(k)
Consequently, if we set
Pmax —2 _p$ax
* T 2 (T + 1) 2
)\ = I
I
+
Pmax Z BZRY
— q(k)
then for any A € (0, A\*), we have
Tx(u) >0, Yue Q. (18)

11
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It remains to verify that there exists hg such that

up, ¢ Q and T\ (up,) < mg(l2 T (u). (19)
ue

In fact, let up, € W be defined by

{ up(k) =h for ke [1,T],
up(0) = up(T) =0,

Therefore, for h > 1, we get

hpmax(o) hpmax

(T) T pa(k)
Ty (up) <2 + - A
) (pmax(o) pmaX(T)) ,; q(k)
S _4 hp$ax _ )\th_
Pmax q+
Since ¢~ > pf .., we deduce hlim T)(up) = —o0. So, the assertion (19) holds true.
— 00

Applying a mountain pass lemma, problem (1) has at least one solution, that is, there
exists u* € W such that T} (u*) = 0 and Ty (u*) = ¢, where ¢ > max (Tx(0), T\ (up,)).
As, T5(0) =0, u* # 0.

Case ¢~ <p_;,
Let A € (0, \*) be fixed. From (18) and using the Weierstrass theorem, we obtain

inf T 0.
ulenaﬂ )\(u) >

Take t € [0, 1] and define ug € W a function such that

{ up(k) =0 for ke [1,T]\ {ko},
uo(ko) = t,

with ko € [1,T] is given such that g(ko) = ¢~. Then,

T ( ) 2( tpmin(ko—l) tpmax(ko) ) /\tq(ko)
ug) < + —
A Pmin(ko — 1) pmin(ko)/ " a(ko)
< L o~ g
pmin q+

1
B W
Hence, for 0 < t < (%) Pmin~? | we have

T)\(UO) < 0.

12
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As ug € Intf2, we write

inf T inf T .
U,Elﬂltﬂ /\(’U,) <0< uIE%Q A(u)

Let us choose € > 0 such that

0 inf T\ — inf 7). 20
<e<ifTh- T 2

Therefore, by applying the Ekeland’s variational principle [6] to the functional T} :
Q) — R, there exists u. € € such that

Th(ue) < ing,\ +e and Th(ue) < Ta(u) + €l|lu —ue||, for u # ue.

Hence, by (20), it follows that T)\(u.) < iangf T and so, ue € IntQQ.
Now, let us define @) : Q@ — R by ®(u) = Th\(u) + €|lu — uc||. It is easy to see
that u, is a minimum point of ®, and thus

D (ue + tv) — P(ue) >0
t e )

for t > 0 small enough and any v € 2. The above expression shows that

T\ (ue + t.v) — Tin(ue)
t

+ €||v|| > 0.

Letting t — 07, we deduce that
(T\(ue), u) + ellull >0,

that is,
I (ue)|| < e.

Therefore, there exists a sequence (u,) C Int§) such that

Ty\(up) — c:= ing2 Ty(u), and Ty(up) — 0 asn — .
ue

Since The sequence (u,) is bounded in W, there exists ugp € W such that, up to a
subsequence, (uy) converges to ug in W. Thus,

Th(ug) = ¢, and Ty (ug) = 0.
So, up is a non trivial weak solution of problem (1).

Acknowledgements. The author wishes to express his gratitude to the anony-
mous referees for reading the original manuscript carefully and making several cor-
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