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ABSTRACT. In recent years, there has been a great interest in the study of the
fixed point property in modular metric spaces. In this article, we study and prove
some fixed point theorems for contraction mappings in modular metric spaces.
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1. INTRODUCTION

The classical modular spaces introduced by Nakano in 1950 [13], on vector spaces
and then Musielak and Orlicz introduced the modular function spaces ([11],[10] [14]).

In 2010, V.V.Chystyakov ([3],[4]) introduced the concept of modular metric
spaces on an arbitrary set that is generalization of modular spaces. Fixed point
theorems in modular spaces, generalizing the classical Banach fixed point theorem
in metric spaces, have been studied extensively, see ([5],[9],[1],[2]). In recent years,
there has been a great interest in the study of the fixed point property in modular
metric spaces, see [15]. In this article, we study and prove some fixed point theorems
for contraction mappings in modular metric spaces which are natural generaliza-
tion of classical modulars over linear spaces like Lebesgue, Orlicz, Musielake-Orlicz,
Lorentz, Calderon-Lozanovskii spaces and many others. For a current review of the
theory of Musielak-Orlicz spaces and modular spaces , for further details reader is
referred to the books of Musielak [12] and Koslowski [8].

Let X be a nonempty set , A function w : (0,00) x X x X — [0, 00| that will
be written as wy(z,y) = w(A, x,y) is said to be a (metric) pseudomodular on X, if
it satisfies the following conditions:

(1) given xz,y € X , wy(x,y) =0 for all A > 0 if and only if x = y;
(17) wa(z,y) = wrly, ), for all A > 0 and z,y € X
(i11) warp(z,y) < wr(w, 2) +wu(z,y) for all A\, > 0 and z,y,z € X.
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If instead of (i), we have only the condition
(11) wa(x,z) = 0, then w is said to be a (metric) pseudomodular on X and if w
satisfies (i1) and
(i2) given x,y € X, if there exists A > 0, possibly depending on z and y such that
wx(z,y) =0 then z =y,
then w is called a strict modular on X.

Remark 1. Given a modular w on a set X, by 0 < X\ — wy(z,y) € [0, 00| for given
x,y € X, is non-increasing on (0,00). Indeed,
if 0 < A <, then we have

W/,L(l';y) < W,ufx\(x7x) + CU)\(.’IJ,y) = w)\(x7y)
forall x,y € X.

Definition 1. A sequence {z,} = {x,}72, in X, is said to be w-convergent to
x € X if for all X > 0 we have lim,_,oo wx(n, ) =0 or S (as n — ).

Definition 2. A sequence in X, is said to be w-Cauchy if for all € > 0 and all
A > 0 there exists a number no(¢) € N such that for all n,m > ns(e) we have
wx(Tn, Tm) < €.

Definition 3. The modular space X, is said to be w-complete if each modular w-
Cauchy sequence from X, is w-convergent to an element x € X,,.

Definition 4. Given a modular w on X a subset C C X, is said to be w-closed if
for each sequence {x,} € C with x, > =, we have x € C.

Remark 2. [5] Given a modular w on X, the sets
Xow=Xo(zo) ={r € X :wr(z,25) > 0as A — oo}
and
X=X (vo) ={z € X :wr(z,25) <00 for some A >0}

is said to be modular space (around x,)Also the modular space X, and X} can be
equipped with metrics d,, and d},, generated by w and given by

dy(z,y) =inf{A > 0:wyr(z,y) <A}, z,y € X,
and

di(z,y) =inf{\ > 0:wyr(z,y) <1}, z,ye€ X}
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Definition 5. [15] Given a modular metric spaces X,,, we say that T : X, — X, is
modular continuous (w-continuous) if for each {x,} € X when x, = x asn — oo ,
then Txy, = Tx as n — 0.

Definition 6. Given a modularw on X, the w-closure of a subset E of X, is denoted
by E and defined by the set of all x € X,, such that there exists a sequence {x,} of
elements of E such that x, — x.

The subset E is w-dense in X,, if E = X,,.

2. MAIN RESULT

In this section we study and prove some fixed point theorems for contraction map-
pings in modular metric space.

Theorem 1. Let X, be a modular metric space and letT' : X, — X,, be a mapping
such that T’ satisfies that

(a) wA(Tz, Ty) < awy(z,Tz) + Bwr(y,Ty) for all x,y € X,, A > 0 where 0 <
a+p<1,

(b) T is w—continuous at a point u € X,

(c) there exists x € X, such that {T"(z)}nen has a subsequence {T"(x)}nen that
18 w—convergent to u.

Then u is unique fixed point.

Proof. Since T is w—continuous at u so {T" 1 (z)},en is w—convergent to T'(u) = u.
Suppose T'(u) # u , by hypothesis T" (z) <% u so T™ ' (z) % Tu, there exist Ny
such that for i > N; we have wy (T (x),u) < & and wy(T™ ! (z),Tu) < ¢ for all
A > 0. We supposed T'(u) # u , that implies

wA (T (2), T (x)) > for i > N (1)
Since,
wi(u, Tu) < wA(T™(2),u) +wa (T (), T (x)) + wx (T (), Tu)
< e+ w%(T’““(:v)’ T (x)) +¢
<

2 e +wx (T (), T ()
3
We have from (a),

WA (T (), T2 () < awp (T (), T" (@) + Bua (T (2), T2 ()

163



H. Rahimpoor, A. Ebadian, M. Eshaghi Gordji and A. Zohri — Some Fixed ...

(1= BT (@), T (2)) < awx (T (2), T (@) (2)

for all A > 0. Whence , from (2.2) , we get

WA(T" (), T (2)) < 165”A<T"f(:c>,T”f“(x>>
< (= (T @), T (@)
< ..
< (T T @), T @)

for all A > 0 where 125 < 1. Thus wx(T"(z),T™+ (x)) % 0asi — oo for all
A > 0, which contradict (2.1), therefore Tu = u. Suppose there is z € X, such that
Tz = z, from (a) , we have

W)\(U, Z) = LL))\(TU, TZ) < QW)\(U, TU) + ﬁW)\(Z, TZ) =0
for all A > 0. This implies that u is unique.

Theorem 2. Let X, be a w—complete modular metric space and let T : X, — X,
be a mapping such that T satisfies following conditions for all x,y € X,

WA<T$7 Ty) S CWJ)\<$, Tx) + Bw)\(y, Ty) + ’Yw)\(ma y) (3)

for all X > 0 where 0 < a+ B+~ < 1. Then T has unique fixed point u, and T is
w—continuous at u.

Proof. Let x, € X, be an arbitrary point and we define the sequence {x,},en by
Ty =T"(x5). By (2.3) we have

WA (T, Tng1) = wr(Txp—1,Tay) < awp(Tn—1,TTp—1) + Bwr(Tn, Txy) + ywr(@Tn-1,Tn)
for all A > 0. So

(1 = B)wr(zn, Tnt1) < awr(Tn—1,Tn) + YWA(Tn—1, Tn)

for all A > 0. Let r = 923 then 0 < r < 1. This implies

WA (T, Tpt1) < TwA(Tn—1,2n)
for all A > 0. By induction we have

WA (Tp, Tpy1) < rwy(xo, x1)
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for all A > 0. Moreover for all n,m € N ; n < m we have

WA(Tn, Tm) < w oA (Tp, Tpg1) F W r (Tpg1, Tng2) + oo F W x (Tm—1,Tm)
m—n m—n m—n
< 1w s (o, m1) + " w (o, m1) + A1 W s (w0, 21)
m—n m—n m—n
= (4" Do s (20, 1)
Tn B Tm m—n

Ty Yy (e e)

for all A > 0. Therefore {z, }nen is w—Cauchy sequence, and since X, is w—complete
there exists u € X, such that {x, }nen 1S w—convergent to u. Suppose that Tu # u,
then we have

wr (@, Tu) = wr(Txp-1,Tu) < awx(Tp-1,TTn-1) + wx(u, Tu) + ywr(Tp—1,u)

for all A > 0. Taking the limit as n — oo then wy(u,Tu) < Bwy(u,Tu) for all
A > 0. This contradiction implies that Tu = u.
To show that w is unique , suppose that Tu =u , Tz = z and u # z, then

wr(u, 2) = wx(Tu, Tz) < awy(u, Tu) + Pwyr(z, Tz) + ywr(u, )

for all A > 0. This contradiction implies that u = z.
Now we show that T' is w—continuous at u. Let {y, }neny be w—convergent sequence
such that y, <+ u as (n — o). So we have

W) (U, Tyn) = W) (TU, Tyn)
< awp(u, Tw) + Bwx(Yn, Tyn) + ywr(u, yn)
= Bwr(Yn, Tyn) + ywr(u, yn)

for all A > 0.The modular w is non-increasing on (0, c0) ,s0

wr(u, Ty,) < ﬁ(w%(yn,u) + w%(U,Tyn)) + ywa (U, Yn)

for all A > 0. So we have (1 — B)wx(u, Tyn) < Bwa (Yn,u) + ywr(u,yn) — 0, (as
2
n — 00). So

Ty, = u="Tu

Therefore T is w—continuous.
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Theorem 3. Let X, be a w—complete modular metric space and letT : X, — X, be
a w— continuous mapping such that T satisfies following conditions for all x,y € X,
(a) :wr(Tx,Ty) < k{w(z, Tx) +wr(y, Ty)} for all x,y € M and all A > 0, where
M is w—dense subset of X, and 0 < k < %

(b) : there is x € Xy, ; {T"(2) }nen — u.

Then u is unique fized point .

Proof. 1t is enough to show that condition (a) in theorem 2.1 holds for any z,y € X|,
and A > 0.

Case 1 : If 2,y € X, \ M, let {x,,}, {yn} be a sequence in M such that x,, < = and
Un — 3. So we have

w(Tx, Ty) < W%(T.%, Txy,) + w%(T:Un, Ty)
< wa(Te, Tay) +ws (Ten, Tyn) +wa (Tyn, Ty)
2 4
< UJ% (Tl'a Tl'n) + k{w% (Z'm Tl‘n) + W% (yna Tyn)} + W% (Tyna Ty)

for all A > 0. Since 7' is w—continous as n — oo in the above inequality we obtain
wr(Tz, Ty) < k{ws (2, Tx) +war(y, Ty)}

forall A >0 .
Case 2 : If z € M and y € X, \ M, let {y,} be a sequence in M such that y, > y,
then we have

(Tyn, Ty)
(Un, Tyn)} +wx (Tyn, Ty)

wx(Tz, Ty) < wxr(Tx,Tyn)
2

< k{wa(z,Tx)
2

for all A > 0. T is w—continous as n —» oo in the above inequality we obtain
w)\(Tx7 Ty) < k"{wi (l’, T':U) +wa (y7 Ty)}
2 2

forall A >0 .
Case 8 : If z,y € M then we have

wx(Tz, Ty) < k{wx(z, Tz) + wr(y, Ty) }

forall A >0 .
So in any three case for all z,y € X, and all A > 0 | since 0 < k < % by theorem
(2.1) , T has a unique fixed point.
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Definition 7. Let X, be a w—complete modular metric space. A mapping T : X, —
Xy s said to be e—contractive if there exists 0 < o < 1 such that

0 <wr(z,y) <e=wr(Tz,Ty) < awy(z,y)
for all A >0 .

Theorem 4. Let X, be a w—complete modular metric space and T : X, — X,
be an e—contractive mapping , and let x, be a point of X, such that the sequence
{T"(x5)} has a w—convergent subsequence that convergent to a point u of X,,. Then
w is a periodic point of T, i.e. there is a positive integer k such that TFu = u.

Proof. Let {n;} be a strictly increasing sequence of positive integers such that
Thig, 2w asi—s oo, and let x; = T™iz,. For each €, > 0 there exists N = N(e,)
such that
. €
w/\(Tm (xo),u) = w)\(mi,u) < ZO (4)

for all A > 0 and ¢ > N. Choose any ¢ > N and let k = n;+1; — n;, then

w)\(xi“,Tku) = w,\(Tka:i,Tku) < a% < % (5)
for all A > 0, and
k k Eo €o €o
waA(T"u, u) < wA(T"u, Tit1) + wa(@ir1,v) <+ 7 = o (6)

for all A\ > 0, and i > N. So T*u = u. Suppose that v = T*u # wu, where
0 <wx(u,v) < § < ¢ for given € > 0. Then since T' is e—contractive

wx(Tu, Tv) < awy(u,v)

for all A > 0. Since wy(zy,u) = wr(T"zo,u) — 0, as ¥ —> oo and T is
w—continous we have

wr(T*z,, T*u) = wy(T*z,,v) — 0 as r— oo

The inequalities (2.4),(2.5) and (2.6)are hold for each &, > 0 such as for given € > 0.
So for given € > 0 there exists N’ > N such that

wr(xp,u) < Z <e and wy(TFz,,v) <= <e¢

=~ M

for all A > 0 and » > N’. Since T is e—contractive

wx(Tx,, Tu) < awy(zy,u)  and  wx(TT*z,, Tv) < awy(T*z,,v)
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S0,

wyn(Tz,, TT*2,) wr (T, Tu) + wy(Tu, Tv) + wr(TT*x,, Tv)

<
; awy (T, 1) + awy (u, v) + awy (T z,, v)
i + % + Z =€
for all A > 0 and r > N’. By e—contractivity of T,
wx(T?x,, T*T"z,) < awy(Tz,, TT z,) < oPwy(x,,u)

and so,

wr(TPz,, TPT*z,.) < oP (2, ).
Setting p = n,41 — n, then ,

wA(Tr i1, TF2r 1) < @Pwy (2, 1)
hence

wr(ws, TFzs) < PG (2, 1)
for all A > 0, and so
wan(u,v) < wx(u, z5) + wr(zs, TFs) + wr(TFzg,0) — 0 as (s — 00)

This contradicts the assumption that wy(u,v) > 0. Thus u = v = T"u.
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