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CERTAIN SUBCLASSES OF MEROMORPHICALLY
MULTIVALENT FUNCTIONS ASSOCIATED WITH CERTAIN

INTEGRAL OPERATOR

R. M. EL-Ashwah, M. K. Aouf, H. M. Zayed

Abstract. In this paper we introduce and study two subclasses
∑

p(β, α, λ;A,B)

and
∑+

p (β, α, λ;A,B) of meromorphic p-valent functions of order λ (0 ≤ λ <
p) defined by certain integral operator. We investigate the various important proper-
ties and characteristics of the problem. Finally, we derive many interesting results
for the Hadamard products of functions belonging to the class

∑+
p (β, α, λ;A,B).
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1. Introduction

Let Σp denote the class of meromorphic functions of the form:

f(z) = z−p +
∞∑
k=1

ak−pz
k−p (p ∈ N = {1, 2, ...}), (1.1)

which are analytic and p-valent in the punctured unit disc U∗ = {z : z ∈ C and
0 < |z| < 1} = U\{0}. Let g(z) ∈ Σp, be given by

g(z) = z−p +

∞∑
k=1

bk−pz
k−p, (1.2)

then the Hadamard product (or convolution) of f(z) and g(z) is given by

(f ∗ g)(z) = z−p +

∞∑
k=1

ak−pbk−pz
k−p = (g ∗ f)(z). (1.3)

Aqlan et al. [4] defined the operator Qαβ,p :
∑

p →
∑

p by:
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Qαβ,pf(z) =
Γ(β + α)

Γ(β)Γ(α)

1

zβ+p

z∫
0

tβ+p−1

(
1− t

z

)α−1

f(t)dt

= z−p +
Γ(β + α)

Γ(β)

∞∑
k=1

Γ(k + β)

Γ(k + β + α)
ak−pz

k−p

=

(
z−p +

Γ(β + α)

Γ(β)

∞∑
k=1

Γ(k + β)

Γ(k + β + α)
zk−p

)
∗ f(z),

(1.4)

where α > 0, β > −1, p ∈ N and f ∈
∑

p, and

Q0
β,pf(z) = f(z) (α = 0, β > −1). (1.5)

One can easily verify from the definition that

z(Qαβ,pf(z))′ = (β + α− 1)(Qα−1
β,p f(z))− (p+ β + α− 1)Qαβ,pf(z) (α ≥ 1). (1.6)

For fixed parameters A, B and λ with −1 ≤ B < A ≤ 1, −1 ≤ B < 0, 0 ≤ λ <
p and p ∈ N, we say that a function f(z) ∈

∑
p is in the class

∑
p(β, α, λ;A,B) of

meromorphically p−valent functions in U if it also satisfies the following inequality:∣∣∣∣∣ zp+1(Qαβ,pf(z))′ + p

Bzp+1(Qαβ,pf(z))′ + [pB + (A−B)(p− λ)]

∣∣∣∣∣ < 1 (z ∈ U). (1.7)

Furthermore, we say that a functions f(z) ∈
∑+

p (β, α, λ;A,B) whenever f(z) is of
the form:

f(z) = z−p +
∞∑
k=p

|ak| zk (p ∈ N). (1.8)

We note that:
(i) ∑+

p (β, α, λ; δ,−δ) =
∑+

p (β, α, δ, λ) ={
f(z) ∈

∑
p :

∣∣∣∣∣ zp+1(Qαβ,pf(z))′ + p

zp+1(Qαβ,pf(z))′ − p+ 2λ

∣∣∣∣∣ < δ (β > −1; α ≥ 0; 0 < δ ≤ 1;
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0 ≤ λ < p; p ∈ N)} ; (1.9)

(ii)∑+
p (β, α, λ;−(2γ − 1)δ, δ) =

∑+
p (β, α, γ, δ, λ) ={

f(z) ∈
∑

p :

∣∣∣∣∣ zp+1(Qαβ,pf(z))′ + p

(2γ − 1)zp+1(Qαβ,pf(z))′ − p+ 2γλ

∣∣∣∣∣ < δ (β > −1; α ≥ 0;
1

2
≤

γ ≤ 1; 0 < δ ≤ 1; 0 ≤ λ < p; p ∈ N)} . (1.10)

Meromorphically multivalent functions have been extensively studied by (for
example) Mogra [8,9], Uralegaddi and Ganigi [14], Uralegaddi and Somanatha [15],
Aouf [1,2], Srivastava et al. [12], Owa et al. [10], Joshi and Aouf [6], Joshi and
Srivastava [7], Aouf et al. [3], Raina and srivastava [13] and Yang [16].

We begin by recalling the following result (Jack’s lemma), which we shall apply
in proving our inclusion theorem.

2. Properties of the class
∑

p(β,α,λ;A,B)

Lemma 1 [5]. Let the (non-constant) function w(z) be analytic in U with
w(0) = 0. If |w(z)| attains its maximum value on the circle |z| < r < 1 at a point
z0 ∈ U, then

z0w
′(z0) = γw(z0), (2.1)

where γ is a real number and γ ≥ 1.

Theorem 1. The following inclusion property holds true for the class
∑

p(β, α, λ;A,B),
α > 1, β > −1 : ∑

p(β, α− 1, λ;A,B) ⊂
∑

p(β, α, λ;A,B). (2.2)

Proof. Let f(z) ∈
∑

p(β, α− 1, λ;A,B) and suppose that

zp+1(Qαβ,pf(z))′ = −p+ [pB + (A−B)(p− λ)]w(z)

1 +Bw(z)
, (2.3)

where the function w(z) is either analytic or meromorphic in U with w(0) = 0. Then,
by using (1.6) and (2.3), we have

zp+1(Qα−1
β,p f(z))′ = −p+ [pB + (A−B)(p− λ)]

1 +Bw(z)
− (A−B)(p− λ)

(β + α− 1)

zw′(z)

[1 +Bw(z)]2
.

(2.4)
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We claim that |w(z)| < 1 for z ∈ U. Otherwise there exists a point z0 ∈ U such that
max
|z|≤|z0|

|w(z)| = |w(z0)| = 1. Applying Jack’s lemma, we have z0w
′(z0) = γw(z0) (γ ≥

1). Writing w(z0) = eiθ(0 ≤ θ ≤ 2π) and taking z = z0 in (2.4), we get∣∣∣∣∣ zp+1
0 (Qαβ,pf(z0))′ + p

Bzp+1
0 (Qαβ,pf(z0))′ + [pB + (A−B)(p− λ)]

∣∣∣∣∣
2

− 1

=

∣∣(β + α− 1)(1 +Beiθ) + γ
∣∣2 − ∣∣(β + α− 1) +B(β + α− γ − 1)eiθ

∣∣2
|(β + α− 1) +B(β + α− γ − 1)eiθ|2

=
γ2(1−B2) + 2γ(β + α− 1)(1 +B2 + 2B cos θ)

|(β + α− 1)(1 +Beiθ)− γBeiθ|2
≥ 0,

which obivously contradicts our hypothesis that f(z) ∈
∑

p(β, α− 1, λ;A,B).
Thus we must have |w(z)| < 1 for z ∈ U, and so from (2.3), we conclude that
f(z) ∈

∑
p(β, α, λ;A,B), which evidently completes the proof of Theorem 1.

3. Properties of the class
∑+

p (β,α,λ;A,B)

Unless otherwise mentioned, we assume throughout this paper that

α ≥ 1, β > −1, −1 ≤ B < A ≤ 1, −1 ≤ B < 0, 0 ≤ λ < p, k ≥ p and p ∈ N.

Theorem 2. Let f(z) ∈
∑

p be given by (1.8). Then f(z) ∈
∑+

p (β, α, λ;A,B) if
and only if

Γ(β + α)

Γ(β)

∞∑
k=p

k(1−B)
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak| ≤ (A−B)(p− λ). (3.1)

Proof. Let f(z) ∈
∑+

p (β, α, λ;A,B) be given by (1.8). Then, from (1.7) and (1.8),
we have
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∣∣∣∣∣ zp+1(Qαβ,pf(z))′ + p

Bzp+1(Qαβ,pf(z))′ + [pB + (A−B)(p− λ)]

∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
Γ(β + α)

Γ(β)

∞∑
k=p

k
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak| zk+p

(A−B)(p− λ) +B
Γ(β + α)

Γ(β)

∞∑
k=p

k
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak| zk+p

∣∣∣∣∣∣∣∣∣
≤

Γ(β + α)

Γ(β)

∞∑
k=p

k
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak|

(A−B)(p− λ) +B
Γ(β + α)

Γ(β)

∞∑
k=p

k
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak|

< 1.

On simplification we easily arrive at the inequality (3.1).
Conversely, we assume that the inequality (3.1) holds true. Then,

Re

{
zp+1(Qαβ,pf(z))′ + p

Bzp+1(Qαβ,pf(z))′ + [pB + (A−B)(p− λ)]

}
≤ 1.

Hence

Re


Γ(β + α)

Γ(β)

∞∑
k=p

k
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak| zk+p

(A−B)(p− λ) +B
Γ(β + α)

Γ(β)

∞∑
k=p

k
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak| zk+p

 ≤ 1,

If we now choose z to be real and z → 1−, we obtain

Γ(β + α)

Γ(β)

∞∑
k=p

k(1−B)
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak| ≤ (A−B)(p− λ).

This completes the proof of Theorem 2.

Corollary 1. Let the function f(z) defined by (1.8) be in the class
∑+

p (β, α,
λ;A,B). Then

|ak| ≤
Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)

k(1−B)
. (3.2)

The result is sharp for the function

f(z) = z−p +
Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)

k(1−B)
zk. (3.3)
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4. Distortion theorems

Theorem 3. Let the function f(z) defined by (1.8) be in the class
∑+

p (β, α,

λ;A,B). If the sequence {ck} = {k Γ(k+p+β)
Γ(k+p+β+α)} is nondecreasing, then{

(p+m− 1)!

(p− 1)!
− (A−B)(p− λ)

(1−B)Cp

Γ(β)

Γ(β + α)

p!

(p−m)!
r2p

}
r−(p+m)

≤ |fm(z)| ≤{
(p+m− 1)!

(p− 1)!
+

(A−B)(p− λ)

(1−B)Cp

Γ(β)

Γ(β + α)

p!

(p−m)!
r2p

}
r−(p+m)

(0 < |z| = r < 1; 0 ≤ λ < p; m ∈ N0 = N ∪ {0}; p > m). (4.1)

The result is sharp for the function f(z) given by

f(z) = z−p +
Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− λ)

k(1−B)
zp. (4.2)

Proof. By differentiating both sides of (1.8) m times with respect to z, we have

fm(z) = (−1)m
(p+m− 1)!

(p− 1)!
z−(p+m) +

∞∑
k=p

k!

(k −m)!
|ak| zk−m. (4.3)

It is easy to see from Theorem 2 that

Γ(β + α)Γ(2p+ β)

Γ(β)Γ(2p+ β + α)
p(1−B)

∞∑
k=p

|ak| ≤
Γ(β + α)

Γ(β)

∞∑
k=p

k(1−B)
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak|

≤ (A−B)(p− λ).

Then
∞∑
k=p

k! |ak| ≤
Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

p!(A−B)(p− λ)

p(1−B)
. (4.4)

Making use of (4.3) and (4.4), we have

|fm(z)| ≥ (p+m− 1)!

(p− 1)!
r−(p+m) − 1

(p−m)!
rp−m

∞∑
k=p

k! |ak|

≥
{

(p+m− 1)!

(p− 1)!
− (A−B)(p− λ)

(1−B)Cp

Γ(β)

Γ(β + α)

p!

(p−m)!
r2p

}
r−(p+m),

(4.5)
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and

|fm(z)| ≤ (p+m− 1)!

(p− 1)!
r−(p+m) +

1

(p−m)!
rp−m

∞∑
k=p

k! |ak|

≤
{

(p+m− 1)!

(p− 1)!
+

(A−B)(p− λ)

(1−B)Cp

Γ(β)

Γ(β + α)

p!

(p−m)!
r2p

}
r−(p+m),

(4.6)

which proves the assertion (4.1). Finally, it is easy to see that the bounds in (4.1) are
attained for the function f(z) given by (4.2). This completes the proof of Theorem 3.

5. Closure theorems

Let the functions fj(z) be defined, for j = 1, 2, ....,m, by

fj(z) = z−p +

∞∑
k=p

|ak,j | zk (ak,j ≥ 0). (5.1)

Theorem 4. Let the functions fj(z) (j = 1, 2, ....,m) defined by (5.1) be in the class∑+
p (β, α, λ;A,B). Then the function h(z) defined by

h(z) = z−p +

∞∑
k=p

 1

m

m∑
j=1

|ak,j |

 zk, (5.2)

also belongs to the class
∑+

p (β, α, λ;A,B).

Proof. Since fj(z) (j = 1, 2, ....,m) are in the class
∑+

p (β, α, λ;A,B), it follows from
Theorem 2, that

Γ(β + α)

Γ(β)

∞∑
k=p

k(1−B)
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak,j | ≤ (A−B)(p− λ),

for every j = 1, 2, ....,m. Hence

Γ(β + α)

Γ(β)

∞∑
k=p

k(1−B)
Γ(k + p+ β)

Γ(k + p+ β + α)

 1

m

m∑
j=1

|ak,j |


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=
1

m

m∑
j=1

Γ(β + α)

Γ(β)

∞∑
k=p

k(1−B)
Γ(k + p+ β)

Γ(k + p+ β + α)
|ak,j |


≤ (A−B)(p− λ).

From Theorem 2, it follows that h(z) ∈
∑+

p (β, α, λ;A,B). This completes the proof
of Theorem 4.

Theorem 5. The class
∑+

p (β, α, λ;A,B) is closed under convex linear combina-
tions.

Proof. Let the functions fj(z) (j = 1, 2) defined by (5.1) be in the class
∑+

p (β, α, λ;A,B). Then
it is sufficient to show that the function

h(z) = γf1(z) + (1− γ)f2(z) (0 ≤ γ ≤ 1),

is in the class
∑+

p (β, α, λ;A,B). Since for 0 ≤ γ ≤ 1,

h(z) = z−p +

∞∑
k=p

[γ |ak,1|+ (1− γ) |ak,2|]zk, (5.3)

with the aid of Theorem 2, we have

Γ(β + α)

Γ(β)

∞∑
k=p

k(1−B)
Γ(k + p+ β)

Γ(k + p+ β + α)
[γ |ak,1|+ (1− γ) |ak,2|]

≤ γ(A−B)(p− λ) + (1− γ)(A−B)(p− λ)

= (A−B)(p− λ),

which implies that h(z) ∈
∑+

p (β, α, λ;A,B). This completes the proof of Theorem
5.

Theorem 6. Let fp(z) = z−p and

fk(z) = z−p +
Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)

k(1−B)
zk. (5.4)

Then f(z) is in the class
∑+

p (β, α, λ;A,B) if and only if can be expressed in the
form

f(z) =

∞∑
k=p−1

µkfk(z), (5.5)
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where µk ≥ 0 and
∞∑

k=p−1

µk = 1.

Proof. Assume that

f(z) =

∞∑
k=p−1

µkfk(z)

= z−p +

∞∑
k=p

Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)

k(1−B)
µkz

k. (5.6)

Then it follows that
∞∑
k=p

Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)

Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)

k(1−B)
µk

=

∞∑
k=p

µk = 1− µp−1 ≤ 1.

which implies that f(z) ∈
∑+

p (β, α, λ;A,B).

Conversely, assume that the function f(z) defined by (1.8) be in the class
∑+

p (β,
α, λ;A,B). Then

|ak| ≤
Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)

k(1−B)
.

Setting

µk =
Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)
|ak| ,

where

µp−1 = 1−
∞∑
k=p

µk ,

we can see that f(z) can be expressed in the form (5.5). This completes the proof
of Theorem 6.

Corollary 2. The extreme points of the class
∑+

p (β, α, λ;A,B) are the functions

fp(z) = z−p and

fk(z) = z−p +
Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)

k(1−B)
zk. (5.7)
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6. Radii of starlikeness and convexity

Theorem 7. Let the function f(z) defined by (1.8) be in the class
∑+

p (β, α,
λ;A,B), then we have:
(i) f(z) is meromorphically p-valent starlike of order δ (0 ≤ δ < p) in the disc
|z| < r1, that is,

Re

{
−zf

′(z)

f(z)

}
> δ (|z| < r1; 0 ≤ δ < p), (6.1)

where

r1 = inf
k≥p

{
Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)(p− δ)
(k + δ)(A−B)(p− λ)

} 1
k+p

, (6.2)

(ii) f(z) is meromorphically p-valent convex of order δ (0 ≤ δ < p) in the disc
|z| < r2, that is,

Re

{
−
(

1 +
zf ′′(z)

f ′(z)

)}
> δ (|z| < r2; 0 ≤ δ < p), (6.3)

where

r2 = inf
k≥p

{
Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

p(1−B)(p− δ)
(k + δ)(A−B)(p− λ)

} 1
k+p

. (6.4)

The result is sharp, the extremal function given by (3.3).
Proof. (i) From the definition (1.8), we easily get∣∣∣∣∣∣∣∣

zf ′(z)

f(z)
+ p

zf ′(z)

f(z)
− p+ 2δ

∣∣∣∣∣∣∣∣ ≤
∞∑
k=p

(k + p) |ak| |z|k+p

2(p− δ)−
∞∑
k=p

(k − p+ 2δ) |ak| |z|k+p
. (6.5)

Thus, we have the desired inequality∣∣∣∣∣∣∣∣
zf ′(z)

f(z)
+ p

zf ′(z)

f(z)
− p+ 2δ

∣∣∣∣∣∣∣∣ ≤ 1,

if
∞∑
k=p

(
k + δ

p− δ

)
|ak| |z|k+p ≤ 1. (6.6)
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But by using Theorem 2, (6.6) will be true if(
k + δ

p− δ

)
|z|k+p ≤ Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)
.

Then

|z| ≤
{

Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)(p− δ)
(k + δ)(A−B)(p− λ)

} 1
k+p

. (6.7)

(ii) In order to prove the second assertion of Theorem 7, we find from the definition
(1.8) that∣∣∣∣∣∣∣∣

1 +
zf ′′(z)

f ′(z)
+ p

1 +
zf ′′(z)

f ′(z)
− p+ 2δ

∣∣∣∣∣∣∣∣ ≤
∞∑
k=p

k(k + p) |ak| |z|k+p

2p(p− δ)−
∞∑
k=p

k(k − p+ 2δ) |ak| |z|k+p
. (6.8)

Thus, we have the desired inequality∣∣∣∣∣∣∣∣
1 +

zf ′′(z)

f ′(z)
+ p

1 +
zf ′′(z)

f ′(z)
− p+ 2δ

∣∣∣∣∣∣∣∣ ≤ 1,

if
∞∑
k=p

k(k + δ)

p(p− δ)
|ak| |z|k+p ≤ 1. (6.9)

But by using Theorem 2, (6.9) will be true if

k(k + δ)

p(p− δ)
|z|k+p ≤ Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)
.

Then

|z| ≤
{

Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

p(1−B)(p− δ)
(k + δ)(A−B)(p− λ)

} 1
k+p

. (6.10)

The last inequality (6.10) readily yields the disc |z| < r2, where r2 is defined by (6.4)
and the proof of Theorem 7 is completed by merely verifying that each assertion is
sharp for the function f(z) given by (3.3).
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7. Hadamard products

Let the functions fj(z) (j = 1, 2) defined by (5.1). The Hadamard product of
f1(z) and f2(z) is defined by

(f1 ∗ f2)(z) = z−p +
∞∑
k=p

|ak,1| |ak,2| zk = (f2 ∗ f1)(z). (7.1)

Theorem 8. Let the functions fj(z) (j = 1, 2) defined by (5.1) be in the class∑+
p (β, α, λ;A,B). Then (f1 ∗ f2)(z) ∈

∑+
p (β, α, η;A,B), where

η = p− Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− λ)2

p(1−B)
. (7.2)

The result is sharp for the functions fj(z) (j = 1, 2) given by

fj(z) = z−p +
Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− λ)

p(1−B)
zp (j = 1, 2). (7.3)

Proof. Employing the techinque used earlier by Schild and Silverman [11], we need
to find the largest η such that

Γ(β + α)

Γ(β)

∞∑
k=p

Γ(k + p+ β)

Γ(k + p+ β + α)

k(1−B)

(A−B)(p− η)
|ak,1| |ak,2| ≤ 1. (7.4)

Since fj(z) ∈
∑+

p (β, α, λ;A,B) (j = 1, 2), we readily see that

Γ(β + α)

Γ(β)

∞∑
k=p

Γ(k + p+ β)

Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)
|ak,1| ≤ 1, (7.5)

and
Γ(β + α)

Γ(β)

∞∑
k=p

Γ(k + p+ β)

Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)
|ak,2| ≤ 1. (7.6)

By the Cauchy Schwarz inequality we have

Γ(β + α)

Γ(β)

∞∑
k=p

Γ(k + p+ β)

Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)

√
|ak,1| |ak,2| ≤ 1. (7.7)

This implies that, we need only to prove that√
|ak,1| |ak,2| ≤

(
p− η
p− λ

)
. (7.8)
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Hence, in light of the inequality (7.7), it is sufficient to prove that

Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)

k(1−B)
≤
(
p− η
p− λ

)
. (7.9)

It follows from (7.9) that

η ≤ p− Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)2

k(1−B)
. (7.10)

Now defining the function D(k) by

D(k) = p− Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)2

k(1−B)
. (7.11)

We see that D(k) is an increasing function of k (k ≥ p). Therefore, we conclude
that

η ≤ D(p) = p− Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− λ)2

p(1−B)
, (7.12)

which evidently completes the proof of Theorem 8.

Using arguments similar to those in the proof of Theorem 8, we obtain the
following theorem.

Theorem 9. Let the function f1(z) defined by (5.1) be in the class
∑+

p (β, α,

λ;A,B). Suppose also that the function f2(z) defined by (5.1) be in the class
∑+

p (β, α, ϕ;A,B). Then

(f1 ∗ f2)(z) ∈
∑+

p (β, α, ζ;A,B) where

ζ = p− Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− λ)(p− ϕ)

p(1−B)
. (7.13)

The result is sharp for the functions fj(z) (j = 1, 2) given by

f1(z) = z−p +
Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− λ)

p(1−B)
zp , (7.14)

and

f2(z) = z−p +
Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− ϕ)

p(1−B)
zp . (7.15)

Theorem 10. Let the functions fj(z) (j = 1, 2) defined by (5.1) be in the class∑+
p (β, α, λ;A,B). Then the function

h(z) = z−p +

∞∑
k=p

(
|ak,1|2 + |ak,2|2

)
zk, (7.16)
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belong to the class
∑+

p (β, α, ψ;A,B), where

ψ = p− 2Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− λ)2

p(1−B)
. (7.17)

The result is sharp for the functions fj(z) (j = 1, 2) defined by (7.3).

Proof. By using Theorem 2, we obtain

∞∑
k=p

{
Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)

}2

|ak,1|2 ≤


∞∑
k=p

Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)
|ak,1|


2

≤ 1, (7.18)

and
∞∑
k=p

{
Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)

}2

|ak,2|2 ≤


∞∑
k=p

Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)
|ak,2|


2

≤ 1. (7.19)

It follow from (7.18) and (7.19) that

∞∑
k=p

1

2

{
Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)

}2 (
|ak,1|2 + |ak,2|2

)
≤ 1. (7.20)

Therefore, we need to find the largest ψ such that

Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− ψ)
≤

1

2

{
Γ(β + α)Γ(k + p+ β)

Γ(β)Γ(k + p+ β + α)

k(1−B)

(A−B)(p− λ)

}2

, (7.21)

that is

ψ ≤ p− 2Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)2

k(1−B)
, (7.22)

since

G(k) = p− 2Γ(β)Γ(k + p+ β + α)

Γ(β + α)Γ(k + p+ β)

(A−B)(p− λ)2

k(1−B)
, (7.23)
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is an increasing function of k (k ≥ p), we obtain

ψ ≤ G(p) = p− 2Γ(β)Γ(2p+ β + α)

Γ(β + α)Γ(2p+ β)

(A−B)(p− λ)2

p(1−B)
, (7.24)

and hence the proof of Theorem 10 is completed.

Remarks.
(1) Putting A = δ and B = −δ (0 < δ ≤ 1) in our results, we obtain a corresponding
results for the class

∑+
p (β, α, δ, λ);

(2) Putting A = −(2γ − 1)δ and B = −δ (
1

2
≤ γ ≤ 1 and 0 < δ ≤ 1) in our results,

we obtain a corresponding results for the class
∑+

p (β, α, γ, δ, λ).
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