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CERTAIN SUBCLASSES OF MEROMORPHICALLY
MULTIVALENT FUNCTIONS ASSOCIATED WITH CERTAIN
INTEGRAL OPERATOR

R. M. EL-AsawaH, M. K. Aour, H. M. ZAYED

ABSTRACT. In this paper we introduce and study two subclasses (8, v, A; A, B)
and Z;(ﬁ, a, \; A, B) of meromorphic p-valent functions of order A (0 < X\ <
p) defined by certain integral operator. We investigate the various important proper-

ties and characteristics of the problem. Finally, we derive many interesting results
for the Hadamard products of functions belonging to the class Z;(ﬂ,a, A\ A, B).
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1. INTRODUCTION

Let X, denote the class of meromorphic functions of the form:

f) =27+ app" P (peN={1,2,..}), (1.1)
k=1

which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 < |z| <1} = U\{0}. Let g(z) € ¥, be given by

o
g(z) =2"P+ Z b2, (1.2)
k=1
then the Hadamard product (or convolution) of f(z) and g(z) is given by

(F29)(2) = 2P+ > an_pbyp? 7 = (g F)(2). (1.3)

k=1

Aglan et al. [4] defined the operator QF ,: -, = >_, by
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z a—1
Q%pf(z) — Wlp/tﬁﬂa—l (1 _ t) f(t)dt

(1.4)
where a >0, > —1, peNand f € ), and

Qpf(2) = f(2) (=0, > —1). (1.5)

One can easily verify from the definition that

2QF,f(2) = B+a-1)(Q5, () — (p+ B+ a—1)QF,f(2) (a>1). (1.6)

For fixed parameters A, B and A with — 1< B<A<1, -1<B<0,0<X<
p and p € N, we say that a function f(z) € Zp is in the class Zp(ﬁ,a,)\;A,B) of
meromorphically p—valent functions in U if it also satisfies the following inequality:

Q5 ,f(2)) +p
BzptHQ5 f(2)) + [pB+ (A—B)(p — )]

<1(z€l). (1.7)

Furthermore, we say that a functions f(z) € Z;(ﬂ, a, \; A, B) whenever f(z) is of
the form:

f2) =2+ |l ¥ (peN). (1.8)

k=p
We note that:
(i)
S (B, 0,08, -6) = X5 (B, 0,8, ) =
PHQG,f(2) +p
QG f(2)) —p+2A

<o (B>-1;, a>0; 0<d<1;

(e,
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0<A<p; peN)}; (1.9)

(i)
Z;(/Ba «, >‘; _(27 - 1)5’ 6) = Z;(ﬁv a, 7, 5a )‘) =

| #1(Q3, F(2)) +p B
{f D€ oD@, Jy —praa| <P 7Tz g
7<1;0<d<1; 0<A<p; peN)}. (1.10)

Meromorphically multivalent functions have been extensively studied by (for
example) Mogra [8,9], Uralegaddi and Ganigi [14], Uralegaddi and Somanatha [15],
Aouf [1,2], Srivastava et al. [12], Owa et al. [10], Joshi and Aouf [6], Joshi and
Srivastava [7], Aouf et al. [3], Raina and srivastava [13] and Yang [16].

We begin by recalling the following result (Jack’s lemma), which we shall apply
in proving our inclusion theorem.

2. PROPERTIES OF THE CLASS ) (8,a,A; A, B)

Lemma 1 [5]. Let the (non-constant) function w(z) be analytic in U with
w(0) = 0. If |w(z)| attains its maximum value on the circle |z| < r < 1 at a point
zo € U, then

20w’ (20) = yw(20), (2.1)

where v is a real number and v > 1.

Theorem 1. The following inclusion property holds true for the class 3~ (8, c, A\; A, B),
a>1, g>-1:
2pBa—1,NA B) C Y (B a XA D). (22)

Proof. Let f(z) € Zp(ﬁ, a —1,)\; A, B) and suppose that

) _ptpB+ (A= B)(p - Nw(z)

(Q3,4(2) LT Bl ,

(2.3)

where the function w(z) is either analytic or meromorphic in U with w(0) = 0. Then,
by using (1.6) and (2.3), we have

pHpBHA-B)p-N] (A-Bp-N) /()
1+ Bw(z) (B+a-—1) [1+Bw(z)(]2' )
2.4

QT f(2)) =
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We claim that |w(z)| < 1 for z € U. Otherwise there exists a point 29 € U such that

|r‘n<a|mx‘ |w(z)|] = |w(20)| = 1. Applying Jack’s lemma, we have 2gw'(z0) = yw(zo) (v >
z|<]zo

1). Writing w(zp) = (0 < 6 < 27) and taking z = 2o in (2.4), we get

5HQY, f(20) +p ’

By (@4, f(20)) + [pB + (A= B)(p — )]
|(B+a—1)(1+Be?) +~° = |(B+a—1)+ BB +a—v—1)e|”
(B+a—1)+B(B+a—y—1)c

v?(1 = B%) + 2y(B + a — 1)(1 4+ B? + 2B cos f)

= >0,
(B4 o — 1)(1 + Beif) — yBeif|?

-1

which obivously contradicts our hypothesis that f(z) € Zp(ﬁ ,a—1,\ A, B).
Thus we must have |w(z)] < 1 for z € U, and so from (2.3), we conclude that
f(z) e Zp(ﬁ ,a, A\; A, B), which evidently completes the proof of Theorem 1.

3. PROPERTIES OF THE CLASS Y7 (83,a,A;A,B)

Unless otherwise mentioned, we assume throughout this paper that

a>1, >-1, -1<B<A<1, —-1<B<0,0<A<p, k>pandpeN.

Theorem 2. Let f(z) € 3, be given by (1.8). Then f(z) € Z;(B,Q,A;A,B) if
and only if

F(3+a) L(k+p+6)
5 = D e <A DE=N 6D

Proof. Let f(z) € Z;(ﬂ,a,A;A,B) be given by (1.8). Then, from (1.7) and (1.8),

we have
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PHHQE,F(2) +p
BzrtH(Q5,f(2)) + [PB + (A= B)(p = A)]

DB +a) &, Tlhtpts)

L) = Lk+p+B+a)

IB+a) =, T(k+p+p)
M0 = T it

rB+a) X Lk+p+5) .
G = Tt pra) ™

_B)(p— Tf+a) &, Dlk+p+h)
(A=B)p =N +B=Fm Epkr(k+p+ﬁ+a)

|ag| 25 P

(A=B)(p—A)+B lag| 2F+P

IN

<1

|a|

On simplification we easily arrive at the inequality (3.1).
Conversely, we assume that the inequality (3.1) holds true. Then,

(@3, (2)) +
fre { Bt (Q5, /(=) + B + (A~ B)(p— M) } =t

Hence

D3 +a) &) Tkt s
I() i T(k+p+B+a) _,

'B+a) X, T(k+p+p) -
[ & Theprara =

k+p

lax| 2

Re

(A-B)(p—MN+B

If we now choose z to be real and z — 17, we obtain

”ﬁ(;)“)ik(l gy LEEPED) (A B A,
k=p

Nk+p+ 5+ a)

This completes the proof of Theorem 2.

Corollary 1. Let the function f(z) defined by (1.8) be in the class Z;(ﬁ,a,
\; A, B). Then
F@B)T(k+p+B+a)(A-B)(p—A)

S Sy aTktp8) k- B) (32)
The result is sharp for the function

r+a)(k+p+p8) k(1-B)
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4. DISTORTION THEOREMS

Theorem 3. Let the function f(z) defined by (1.8) be in the class Z+(6,a,

A A, B). If the sequence {c;} = {k %} is nondecreasing, then

{(p+m—1)! (A-=B)(p—X) T() p! sz}r—(p+m>

(p—1)! (1-B)Cp, T(B+a)(p—m)
< [f™(2)] <
{ p+m-1! (A=B)p-N_ T(®) p! Tgp} - (pHm)
(p—1)! (1-B)Cp, T(B+a)(p—m)
0<|zl=r<1; 0<A<p; meNy=NU{0}; p>m). (4.1)

The result is sharp for the function f(z) given by

_ . TBT@p+B+a)(A-B)p-1) ,
f(z) =2 +F(B+a)F(2p+6) (= B) 2P, (4.2)

Proof. By differentiating both sides of (1.8) m times with respect to z, we have

) =y P+m>+z Gl @)

It is easy to see from Theorem 2 that

L(5+a)l(2p + ) = ﬁ+a I'(k+p+B)
F(ﬁ)r(2p+ﬁ+a)p(1_3)g| Zk Tk+p+B+a) 2
<(A-B)(p—X).

Then
(B)L(2p+ B +a)p!(A-B)(p—A)
Zk"“’“' 3 o Ry e (44
Making use of (4.3) and (4.4), we have
m, etm=D! pimy_ 1 pom "
™) = -1 o —m)] kzpk'! k|
{(p+m - (A-B)(p—-)N) T(B) p! T2p} —(pm)
(p—1)! (1-B)C, T(B+a)(p—m) ’
(4.5)
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and

(p+m—1)! —(p+m) 1 e
[P < s P Py Dk fay,
(p—1)! (p—m)! £

{(p+m_ D! (A=Bp-N T _ pl Tap}r—<p+m>
(p—1) (1-B)C, T(B+a)@p-m) ’

(4.6)

which proves the assertion (4.1). Finally, it is easy to see that the bounds in (4.1) are
attained for the function f(z) given by (4.2). This completes the proof of Theorem 3.

5. CLOSURE THEOREMS
Let the functions f;(z) be defined, for j =1,2,....,m, by
fi(2) =2+ agg| 2 (ar; > 0). (5.1)
k=p

Theorem 4. Let the functions f;(z) (j =1,2,....,m) defined by (5.1) be in the class
Z;(B,a, \; A, B). Then the function h(z) defined by

o 1 m
OEEREDY ~ > lagl | 2" (5.2)
k=p j=1

also belongs to the class Z;(ﬁ,a,)\;A, B).

Proof. Since fj(z) (j = 1,2,....,m) are in the class Z;(,B, a, A\ A, B), it follows from
Theorem 2, that

ﬁ+a %+p+m
E k(1-B | < (A—-B)(p—A),
for every j =1,2,....,m. Hence
ﬁ+a > L'(k+p+p)
kE(1-B
g: T(k+p+B+a) 22‘“‘
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o0

1 5+a o T(ktp+B)
B Z kal Th i ptfta) ki

< (A - B)(p— /\)-

From Theorem 2, it follows that h(z) € Z; (8, a, A\; A, B). This completes the proof
of Theorem 4.

Theorem 5. The class Z;(B,a,)\;A,B) 1s closed under convex linear combina-
tions.

Proof. Let the functions f;(z) (j = 1, 2) defined by (5.1) be in the class Z;(,@, a,A\; A, B). Then
it is sufficient to show that the function

h(z) =7fi(z) + 1 =7)f2(2) (0 <y < 1),
is in the class Z;(ﬂ,a,)\;A, B). Since for 0 <~ <1,
h(z) =277+ [vlaka| + (1 —7) lara2ll2", (5.3)
k=p

with the aid of Theorem 2, we have

]

+(1-
Rty o b syl + (=) o>

/3 + a i L(k+p+5)
k(1
k=p
< yA=-B)p-AN+A-=7(A-B)p-2A)
which implies that h(z) € Z;(ﬂ ,a, \; A, B). This completes the proof of Theorem
9.
Theorem 6. Let f,(z) = 27P and

L, DBr(k+p+B+a)(A-B)(p—N)
&) ==+ S Tkt p+B) k(- B) . (5.4)

Then f(z) is in the class Z;(ﬁ,a,)\;A,B) if and only if can be expressed in the

form
oo

F) =Y mlu(2), (5.5)

k=p—1
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o0
where py, > 0 and Z = 1.
k=p—1
Proof. Assume that

o0

1) =S mhlz)

k=p—1

_ (k+p+B+a)(A-B)p—X)
N Zrﬁ+a I'k+p+pB) k(1-B) pt (5:6)

Then it follows that

i IB+a)(k+p+pB) k(1—B) T(BI(k+p+pB+a)(A—B)(p—2A)
TBT(k+p+B+a)(A-B)p-NTB+a)l(k+p+B) k(1-B) '*

[e.e]
:Zﬂkzl—ﬂpq <L
k=p

which implies that f(z) € Z;(B,a, \; A, B).
Conversely, assume that the function f(z) defined by (1.8) be in the class E;(ﬁ ,
a,A\; A, B). Then

L(B)(k+p+B6+a)(A—B)(p—N)
“TB+a)(k+p+8) k(1-B)

x| <

Settin
: _MEralpd) K0-B)
M= DB (k+p+B+a) (A—B)p—) "+

)
/’Lp—l =1- Z:u’k’ )
k=p

we can see that f(z) can be expressed in the form (5.5). This completes the proof
of Theorem 6.

Corollary 2. The extreme points of the class Z;(ﬁ,a,)\;A, B) are the functions
fp(2) =277 and

where

., D@AI(k+p+B+a)(A—B)(p—N)
fk(Z)—Zp+F(ﬁ+a)F(k+p+B) Wi B) 2~ (5.7)
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6. RADII OF STARLIKENESS AND CONVEXITY

Theorem 7. Let the function f(z) defined by (1.8) be in the class Z;(ﬁ,a,

\; A, B), then we have:

(i) f(2) is meromorphically p-valent starlike of order § (0 < 0 < p) in the disc
|z| < ri, that is,

Re{—zﬁg)} >0 (2] <715 0< 6 < p), (6.1)
where .
. [TBFa(htptp)  K1-B)p-8) \Fw
"o k>£{F(B)F(k +p+B+a) (k:+6)(A—B)(p—>\)} o (62)

(ii) f(z) is meromorphically p-valent convex of order 6 (0 < § < p) in the disc
|z| < rq, that is,

Re{— <1+ Zj:éi?)} >3 (|2] <re; 0< 6 <p), (6.3)

where .

{F(ﬁ +a)l'(k+p+pB)  p(l—B)p-—29) }’fﬂ’
LBC(k+p+B+a)(k+6)(A—B)(p—N) '

The result is sharp, the extremal function given by (3.3).
Proof. (i) From the definition (1.8), we easily get

ro = inf (6.4)

k>p

2 > (k1) ag] |27

,f(z) < . . (6.5)
PG as| 20— 8) = 3 (k- pt 26) Jag] |2
f(Z) k=p

Thus, we have the desired inequality

()
EIE P

foég —p+20 o

if

X (k+46
5 (B8 aul a7 < 1. (6.)
=P
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But by using Theorem 2, (6.6) will be true if

<l<:+6> ir < DB T +p+5) k(1= D)
p—9 “TBT(k+p+B+a)(A=B)p—-A)

Then

1
Z‘S{F(ﬁJra)F(/Herﬁ) k(1 —B)(p—9) )}’fﬂ’_ (6.7)

T(B)L(k+p+B+a)(k+6)(A—B)(p— A
(ii) In order to prove the second assertion of Theorem 7, we find from the definition
(1.8) that

1 o0
12 > Kk +p) lag] |2+
J') < = (6.8)
" = >0 . .
14 Zf, 2 —p+26|  2p(p—0)— X k(k — p+20) |ag| |27
f (Z) k=p
Thus, we have the desired inequality
1
1+ zf/ (2) +p
/'2) -
1+Zf//(z —p+20 -
f'(2)
. k(k+9)
= + k+p
arl |z <1 6.9
5oy 0

But by using Theorem 2, (6.9) will be true if

k(k +0) 2P < FB+a)l'(k+p+pB) k(1-DB)
p(p = 9) TTBT(k+p+B+a)(A-B)p—A)

Then

1
g {flainih) Bl AFT

LB (k+p+B+a)(k+8)(A—B)(p—A
The last inequality (6.10) readily yields the disc |z| < 72, where 7 is defined by (6.4)

and the proof of Theorem 7 is completed by merely verifying that each assertion is
sharp for the function f(z) given by (3.3).
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7. HADAMARD PRODUCTS

Let the functions f;(z) (j = 1,2) defined by (5.1). The Hadamard product of
fi(z) and fa(z) is defined by

(fr# f2)(2) = 2P+ ) laga|laral 2F = (fa* f1)(2). (7.1)

k=p

Theorem 8. Let the functions f;(z) (j = 1,2) defined by (5.1) be in the class
225 (B, \i A, B). Then (fu+ f2)(2) € 32, (8, 0,15 A, B), where

LB+ p+a)(A-B)p—N?*

TSP TGl @A) p-B) 72
The result is sharp for the functions fj(z) (j = 1,2) given by
fj(z) — P4 F(/B)F(2p+/8 + a) (A — B)(p — )\)Zp (,] _ 1’2). (73)

L(f+a)l'(2p+pB) p(l-DB)

Proof. Employing the techinque used earlier by Schild and Silverman [11], we need
to find the largest n such that

F(ﬁ+@)§: I'(k+p+5) k(1 - B)
I'(8) I(k+p+B+a)(A=B)p—mn)

a1 fak2| < 1. (7.4)

k=p

Since fj(z) € Z;(ﬁ,a, N A, B) (j = 1,2), we readily see that

F(B+a)e= Dk+p+p) k(1 B)
IN) ;P(k 4B+ A-B)(p—N lag,1| <1, (7.5)
and
TB+a) S T(k+p+0) k(1 - B)
L'(B) kz_pf(k‘ +p+pB+a)(A—DB)(p—A) lag 2| < 1. (7.6)

By the Cauchy Schwarz inequality we have

F(B+a)= T(k+p+p) k(1 - B)
L'(6) kz ThtptAta) (A= Bp—nVIwillawzl =1 (7.7)

=p

This implies that, we need only to prove that

\/Nak1] lak2| < (i_ Z) . (7.8)

26



R. M. EL-Ashwah, M. K. Aouf, H. M. Zayed — Certain subclasses of ...

Hence, in light of the inequality (7.7), it is sufficient to prove that

PPk +ptB+a)(A=B)p=A) _ (p=n
Fsattep e < (o) )
It follows from (7.9) that
L(B)L(k+p+B+a) (A= B)p— N>
"SP T r G ol (ktp+B) K- B) (7.10)
Now defining the function D(k) by

CT(B+a)(k+p+p6) k(1—-B)

We see that D(k) is an increasing function of k (k > p). Therefore, we conclude

that
(BT (2p+ B +a) (A= B)(p—N)?

CT(B+aT(2p+p8) p(1-B)
which evidently completes the proof of Theorem 8.

n<D()=p

(7.12)

Using arguments similar to those in the proof of Theorem 8, we obtain the
following theorem.

Theorem 9. Let the function fi1(z) defined by (5.1) be in the class Z;(ﬁ,a,
A\; A, B). Suppose also that the function fa(z) defined by (5.1) be in the class Z;(ﬁ, a,p; A, B). Then

(fr* f2)(2) € X, (B, G A, B) where
LBIT(2p+ B +a)(A=B)p-Np -9

C=P B+ a2yt ) »(1- B) ‘ (7.13)
The result is sharp for the functions f;j(z) (j =1,2) given by
., TBr2p+p+a)(A—B)p—N)
he) == s T r B p0-B) (7.14)
and
folz) =277 + F'gIr2p+pB+a)(A—B)p—y) > (7.15)

F(B+a)T(2p+pB) p(l-DB)
Theorem 10. Let the functions fj(z) (j = 1,2) defined by (5.1) be in the class
Z;(B,G,A;A,B). Then the function

Bz =27+ 3 (lakal” + laal’) 25, (7.16)
k=p
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belong to the class Z;(ﬁ,a,w;A, B), where

_2T(B)T(2p + B+ ) (A= B)(p — N)?
r+a)l'(2p+p5)  p(1-B)

The result is sharp for the functions fj(z) (j = 1,2) defined by (7.3).

P =

(7.17)

Proof. By using Theorem 2, we obtain

0o I‘(B—l—a)F(k —|—p—|-l8) k(l —B) 2 )
Z{F(ﬂ)l“(k+p+ﬁ+a) (A—B)(p—)\)} |ag,1|” <

k=p

2
T(B+a)l(k+p+B) k(1-B)
{?;r k+p+ﬁ+auABxpm‘%1} <1, (7.18)

and

00 2
S (Lerartipis) -5 1, .

=\ LTk +p+B+a) (A= B)(p—A

2
{ZFBJra (k+p+B) k(l)(f))\)akg} <1. (7.19)

I'k+p+B+a)(A-B

It follow from (7.18) and (7.19) that

o0

2
Z;{r(ﬁ+a)1‘(k+p+ﬁ) k(1 - B) )} (|ak,1\2+lak,2!2) <1. (7.20)
k=p

F@B)T(k+p+B+a)(A=B)(p—A
Therefore, we need to find the largest 1 such that

PB+a)l(k+p+p) k(1-B) _
L@Ark+p+B+a)(A-B)p-v)

1 (T(B+a)l(k+p+8) k(1-B) *
Z{F(ﬁ)r(k+p+ﬁ+a) (AB)(p)\)} ) (7.21)
that is
(BT (k+p+B+a)(A—B)(p— N>
vEpo g+ a)l'(k+p+p5) k(1 — B) ) (7.22)
since k) = p— (B (k+p+ B+ a) (A—B)(p—\)? 7o

LB+ a)l'(k+p+p) k(1-B)
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is an increasing function of k& (k > p), we obtain

_2Ar(B)T(2p+B+a) (A= B)(p—N)
rB+a)(2p+p6) p(l-B)

and hence the proof of Theorem 10 is completed.

Y <G(p)=p

(7.24)

Remarks.
(1) Putting A = 6 and B = —¢ (0 < 6 < 1) in our results, we obtain a corresponding
results for the class Z;“ (B, c,6,\);

1
(2) Putting A = —(2y —1)d and B = —¢ (5 <~y <1land0<d<1)in our results,

we obtain a corresponding results for the class Z; (B,a,7,0,\).
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