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ABSTRACT. This paper gives some inclusion relationships of certain class of
p—valent functions which are defined by using the Dziok-Srivastava operator. Fur-
ther, a property preserving integrals is considered. Some of our results generalize
previously known results.
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1. INTRODUCTION

Let A (p) denote the class of all functions of the form:
o
f(z):zp+2an+pz”+p (peN={1,2,3,..};z€U), (1)
n=1

which are analytic and p—valent in the open unit disc U = {z € C: |z| < 1} and let
A1) = A.
For function f given by (1) and g given by

9(z) =2+ Y baapa™ ™7, (2)

n=1

the Hadamard product (or convolution) of f and g is defined by

(f*g)(z) =2"+ Z an+pbn+pzn+p = (9= f) (2). (3)

n=1
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For complex parameters ai,...,aq and by,...,bs( bj ¢ Zy = {0,—1,-2,...};j =
1,...,s ), the generalized hypergeometric function ,Fs is defined by the following
infinite series:

) = S (@),
oFs (a, ..., aq; b1, .., bs; )_7;) (b1),, --- (bs),, n! )

(¢<s+1;q,5s€ Ng=NU{0};z€U),

where (), is the Pochhammer symbol (or shift factorial) defined, in terms of the
Gamma function I', by

_T@+n) (1 (n = 0),
(%—W {0(9+1)...(9+n—1) (n €N).

Corresponding a function hy, (a1, ..., aq; b1, ..., bs; z) defined by

hp (@1, ...;aq;b1,...,bs; 2) = 2P (Fs (a1, ...,aq;b1,...,b5;2) (2 € U), (5)
Dziok and Srivastava [5] (see also [6]) considered a linear operator

Hy(ai,...,aq;b1,...,bs) : A(p) = A(p)
defined by the following Hadamard product:
Hy(a1,...,aq;b1,...,05) f (2) = hy (a1, ..., aq; b1, ..., bs; 2) * f (2), (6)
(¢<s+1;q,s€Nyp;z€U).

If f € A(p) is given by (1), then we have

Hy(ai,...,aq;b1,...,bs) f(2) = 2P + ZF” [a1;b1] antpz™ 1P (2 € U), (7)

n=1

where

Do farsby] = @no B Lo gy ®)

(b1),, --- (bs),, n!
To make the notation simple, we write

H, s la1; 0] f(2) = Hp(aq, ..., aq; b1, ..., bs) f(2). (9)

It easily follows from (7) that
2( Hygs[a1i01] £(2) ) = arHpgs (a1 + 161 £(2) = (a1 — p) Hp g.s la1; b1] f(2). (10)
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The linear operator Hp, 4 s [a1;b1] is a generalization of many other linear operators
considered earlier.
Remark 1

(i) Hi21(a,b;c)f(z) = <Ig’bf) (2) (a,b € C;c ¢ Zy ), where the linear operator

I#? was investigated by Hohlov [9];

(ii) Hp21(n+p,1;1)f(2) = D"P~1f(2)(n > —p,p € N), where the linear oper-
ator D"*P~! was studied by Goel and Sohi [8]. In the case when p = 1, D" f(z) is
the Ruscheweyh derivative of f(z) (see [14]);

(il) Hpon(c+p, Lic+p+1)f(z) = Foplz) = <22 [Ft L f(t)dt (c > —p), where
the operator F., is the generalized Bernardi-Libera-Livingston integral operator

(see [4]) and F.; = F. was introduced by Bernardi [1];

(iv) Hpoi(p+ 1, Lip+1—-X)f(2) = Qg)"p)f(z) (0 < X < 1), where the operator
QM) was investigated by Srivastava and Aouf [16];

(v) Hpa1(a,1;¢)f(2) = Ly(a,c) f(2)(a € R; ¢ € R\Z, ), where the linear operator
Ly(a,c) was studied by Saitoh [15] which yields the operator L(a, ¢)f(z) introduced
by Carlson and Shaffer [2] for p = 1;

(vi) Hipa(p, LA+ 1)f(2) = Inuf(2)(A > =1, > 0), where I, is the Choi-
Saigo—Srivastava operator [4] which is closely related to the Carlson—Shaffer [2] op-
erator L(p, A+ 1) f(2);

(vil) Hpo1(p+ 1,1;n+p)f(2) = Liyp-1f(2)(n > —p;n € Z), where 41,1 is
the Noor operator of order n 4+ p — 1 which considered by Liu and Noor [12];

(viil) Hp21(A +p,c;a)f(z) = I)(a,¢)f(2)(a, ¢ € R\Zg; A > —p), where I.)(a,c)
is the Cho-Kwon-Srivastava operator [3].

Definition 1. We say that a function f(2) € A (p) is in the class T, ; [a1; b1], if it
satisfies the following condition:

Re{(HpM?;bi] He } >a  (0<a<lLipeNizelU). (11

Using (10), condition (11) can be re-written in the form

H, s 1:0 H,,sla1;b
Re{a1 pas (01 + 1]f(Z)_(a1_p) pass [013 01] f(2)
pzP pzP
0<a<ljpeN;zel).

} >a  (12)

‘We note that:
Tyo1(n+p, ;1) =Thyp1 () (n>-—p,peN),

where the class T, 4,1 () studied by Goel and Sohi [8].
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2. BASIC PROPERTIES OF THE CLASS T, . [a1;b1]

Unless otherwise mentioned, we shall assume in the reminder of this paper that
g<s+1,q,s€eNy,0<a<1,peNanda; >0.

We begin by recalling the following result (Jack’s lemma), which we shall apply
in proving our inclusion theorems below.

Lemma 1 [10]. Let the (nonconstant) function w(z) be analytic in U, with w(0) = 0.
If |w(z)| attains its maximum value on the circle |z| = r < 1 at a point 29 € U, then
20w (20) = €w(zg), where ¢ is a real number and & > 1.

Theorem 1. The following inclusion property holds true for the class T, ; [a1;b1] :
Tpqslar+1;01) C T5, [ar;ba]. (13)

Proof. Let f(2) € T, sla1 + 1;b1] , and define a regular function w(z) in U such

htat w(0) = 0,w(z) # —1 by

p1+(2a—1)w(z).

a1Hpqs a1+ 1;01) f(2) — (a1 — p)Hp g5 [a1;01] f(2) = pz T+ w(2) (14)
Differentiating (14) with respect to z, we obtain
(Hygslor + L0i] f() _ 1+ @2a-Duw(z) 2(1-a) =w'(2) 15)

pzp—1 1+ w(z) ar (14 w(z))?
We claim that |w(z)| < 1 for z € U. Otherwise there exists a point zg € U such

that ‘r|nf‘ix| |lw(z)| = |w(z0)| = 1. Applying Jack’s lemma, we have
z|<]|z0

2w (20) = Ew(z) (€2 1), (16)

From (15) and (16), we have

(Hpgss[a1+1:b1] £(20)) _ 14+ (2a—Dw(z) 2(1-a) &w(z) an
ng—l 1+ w(z0) a1 (1+w(z))*

i 1+ (2a—Dw(zo) | _ fw(zo) - s
Since Re{ T (z0) } =qa,£>1, and Ttw(zo)? is real and positive, we see that

/

Re (H”’q’s[a;;%,lj?l]f(zo)) < a, which obviously contradicts f (2) € ),  [a1 + 1;b1] .
Hence |w(z)| < 1 for z € U, and it follows from (14) that f(z) € T}, s [a1;b1]. This

completes the proof of Theorem 1.
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Remark 2.

(i) Taking ¢ =2, s =1,a1 =n+p (n > —p) and ag = by = 1 in Theorem 1 we
obtain the result obtained by Goel and Sohi [8, Theorem 1];

(ii) Taking ¢ =2, s =1 and a3 = ag = by = 1 in Theorem 1, then

T91(1,151) =T, (o) = {f(z) € A(p): Re{ f'(z) } > q, 0<ax< 1}

pzP~1

and from Umezawa [17] such that functions are p—valent. Hence the p—valence of
functions in the class T} 4 s [a1; b1] follows from (13).

Theorem 2. If f(z2) € T

oa.s la1; b1], then

Fep(z) = et /t‘31f (t)dt € T, s la1; b1], for ¢ > —p. (18)

ZC

0

Proof. From (18), we have
z( Hp,q,s [al? bl] }—C,P(z) )/ = (C + p) Hp,q,s [al; bl} f(Z) - CHp,q,s [al; bl] fc,p(z)7 (19)
Define a regular function w(z) in U such htat w(0) = 0, w(z) # —1 by

(Hpgsla:b) Fep(z) ) _ 1+ (20— Dw(z)

2
pzP~1 1+w(z) (20)
From (19) and (20) we have
14+ (2a—-1)w(z)
(c+p) Hpq.s la1;b1] f(z) — cHpq,s [a1; b1] fc,p(z) = pz¥ 1+ w(z) - (21)
Differentiating (21) with respect to z, and using (20) we obtain
(Hpgslar:bi] f(z) _ 1+ @a—Dw(z) 2(1-a) =uw'(z) 22)

pzP~1 14 w(z) ctp (1+w(2))?
The remaining part of the proof of Theorem 2 is similar to that of Theorem 1.

Remark 3. Taking ¢ =2, s=1,a1 =n+p (n > —p) and az = by = 1 in Theorem
2 we obtain the result obtained by Goel and Sohi [8, Theorem 2].

Theorem 3. If f(z) € A(p) and satisfy the condition

(Hpgs[ar; 0] £(2) ) (1-a)
Re{ por1 } >a_72(p+c)

(¢>—p). (23)
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Then the function

+
Feple) = p/tc ' (6)dt € T, farsb].
0

The proof of Theorem 3 is similar to that of Theorem 2 and so we omit it.

Remark 4.

(i) Taking ¢ =2, s =1,a1 =n+p (n > —p) and ag = by = 1 in Theorem 3 we
obtain the result obtained by Goel and Sohi [8, Theorem 3];

(ii) Taking ¢ =2, s = 1l,a1 = a2 = by =1, « = 0 and ¢ = 1 in Theorem 3 we
obtain the result obtained by Goel and Sohi [8, Corollary 3(a)];

(iii) Taking g =2,s=1,a1 =a2=b1 =1, a = ﬁ and ¢ = 1 in Theorem 3 we
obtain the result obtained by Goel and Sohi [8, Corollary 3(b)];

(iv) Taking p = 1 in (ii) and (iii), we get the extensions of an ealier result due

to Libera [11] viz; Re {f/(z)} > 0 implies Re {(}"C(z))/} > 0.
Theorem 4. Let f(z) be defined by
Feplz) = 12 / O (> ). (24
0

o . . : c+
If Fop(z) € T, s lar; ba], then f(z) € T, s lar; 0] in |2] < H\/ﬁ'

Proof. Since Fep,(2) € Tpq.s [a1;b1] we can write

2( Hygp la1;b1] Fep(2) ) = p2" [a+ (1 — @) u (2)] (25)

where u (z) € P, the class of functions with positive real part in U and normalized
by u (0) = 1. We can re-write (25) as

a1Hp g5 [a1 + 1;01] Fep(2) — (a1 — p)Hp g s [a1;01] Fep(z) = pP la+ (1 — ) u(z)].

Differentiating (26) with respect to z, and using (19) we obtain

(( Hpgslabh] f(z)) a) 1—a) ' =u(z)+ ! 2 (2). (27)

pzP~1

Using the well-known estimate (see [13]) ‘zu/ (z)’
( Hpq,s la1;b1] f(2) )/ 1 1 2r
Re{( pap1 —a|(l-a) > 1_C+p1—r2 Rewu(z).
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The right-hand side of (28) is positive if r < H\/ﬁ' The result is sharp for
the function f(z) defined by

1 . /
f(z) = W (2°Fep(2))

where F ,(2) is given by ( Hp g s [a1;01] Fep(2) ), = pzpflw.
Remark 5.

(i) Taking ¢ =2, s =1,a1 =n+p (n > —p) and ag = by = 1 in Theorem 4 we
obtain the result obtained by Goel and Sohi [8, Theorem 4] ;

(ii) Taking ¢ = 2, s = 1,a; = ag = by = 1 and o = 0 in Theorem 4 we obtain
the result obtained by Goel and Sohi [8, Corollary 4(a)];

(iii) By taking ¢ = 1 in (ii), we obtain the result obtained by Goel [7].
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