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ABSTRACT. Certain applications of third-order differential subordination results
are obtained for normalized analytic functions in the open unit disk. These results
are obtained by investigating appropriate classes of admissible functions. Several
interesting examples are also discussed.
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1. INTRODUCTION, PRELIMINARIES AND DEFINITIONS

Let A denote the class of all normalized analytic functions f(z) in the open unit
disk U := {z € C: |z] < 1} satisfying f(0) = 0 and f/(0) = 1. Let H(U) denote the
class of analytic functions in the open unit disk U. For n € N = {1,2,3,...} and
a € C, let

Hla,n] = {f: f€HU) and f(z)=a+apz"+ans1z"+---},

with Ho = H[0,1] and H = H[1,1].

Let f and F' be members of H(U). The function f is said to be subordinate to
F, or (equivalently) F' is said to be superordinate to f, if there exists a Schwarz
function w analytic in U, with w(0) = 0 and |w(z)| < 1 (z € U), such that

f(z) = F(w(z)) (z€U).

In such a case, we write f < F' or f(z) < F(z) (z € U). If the function F is
univalent in U, then we have

f<F <= f(0)=F(0) and f(U)c F(U).
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The Schwarzian derivative {f, 2z} of an analytic, locally univalent function f is

defined by
_ f”(z))/_ 1 (f”(z)>2 _ ") 3 (f”(z)>2
vb=(55) 5 (53) =50 -3 (6 W
and let the higher order Schwarzian derivatives are defined inductively (see [5])as:
f"(=)

st (F(2)) = (@u(F2)) = (n - DI Z o (£(2)), n>3.

fiz) "
From (1), one can easily find
o3(f(2)) :=={f, 7},

M) PG (Y
R IO +6<f’(2)) |

Definition 1. Let ¢ : C* x U — C and let h(z) be univalent in U. If p(2) is analytic
in U and satisfies the following (third-order) differential subordination:

$(p(2), 20'(2), 2°D"(2), 2°p"(2);2) < W(z) (2 € 1), (2)

o4(f(2))

then p(z) is called a solution of the differential subordination. The univalent function
q(2) is called a dominant of the solutions of the differential subordination or more
simply a dominant if

p(z) < () (z€U)

for all p(z) satisfying (2). A dominant §(z) that satisfies
q(z) <q(2) (z€U)
for all dominants q(z) of (2) is said to be the best dominant.

We denote by Q the class of functions g that are analytic and injective on U\ E(q),
where

E(q) = {6 €U : LHEQ(Z) = 00} :

and are such that ¢’(¢) # 0 for £ € U \ FE(q). Further, let the subclass of Q for
which ¢(0) = a be denoted by Q(a), Q(0) = Qp and Q(1) = Q.
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Definition 2. [1] Let Q be a set in C, ¢ € Q, and n > 2. The class of admissible
operators W,[Q, q] consists of those functions ¢ : C* x U — C that satisfy the
following admissibility condition

w(’r7 S? t? u; Z) g Q?

whenever 1 =q(§), s=mn&d (&),
” u 21
Re {Z—i—l} > nRe {53,((5) —i—l} and Re {g} > n?Re {fq(/l(g()f)}
(2 € U; £€0U\ E(q)).

Lemma 1. [1] Let p € H|a,n] with n > 2, and let ¢ € Q(a) and satisfy
zp'(2)

A0 = |7
when z € U and § € OU \ E(q). If Q is a set in C, ¢ € ¥,[Q,q] and

P(p(z), 20/ (2), 20" (2), 2°p" (2); 2) € Q,

f— Y

then
p(2) < q(z) (2 €U).

The theory of differential subordination in C is a generalization of differential
inequality in R, and this theory of differential subordination was initiated by the
works of Miller, Mocanu, and Reade in 1981. The monograph by Miller and Mocanu
[3] gives a good introduction to the theory of differential subordination.

In recent years, various authors have successfully applied the theory of First
and Second order differential subordination to address many important problem
in this field. Recently, using second order differential subordination, Ali et. al. [2]
obtained sufficient conditions involving the Schwarzian derivatives. For related work
of Schwarzian derivative refer [3, 5].

Very recently, Antonino and Miller [1] obtained some general results of third-
order differential inequalities and subordination for a large class. It should be re-
marked in passing that only few articles [1, 4] dealing with very narrow classes of
third order differential subordination.

In this present investigation, by making use of the third-order differential sub-
ordination results of Antonino and Miller [1], we consider certain suitable classes
of admissible functions and investigate some applications of third-order differential
subordination of analytic functions. Several interesting examples are also discussed.
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2. SUBORDINATION RESULTS

We first define the following class of admissible functions that are required in our
first result.

Definition 3. Let Q2 be a set in C and q € Q1. The class of admissible functions
®g[Q, q] consists of those functions ¢ : C* x U — C that satisfy the admissibility
condition

o(v,w,z,y;2) € Q

whenever
o= q), w= ”%@ Fal) (al6) £0),
22 +v2 — 1+ 3(w —v)? £4"(6)
Re{ 2w — ) }>”Re{q'<s> “}’
and

v{z[4(3w — 20v) — 6] + 2[2 — 3v — 9? — 8%] — YW [Hv+
1} +y + 2w[24v® + 13v% 4+ v — 6] + 6w?[3v — 1] + 6w? > w2 Re {52?;'5(;5) } |
q

Re

(w —v)

(z€U; €U\ E(g); n > 2).

Theorem 2. Let ¢ € P5[Q,q|. If f € A and g € Q1 with

A 20w [ (14 258 - EON <o

(2€U; £€ U\ E(q); n >2),

satisfies
{¢(Z}f£i§) 1+ ZJ{;S),,ZZU, 2}, 2°04(f(2)); Z> 1z € U} c 9, (3)
then /
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Proof. Define the function p in U by

)= ) (@
A simple calculation yields
g ®

Further computations show that

2 ) () 3 (2)\? 1 (p(2)?
2 f, 2} = + ( ) ) +

and

Z3O- B _ 23 f////( ) f// f/// f// z
() <ﬂ@ N (,z)>

_ 27 +322p~( ) 6'2312/(2)])// 26 (ZP’(Z)>2 46 (zp’(z)>3

p(2) p(2) p(2))? p(2) p(2)
( p/(z))2 2 1 3
+ 33— — 22 22p (2 p(2))” — p(2).
o) (2) = 22p'(2) + (p(2))” — p(2)
(7)
We now define the transformations from C* to C by
2 1 —p2
v=r, w:7‘+f, $:t+8—§<s) + T, and
r r 2 \r 2 (8)
t+ s t 3
_ut3(tts]) Gstts) +68—+r3—(2t+23+7“).
r 72 r3
Let
,QZ}(T7 S? t? u; Z) = QS(’U’/I,U, '1:7 y; Z)
s t+s 3/s\2 1—r% u+3(t+s%) 6st+s) 3,
_¢<TT+ T _5(7“) Tt r 2 +6ﬁ+r
(9)

—(2t +2s+1); Z)
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The proof will make use of Lemma 1. Using (4), (5), (6), and (7), from (9) we
obtain

/ 2 1 B (). ) — zf’(z) Zf”(z) 52 R 2)): 2
U(p(2), 20 (2),27p" (2), 2°p" (2); 2) 45( ORI IOR {f,2},2704(f(2)); )
(10)

Hence from (3) and (10), we have

V(p(2), 20 (2), 229" (2), 2°p"(2); 2) € Q.

A computation using (8) yields

2 2 _ 2
E+1: r+v°—143(w v)’
s 2(w — v)
and
v{z[4(3w — 2v) — 6] + 2[2 — 3v — 92 — 8v°] — Yw?[5v + 1]}
u +y + 2w([24v° + 130% 4+ v — 6] + 6w3[3v — 1] + 6w?
s (w—v)

Thus the admissibility condition for ¢ € ®5[€2, g| in Definition 3 is equivalent to
the admissibility condition for i as given in Definition 2. Hence ¢ € ¥,[Q,¢| and
by Lemma 1

p(z) <q(z) (2€0)
or, equivalently,

2f'(2)

f(z)

which evidently completes the proof of Theorem 2.

<q(z) (z€l),

If @ # C is a simply connected domain, then = h(U) for some conformal
mapping h of U onto . In this case, the class ®g[h(U),q] is written as ®glh, q].
The following result is an immediate consequence of Theorem 2.

Theorem 3. Let ¢ € Pglh,q]. If f € A, g € Q1 with

{0 20w |FFE) (14 2L SN <),

(2€U; £€dU\ E(q); n > 2),
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and

) LD g et
¢< f(Z) L+ f/(Z) )2 {f’z}wz 0-4(f(z))a )

1s analytic in U, then

) L D) g e s < oas
¢< e R UR R VO] ><h<>

implies
2f'(2)
f(2)

Following similar arguments as in [1, Corollary 2.1, page 450], Theorem 3 can be
extended to the following corollary where the behavior of ¢ on 0U is not known.

<q(z) (z€l).

Corollary 4. Let q be univalent in U with q(0) = 1, and for p € (0,1) set
9p(2) = q(pz). Let ¢ € ®glh,q,). If f € A, q, € Q1 with

Re {Eip(g} >0 and ’f(()) <1 +}f(()) B J{(()))‘ < nlg @),

(z€U; £€0U\ E(gy); n>2),

and

') |2 iy s
¢< f(Z) 1+ f/(z) ) % {f,Z},Z J4(f(z))7 )

1s analytic in U, then

() )
¢< [(C R

,z2{f,z}72304(f(2));2> < h(z)

implies
2f'(2)
f(z)

Our next theorem yields the relation between the best dominant of the differential
subordination and the solution of a corresponding differential equation.

<q(z) (z€l).
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Theorem 5. Let ¢ € glh,q,], ¢ : C* x U — C and ¢ (q(2), Q1(2), Q2(2), Q3(2); 2)

1s analytic in U, where

VRN AC)
C200) (2 3 (d(D\E 1 (4(2)
Q) == T 2<qz> T
B L2 A (@) ()
GBE=Tn e T aee 6<q<z>> +6(q<z>
2¢'(2))?
43N 02) = 2 (6) 4 0D - a(2)

Let h be univalent in U and suppose the differential equation

¢ (4(2), Q1(2), Q2(2), Q3(2); 2) = h(2)

has a solution q € Q1. If f € A satisfies

)20 e [ (LT <uri

(z€U; £€0U\ E(q); n>2),

then
2F(2) | 2D s s Y o
¢)( f(Z) 71+ f/(Z) )Z {f?z}7z U4(f(z))7 > -<h( )
implies )
2f'(z
1B <q(z) (z€l).

and q(z) 1is the best dominant.

(11)

(12)

Proof. Following the same arguments as in [1, Theorem 3, page 451], By applying
Theorem 2, we deduce that ¢ is a dominant of (12). Since ¢ also satisfies (11),
it is also a solution of the differential subordination (12) and therefore ¢ will be

dominated by all dominants of (12). Hence ¢ is the best dominant of (11).

We will apply Theorem 2 to a specific case for ¢(z) =1+ Mz, M > 0.

In the particular case ¢(z) = 1+ Mz, M > 0, and in view of Definition 3, the
class of admissible functions ®g[€2, g], denoted by ®g[2, M], is described below.

194



M. P. Jeyaraman, T. K. Suresh — Third-order differential subordination ...

Definition 4. Let Q) be a set in C and M > 0. The class of admissible functions
®g[Q, M] consists of those functions ¢ : C* x U — C such that

. , M  Le®4+nM 3 M \? 1. .
¢<1—+—M€Z6,1—|—Mew—|— n c_tn < n )—QMele

M+e® Mte® 2\ M+e®
o Ne 4 3Le " 4 3n2 M2 6n)M :
0 —1i6
x(2+ Me"), =T - (M+e*i9)2(Le Y+ nM)

Mo\ : :
+6 (MZ_9> — 2L+ (2n+ 1)Me? +1) + (1+ Me™)?; z) ¢,
€

(13)

whenever z € U, § € R, Re {Le ™} > n(n — 1)M, and Re {Ne~*} > 0 for all 0,
and n > 2.

Corollary 6. Let ¢ € Og[Q, M|. If f € A with

Zf,(Z) (1+ zf//(Z) . Zf’(Z))‘ <nM (z S U; n > 2; M > 0),

f(2) f'z)  f(z)
satisfies
() L A g o s .
¢( R T YR RO )ea,
then 72
e —1’<M.

For the special case 2 = ¢(U) = {w : |w— 1| < M}, the class ®5[2, M] is simply
denoted by ®g[M].

Corollary 7. Let ¢ € g[M]. If f € A with
2f'(2) <1 LA 2f(e)

>‘§nM (z€U; n>2; M >0),

f(z) f'z) 12
satisfies
) ) e\
'¢< o S ) P ) ) 1 <M
then #2)
i —1‘<M.
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Example 1. The function ¢(v,w,z,y;z) = (1 — oz)g +az, (0 < a < 1) satisfies
v
the admissibility condition (13) and hence Corollary 7 yields

LD
S P O BN Y B P VNN Zf/(z)—1‘<M (M > 0).
zf'(z) ’ f(2)
f(2)

When o = 1, we have

22 —1‘ <M (M >0).

‘zQ{f,z} — 1‘ <M= B
When a = 0, we have
zf"(2)
1+
f'(2) 2f'(2)
70 -1 <M= B —1‘ <M (M >0).
f(z)

This result was obtained in [2, Example 2.7, page 8].

= av + fw + vz, (o, € R) and

Example 2. The functions ¢1(v,w,x,y;2) =
p2(v,w,x,y; 2) = v(w+ x) satisfy the admissibility condition (13) and hence Corol-

lary 7 yields

G2 ( f”(Z)) 2f'(2) o 2f'(

+ 8 + 2 {f,z} -1 <M=
f(z) f'(z) f(2) f(2)

2f'(2) < 2f"(2) | o ) ‘ ’Zf’(z)
+ +z2z{f,z} ) -1l <M=

o \' T U )

We, next apply Theorem 2 to two important particular cases corresponding to

(U) being a disk and ¢(U) being a half-plane, considered in the next section.

<

‘<M (M > 0).

3. Two SPECIAL CASES
Case 1. We specialize the class of admissible functions and corresponding theorems

for the case of ¢(U) being a disk. The function

Mz+a
=M eU;, M >0),
o) = M= (: )

(14)

196



M. P. Jeyaraman, T. K. Suresh — Third-order differential subordination ...

with |a| < M, is univalent in U and satisfies ¢q(U) = Uy = {w : |w| < M},
q(0) = a,q € Q(a) and E(q) = (. Antonino and Miller [1] have proved the following
lemma, for this specific function q.

Lemma 8. [1] Let q be given by (14) and p(z) = a+an2"+an+12" 1 +... be analytic
in U, with p(z) # a and n > 2. If there exists points zg = roe’® € Uy and wy € OU
such that p(z0) = q(wo),p(Ur,) C Un, and

29/ ()1 + @2 < M [M2 — [af]
when z € Uy, and 0 € [0,27], then

lq(wo) — a|2

zo0p' (20) = m](wo)m,

" 412
Re 201/0 (20) >n |Q(w0)2 al .
Vz0) [a(wo) P = a
2.1 — o 212
1 CO RPN O e Tl
P'(20) [lg(wo)* — [al?]

We will use Lemma & and Definition 3 to define the class of admissible functions
for the specific function ¢ defined in (14). We denote ®g[€2, q] by ®5[2, M, a]. Since
q(z) = Me?, with 0 € [0, 27], when |z| = 1, by using Lemma 8, the conditions of
admissibility as given in Definition 3 change as given in the following definition.

and

Definition 5. Let Q be a set in C, let q be given by (14), and let n > 2. The class
of admissible functions ®g[Q, M, a] consists of those functions ¢ : C* x U — C that
satisfy the admissibility condition

(v, w,z,y;2) € Q
whenever
- 9 - M2 - |CL|2 )
2 _ N2 _—i0]2
Re 2 +v* — 14 3(w —v) Zn|M ae |7
2(w — v) M? — |a|?
v{z[4(3w — 2v) — 6] + 2[2 — 3v — 9 — 83| — YW [5v+

15
R 1]} + y + 2w([240> + 130* + v — 6] + 6w?[3v — 1] 4 6w? (15)
) (w—0)
> 7 JaPP 0€ [0.27).
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If @ = 0, then from (15) we see that ®g[€2, M,0] consists of those functions
¢ :C* x U — C, with n > 2, that satisfy the admissibility condition

p(Me” n+ Me® L,N;z) & Q,
whenever
Re {2L + (Me?)? -1 + 3n2} > 2n?,
Re {N +5(Me)t + (Me?)3[12n — 7] + (Me'?)2[9n2 + 20n + AL — 16]
+Me?[18n3 — 27n® + 2n(6L + 1) — 6L — 8] — 6n[n? — n + 2]} >0,
and 6 € [0,2m].

With this definition of the admissible class, we obtain the following differential
subordination result from Theorem 2.

Theorem 9. Let g be given by (14) and let f € H|a,n| satisfy
2f'(2) ( 2f"(z) Zf’(2)>' _ b
7 e re )|

(z€eU; n>2;0¢€l0,2n]).
If Q be a set in C and ¢ € g2, M, a], then

G L) o e o )
{qf)( ) ,1+ ) c2 Sz} 20oa(f(2)); > EU}CQ,

2
< nM[M? —|af’],

implies
2f'(2)
f(2)
In the special case when a = 0, the above theorem reduces to the following
corollary.

<q(z) (z€0).

Corollary 10. Let q(z) = Mz and let f € Ho with n > 2 satisfy

(
2f'(2) ( 2f"(z) Zf’(@)‘
o e e ) s e
If Q be a set in C and ¢ € g[Q, M, 0], then

PG G a s )
{gb( ) 1+ ) 2 Sz} 20oa(f(2)); > GU}CQ,

198



M. P. Jeyaraman, T. K. Suresh — Third-order differential subordination ...

implies
2f'(2)
f(z)

Case 2. Now, we specialize the class of admissible functions and corresponding
theorems for the case of ¢(U) being the half-plane A = {w : Rew > 0}. The function

<Mz (zel).

i) =2 (zew), (16)

where Rea > 0, is univalent in U \ {1} and satisfies ¢(U) = A, q(0) = a, and ¢ € Q.
Straightforward calculations lead to

L laz)—ap?
“5) = TRe(a—q2)
)
R q(2)
2¢"(:) _ 3la(z) - aP
() 2Re(@)?

Using these results in [1, Lemma D, page 445], we obtain the following lemma.

+1=0,

Re

Lemma 11. Let q be given by (16) and p(2) = a+ anz"™ + any12" + ... be analytic
in U, with p(z) # a and n > 2. If there exist points zp € U and wy € OU \ {1} such
that p(z0) = q(wo), p(Ur,) C q(U), where ro = |20, and

|zp (2)|]1 — w|2 < 2n|Re al,

then,

o (z0) = — 2 4 Q(wﬁ)g(éf a(wo))

/!
e 20 (0)
p (Zo)
e 22/ Go) 3 la —afo)
P'(20) 2 (Re(a))
We will use Lemma 11 and Definition 3 to define the class of admissible functions

for the specific function ¢ defined in (16). We denote ®g[, q] by ®5[€?, a] and when
Q = A, denote the class by ®glal.

+1>0,

| 2
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Definition 6. Let Q be a set in C, let q be given by (16), and let n > 2. The class
of admissible functions ®g[Q,a] consists of those functions ¢ : C* x U — C that
satisfy the admissibility condition

(v, w,z,y;2) € Q

whenever
. ila —ip|? iy
v=1 w=n———+1
P 2pRea P
Re 2z +v? — 1+ 3(w —v)? >0,
2(w —v)
v{z[4(3w — 2v) — 6] 4 2[2 — 3v — 9? — 8v®] — Yw? [Fu+
R 1} 4y + 2w[240> + 13v% + v — 6] + 6w3[3v — 1] + 6w?
’ (w=0)
3n?|a — ip|?
- U; R; C).
~ 2 (Rea)?’ (zelipeRiach

In this particular case, Theorem 2 can be rephrased in the following form.

Theorem 12. Let q be given by (16) and let f € A satisfy

) (D O 1 e pmes
1o (155 -5 - < v,
(z€U; £€0U\ {1}; n>2).
(i) If Q be a set in C and ¢ € 5[, al, then
zf'(z) 2f"(z)
¢( @ T

,ZQ{f,Z},Z?’M(f(Z));Z) €9,

2f'(2)
f(2)
(i) If ¢ € ®gla], then

implies Re >0 (z€0).

G D gy s
Re qb( B 1+ ) 22} 22oa(f(2)); ) >0,

2f'(2)
f(2)

implies Re >0 (ze€0).
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Example 3. Let « : U — R and let Rea > 0. If ¢(v,w,z,y;2) = v + a(z)g,
v

Q = {w : Rew < 1}. To use part(i) of Theorem 12 we need to show that
¢ € ®g[Q, al, that is, the admissibility condition (6) is satisfied. This follows since

Re [¢(v,w, z,y;2)] = Re [v + a(z)g}

v
n(a® 4 p?)

= Re [ip+ a(z) 23°Rea

—l—l] > 1.

Hence from part(i) of Theorem 12 we obtain:
Let f € A satisfy

') (1AW G 2OV 2 < 9niRea
7o (5 -5 |- e < mrea

(z€U; £€0U\{1}; n>2).

If ¢ € Dg[Q, al, then

1(2) 1*?7? 2 £z 1

2f'(z (2 z 2f'(z + z

O O T e O R
)
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