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1. INTRODUCTION

Let A denote the class of functions of the form :
o0
f(2) :z+Zanz” (1.1)
n=2

which are analytic in the open unit disc U = {z : z € C and |z| < 1}. We also
denote by K the class of function f(z) € A that are convex in U.
Let P(A,b) denote the subclass of A consisting of functions f(z) which satisfy :

1 2f (2) + X2 f (2) B
Re{Hb((l—A)f(Z)JrAZf/(Z) 1)}>0
(zeU;be C*=C\{0};0< A <1) (1.2)

or which satisfy the following inequality :

S DA
(1=Nf(2)+r2f ()
2f (2)+A2f" ()
(1=Nf(z)+Azf (2) 1+26

<1. (1.3)

Also, a function f(z) € A is said to be in the class R(\,b) if it satisfies :
1 / 1"
Re{1+b (f (2) + Az f (z)—l)} >0
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(zeUsbeCH0<A<1) (1.4)
or which satisfy the following inequality :

F)+Af"(z) -1
)+ Xzf"(z)—1+2b

L(zf'(2) _ Z '
L+b<f@) 1>]>Q eUﬁe(?},

(1.6)
where S(b), is the class of starlike functions of complex order, studied by Nasr and
Aouf [6] and Owa [7];

<1. (1.5)

We note that :

i)  P(0,b) = S(b) = {feA:Re

Gi) P(1,b)=C(b) = {f € A:Re (1 + 2‘2]{(;)) >0,z€Ube C*} :
(1.7)

where C(b), is the class of convex functions of complex order, studied by Nasr and
Aouf [5] and Owa [7];

(i) R(0,b) = R(b) = {feA:Re [1+1(f/(z)—1)] >0,zeU,beC*},

b
(1.8)
where R(b) is the class of close-to-convex functions of complex order, studied by
Halim [3] and Owa [7].

Definition 1. (Hadamard Product or Convolution). Given two functions f
and g in the class A, where f(z) is given by (1.1) and g(z) is given by

gz) =2+ bu". (1.9)
n=2
The Hadamard product (or convolution) (f % g)(z) is defined (as usual) by
(Fro)(z) =2+ anbna" = (g5 f)(2) (2€U).
n=2

Definition 2. (Subordination Principal). For two functions f and g, analytic
in U, we say that the function f(z) is subordinate to g(z) in U, and write f(z) <
9(z) (z € U), if there exists a Schwarz function w(z), which (by definition) is analytic
in U with w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(2)) (z € U). Indeed it is
known that f(z) < g(z) = f(0) = ¢(0) and f(U) C g(U).
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Furthermore, if the function g is univalent in U, then we have the following
equivalence [4, p. 4] :

f(z) <g(z) < f(0) = g(0) and f(U) C g(U).

Definition 3. (Subordinating Factor Sequence). A sequence {b,},- | of com-
plex numbers is said to be a subordinating factor sequence if, whenever f(z) is of the
form (1.1) is analytic, univalent and convex in U, we have the subordination given

by
Zanbnzn < f(z) (z€Uj;a; =1). (1.10)
n=1

Lemma 1. [10]. The sequence {b,},., is a subordinating factor sequence if and

only if
Re{1+22l)nz”} >0 (zelU).
n=1

In [1], Altintas and Qzkan studied the classes P(\,b) and R(\,b) when f(z) =

o0
z— Y. anz" (a, > 0) and obtained the following lemmas :
n=2

Lemma 2. [1]. If f(z) =z — Y anz" (an > 0) € P(\,b), then we have
n=2

- P
;uﬂ(n—m (n+ [b| — Da, < Re(l]

Lemma 3. [1]. If f(z) =2z — Y apz" (an > 0) € R(\,b), then we have
n=2

oo 2
;:271[1 +A(n—=1)]a, < R’Z’(b) .

In [8], Ozkan used Lemma 2 and Lemma 3 to obtain subordination results involv-
ing the Hadamard product of the above classes. All the results obtained by Ozkan
[8, Theorem 2.1 and Theorem 2.8] are not correct because Lemma 1 and Lemma
2 are proved by Altinatas and Ozkan [1] when f(z) has negative coefficients, i. e.,

f(z)=2z- io:Qanz” (an > 0).

n=
Now, we prove the following lemmas which give a sufficient conditions for func-
tions belonging to the classes P(\,b) and R(\,b).

103



M. K. Aouf — Some subordinations results for certain subclasses ...

Lemma 4. Let the function f(z) which is defined by (1.1) satisfies the following
condition :

i I+ AXn—1][(n—=1)+[20+n—1]]|a,| <2[b] A>0;be€C”), (1.11)
=2

then f(z) € P(\0b).

Proof. Suppose that the inequality (1.11) holds. Then we have for z € U,

2 )+ AL (2) 2f (2) + A2 (2) _
“NFE A (@) ‘ (1—A>f<>+Af’<>+2b :

)
(1 (
= [ z+)\z2f } [ —I-)\zf ”—
[ }+2b—1[ )\)f(z)—i—)\zf(z)”

zf z) —|—)\22f

2bz + i 1+ An—1)]2b+n—1)a,z"

= Z(n — 114+ An—1)]apz"|—

n=2 n=2
< |7 {Z(n — D[+ An =] an]z]"" -
n=2
{2 bl = " [1+ Aln = 1)] 20+ n — 1] |an] yzy"—l}
n=2

gi[l—&—/\(n—1)][(n—1)+\2b+n—1\]}]an]—Q\b]§O,

which shows that f(z) belongs to the class P(\,b).

Lemma 5. Let the function f(z) which is defined by (1.1) satisfies the following

condition :
o0

> n(l+An—1)]lan] < (0], (1.12)
n=2
then f(z) € R(A,b).

Proof. Suppose that the inequality (1.12) holds. Then we have for z € U,

‘f )+ Azf( —1] )f —|—Azf”(z)+2b—1’
= in[qu)\(nfl)] R 2b+§:n[1+)\(n71)]anz”_1
n=2 n=2
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IN

Yo nll+ A= Dlfag| 2" = {208 = > n[l+A(n—1)]|an| !2\”_1}

n=2

Q{Zn[l—l—)\(n—l)] lan| — |b|} <0,

n=2

IN

which shows that f(z) belongs to the class R(\, b).

Let P*(\,b) and R*(\,b) denote the classes of functions f(z) € A whose coeffi-
cients satisfy the conditions (1.11) and (1.12), respectively. We note that P*(\,b) C
P(\,b) and R*(\,b) € R(\, D).

2. MAIN RESULTS

Employing the technique used earlier by Attiya [2] and Srivastava and Attiya [9],
we prove:

Theorem 6. Let f(z) € P*(\,b). Then, for the function g € K

< (A+1)[1+ |20+ 1]]

2{2[b] + (A + 1)[1+ |20+ 1‘]}> (f*9)(z) < g(2) (z €U) (2.1)

and _2{2‘[)‘4_()\—1—1)[14-‘2()4-1”}

(A+1)[1+ |20+ 1]]
(A+1)[1+ |20+ 1]]
2200 + A+ D)[1 + |26+ 1]]}

cannot be replaced by a larger one.

Re(f(2)) >

(z€U). (2.2)

The constant factor in the subordination result (2.1)

Proof. Let f(z) € P*(\,n) and let g(z) = z + io: ¢,2" € K. Then we have
n=2

A+1)[14]20+1]]
2{2/b] + (A +1)[L+ [2b + 1|]}(f *9)(2)

A+ 1)1+ 26+ 1] o0 i
2{2[b| + (A + D1 + [2b+ 1[]} (“;;ancnz ) . (2.3)

Thus, by Definition 3, the subordination result (2.1) will hold true if the sequence

(A+1)[1+[20+1]] o
{2{2!b!+(A+1)[1+\2b+ 1\]}6‘"} (2.4)

n=1
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is a subordinating factor sequence with a; = 1. In view of Lemma 1, this is equivalent
to the following inequality :

Re{1+ A+ 1)[1+ |26+ 1] Z“”z} >0 (z€U). (2.5)

2{2b| + A+ 1)[1+ |20+ 1]]}
Now, since
Un)=[14+AXn—-1][(n—-1)+ |20 +n—1]]
is an increasing function of n (n > 2), we have
A+ 1) [1+ |20+ 1]
Req 1+ .
e{ {2|b|+()\+1)1+\2b+1\}z &

B (A+1)[1+ |2b+1]]
- Re{ Chl+ O+ DI+ 21} "

1 > .
{20 + (A + D[+ 20+ 1[]} n;(“ D [1+[26+ 1)) anz }

A+1)[1+ 20+ 1]]

S I EN Sy e
- ool A 1 1)+ 120 1 n
_{2Ib\+(A+1)[1+2b+1y]}7§[ +A(n = 1)][(n—1) +[2b+ n — 1|an|r
(A+1)[1+ |20+ 1] 2 |b|
>

e N S R D e N
= 1-r>0 (z|=r<1),

where we have also made use of assertion (1.11) of Lemma 4. Thus (2.5) holds true
in U. This proves the inequality (2.1). The inequality (2.2) follows from (2.1) by
o0
taking the convex function g(z) = % = z+ Y z". To prove the sharpness of the
—z

A+ 1)1+ [26+1]] "

tant
NS S+ (A + DL+ 26+ 1]}

we consider the function fo(z) € P*(A,b)

given by "
LG R s T (2.6)
Thus from (2.1), we have
A+1)[1+20+1]] .
2{2\1?\+(A+1)[1+y2b+1|}}f0(z)* T, (zel). (2.7)
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Moreover, it can easily be verified for the function fy(z) given by (2.6) that

min
|2|<r

A+ [1+[2b+1]] !
{Re2{2\b!+(A+1)[1+|2b+ 1|]}f0(z)}— 2 (2.8)

(A+1)[1+ |20+ 1]]
2{20b| + A+ 1D)[1 + |26+ 1]}

Putting A = 0 in Theorem 1, we obtain the following result.

This shows that the constant is the best possible.

Corollary 7. Let the function f(z) defined by (1.1) be in the class P*(0,b) = S*(b)
and suppose that g(z) € K. Then

[1+|2()+ 1|]
<2 [2|b| +1+ ’2b—|— 1”) (f *g)(z) = g(z) (Z S U) (29)
and
Re(f(2)) > ~ZPLELEBE]

14 |2b+ 1]

[1+1]2b+ 1]

[216] + 1+ |20+ 1]]
replaced by a larger one.

The constant factor 5 in the subordination result (2.9) cannot be

Putting A = 1 in Theorem 1, we obtain the following result.

Corollary 8. Let the function f(z) defined by (1.1) be in the class P*(1,b) = C*(b)
and suppose that g(z) € K. Then

1+ [2b+ 1]
v 2.10
<2Hb!+1+\2b+1u>(f*g)(zHg(z) (z€U) (2.10)
" bl + 1+ |2b+ 1|
+ 14|20+
Re(f(2)) > — ] (zel).
1+26+1
The constant factor 20| —:_1’ + \—;bL— 1] in the subordination result (2.10) cannot be

replaced by a larger one.

Remark 1. Putting (i) A =0andb=1—-a,0<a <1 (i) \=1andb =
l—a,0<a<l (W) A=0andb=1 (iw) \=>b=11in Theorem 1, we obtain
the results obtained by Ozkan [8, Corollaries 2.4, 2.5, 2.6 and 2.7, respectively] .
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Theorem 9. Let f(z) € R*(\,b). Then, for the function g € K

(1+X)
([2(1+A)+\by]> (f+9)(2) <g(2) (z€) (2.11)
and
el = _W (z€l). (2.12)
(L+N)

The constant factor in the subordination result (2.11) cannot be re-

20T+ ) + o]
placed by a larger one.

Proof. Let f(z) € R*(\,b) and let g(z) =z + Y ¢,2™ € K. Then we have

n=2
&(f xg)(2) = _A+n _|_Za c ) (2.13)
[2(1+ ) + |b]] [2(1+A) + |b]] nn®
Thus, by Definition 3, the subordination result (2.11) will hold if the sequence
(14 X) }°°
—_—a, (2.14)
{ RO+ + bl )=y
is a subordinating factor sequence, with a; = 1. In view of Lemma 1, this is
equivalent to the following inequality :
(1+X)
1 " 0 U). 2.15
{+z 1+)\+|b|]az}> (z€U) (2.15)

Now, since
®(n) =n[l+ A(n—1)]

is an increasing function of n (n > 2), we have

(1+A)
Re! 1 .
e{ RO+ Zaz}

B 2(1+)) 1 - n
= Re{l—l— [2(1+)\)+|b|]z+ 200+ 0] ;2(1+)\)an2 }

o0

2(14+ ) 1 :
=1 2O+ N+ B AN+ ;”[1 +A(n = D] lan|r
20+ |b]

TRO+NEP] RO+
= 1-r>0 (]z|]=r<1),
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where we have also made use of assertion (1.12) of Lemma 5. Thus (2.15) holds true

in U. This proves the inequality (2.11). The inequality (2.12) follows from (2.11)
o0

by taking the convex function g(z) = S + > z". To prove the sharpness of
n=2

1—z
(1+A)

m, we consider the function f1(z) € R*(\,b) given by

the constant

filz) =2 — 2(1|b+|A)z2 : (2.16)

Thus from (2.11), we have

(14X

2+ + o)

T (ze€U). (2.17)

Moreover, it can easily be verified for the function fi(z) given by (2.16) that

. (I+2X) 1
—_ =——. 2.1
i {Re g 5 ) = 219
This shows that the constant & is the best possible.
[2(1 4+ A) + [b]]

Putting A = 0 in Theorem 2, we obtain the following result.

Corollary 10. Let the function f(z) defined by (1.1) be in the class R*(0,b) = R*(b)
and suppose that g(z) € K. Then

1
2.1
(557) V0@ <96) Ge0) (2.19)
and _
Re(f(2)) > — 2‘ L cen). (2.20)
1
The constant factor T|b| in the subordination result (2.19) cannot be replaced by

a larger one.

Remark 2. (i) Puttingb=1—a, 0 < a <1 and (ii) b =1 in Corollary 3, we obtain
the results obtained by Ozkan [8, Corollary 2.10 and Corollary 2.11, respectively].
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