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ABSTRACT. This study concerns with employing the concept of A-kkm maps,
to verify coincidence and fixed point theorems in topological ordered spaces. The
primary aim is substitute a new mild condition instead of the compactness of spaces.
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1. INTRODUCTION AND PRELIMINARIES

A semilattice is a partially ordered set X, with the partial order ” < ” for which any
pair (z, ) of elements has a least upper bound denoted by z % . It is easy to see
that any nonempty finite subset A of X has a least upper bound denoted by, sup A.
In a partially ordered set (X, <), two arbitrary elements  and z’ are not necessary
comparable, but in the case where z < z', the set [z,z'] = {y € Xz <y < 2’} is
called an order interval.

Now assume that (X, <) is a semilattice and A C X is a nonempty finite sub-
set. Then the set A (A) = [J,c4 [ ,sup A] is well defined and it has the following
properties:

e ACA(A),
o if AC Bthen A(A) CA(B)-

We say that a subset £ C X is A-convex if for each nonempty finite subset
A CE, A(A)is asubset of E.

A topological semilattice or more exactly a topological sup-semilattice, is a topo-
logical space X with a partial ordering < for which it is a semilattice with a con-
tinuous sup operation, i.e., the function, (x,a:/) — X % .Z‘,, from X x X to X is
continuous.

In the following example we give a A-convex set.
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Examplel. Let X ={ (z,1): 0<z<1}J{ (z,y) :0<y<1l,2>1,y>x—1}
be a subset of R2. With the partial ordering on R? defined by

(a,b) < (c,d) & c—a>0,d—b>0andd—-b<c—a,
X is A-convex.
For each D C X, < D > denote the family of finite subset of D,
AD) = Useeps AA)

If X is a nonempty set, 2% denote the family of all subset of X. Let X and Y be
two topological spaces, for RC X x Y and z € X and y € Y we put,

R(z) ={y €Y (z,y) € R}, R™'(y) = {z € X (z,y) € R}- (1)
We recall the following theorem from [3].

Theorem 2. Let X be topological semilattice with path-connected intervals, Xg C X
be a nonempty subset of X and R C Xo x X be a binary relation such that

e For each x € Xy , the set R(x) ={y €Y :(z,y) € R} is not nonempty and
closed in R (X)),

o There exists xg € Xo such that the set R (xg) is compact,

e For any nonempty finite subset A C X

U x ,sup A] C U R(z (2)

z€EA T€A

Then the set (\,cx, R () is not nonempty.

Definition 1. Let X be a topological semilattice and Xg C X be a nonempty subset
of X. Then a multivalued F : Xo — 2% is a A-kkm map if A (A) C U,eq F(®) for
each A €< Xq >.

Let X be a topological semilattice and Xg C X be a nonempty subset. Also
let Y be a nonempty set and F : X — 2¥ | H : Xg — 2Y be two mappings. We
say that H is a generalized A-kkm mapping w.r.t. F, if for each A €< Xy >,
F(A(A) CH(A).

For a mapping F : X — 2Y which X and Y are arbitrary sets, we define
F~ F7:Y —2X by

Fr(y)={zeX:yecF(x)}
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and

Foy)=X-F (y)y={reX:y¢ F(x)}

If X be a topological semilattice, Y be a nonempty set and K : ¥ — 2X be a
mapping, then the mapping A — K : Y — 2% is defined by

(A=K)(y) = UAe<K(y)> A (A)

2. MAIN RESULTS

We start this section with the following theorem that is one of our main results.

Theorem 3. Let X be a topological semilattice, Xo C X be a nonempty, Y be a
nonempty set and F : X — 2Y, H : Xg — 2Y be two mappings. Then the following
conditions are equivalent:

a) H is generalized \-kkm mapping w.r.t. F-

b) (A= H;)(y) € Fy (y) for cachy € Y-

c) A — (H;oF) has no fized point:

Proof. (a)=-(b) Let H be a generalized A-kkm mapping w.r.t. F. Suppose that
there exists y € Y such that (A —H_)(y) € F. (y). Then there exists D €<

H; (y) > and x € A (D) such that « ¢ F_ (y). Therefore y ¢ H (D) and y € F(x).
Therefore F(A (D)) ¢ H(A), which is in contradiction with (a).

(b) =(c) Let there exists zp € X such that z¢p € (A — (H, oF)) (x¢), then there
exists y € F(zg) and D €< H. (y) > such that 29 € A (D). Since

70 € A(D) € Uepim e & (A) = (5 — H) (1),
and y € F(x0), xo ¢ F (y), this is in contradiction with (b).

(c) =-(a) Suppose that H is not a genralized A-kkm mapping w.r.t. F. Then there
exists D €< Xo >, v9 € A (D) and y € F (z9) — H (D). Since y ¢ H (D), we have
D C H_ (y) and consequently

zo € A(D) C(A—-H.)(y) € (A= H.)(F (o))
Hence x is a fixed point for A — (H. oF).
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Let X be a topological semilattice and Y be a topological space. A mapping
F : X — 2Y is said to have the A-kkm property if for each closed-valued mapping
H: Xg C X — 2Y generalized A-kkm w.r.t. F, the family {H(2)},ex, has the

finite intersection property.

Theorem 4. Let X be a topological semilattice, Xg C X be nonempty, Y be a
topological space, K : Xo — 2¥, H: X —2Y and F : X — 2Y. Suppose that

a) F has the A-kkm property,

b) F(X)— K(z) is closed for each x € X,

c) foreachy e F(X), (A—K~)(y) € H (y),
d) F(X)C K(A) for some Ae< X > -

Then H and F have a coincidence point xg € X.

Proof. Define a mapping T : Xo — 2 by T (z) = F (X) — K(z). By condition (b),
T has a closed-valued and

NecaT(@) = Nyen F(X) = K(2)) = F(X) = Uzen K (2) = ¢
Then family {T'(x)} . x, does not have the finite intersection property, but F' has
the A-kkm property. Therefore, T' is not a generalized A-kkm mapping w.r.t F. By
Theorem 3, there exists a 9 € X such that zg € (A — (T, oF')) (o). Hence there
exists yo € F(zo) and E €< T (yo) > such that g € A(EFE). Since E C T (yo),
successively we have

yo ¢ T(E),y0 € Nyep K(x), then E C K™ (yo)-
By (c) we get xg € AE C H™ (yo), where yp € H(xp). So we have
yo € H(xzp) N F(xg)-

Corollary 5. Let X be a topological semilattice, Xg C X be a nonempty and K :
Xo— 2%, H: X — 2% be two mappings such that:

a) K has open values

b) for eachy € X , K~ (y) is nonempty and (A — K~ ) (y) C H (y)
c) there is A €< Xo > such that X = K(A)-

Then H has a fized point.
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Proof. For each x € X, define F'(z) = {z}. Therefore F' has the A-kkm property,
hence conditions of Theorem 4 are fulfilled. So there exists xg € X such that

H(xo) N F(xo) # 0-
Therefore, o € H(xp) .
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