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A NOTE ON STRONG DIFFERENTIAL SUPERORDINATIONS
USING A MULTIPLIER TRANSFORMATION AND
RUSCHEWEYH OPERATOR

ALB LuprAs ALINA AND GEORGIA IRINA OROS

ABSTRACT. In the present paper we establish several strong differential su-
perordinations regardind the new operator IR}, defined by convolution prod-
uct of the extended multiplier transformation and the extended Ruscheweyh
derivative, IRY, : Ay- — Ane, IRY, f (2,0) = (I (m, A1) * R™) f(2,(), z €U,
¢ € U, where R™f(z, () denote the extended Ruscheweyh derivative,

I(m, A1) f(2,Q) is the extended multiplier transformation and Ay, = {f €
HU x U), f(2,¢) =2+ an1 () 2" + ..., 2 € U ¢ € U} is the class of

normalized analytic functions.
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1. INTRODUCTION

_ Denote by U the unit disc of the complex plane U = {z € C: |[2] < 1},
U={z€C: |z| <1} the closed unit disc of the complex plane and H(U x U)
the class of analytic functions in U x U.

Let

A ={f €HU % V), f(z.0) =2+ a1 (Q)2" +..., 2€U, €U},
where a; (¢) are holomorphic functions in U for k > 2, and
H[a,n,¢] = {f € H(UXD), f(2,C) = atan (¢) 2" +ans1 (¢) 2" +..., 2 € U, ¢

for a € C, n € N, ay, (¢) are holomorphic functions in U for k > n.
We also extend the known differential operators to the new class of analytic
functions A7 introduced in [15].
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Definition No. 1 [7] Forn € N, m € NU{0}, \,l > 0, f € A,

f(2,0) = 2+ 3221 a; () 27, the operator I (m, A1) f (2,() is defined by the
following infinite series

L (1A - 1)+ . _
I(m, M) f _HJ;H( e ) a;(Q)2, €U, e,

Remark No. 1 [7] It follows from the above definition that
(+DI(m+ 1N f(z,0) =[L+1=XAT(m\I) f(z,)+ z(I (m,\]1) f(z,C))/

z )

zeUCel.
Definition No. 2 [/] For f € A}, n,m € N, the operator R™ is defined
by R™ : Ay — A,

Rf(2.6) = f(20),
R'f (2,0)
(m+1)R™f(2,¢) = 2(R"f(2.Q). +mR"f(2(), z€U ¢eU.

Remark No. 2 [j/ If f € A, f(2,() = 2+ 372, ,,a;(0) 2, then
R (2,0) =2+, 1O (Q)2, z€ U, (eU.

As a dual notion of strong differential subordination G.I. Oros has intro-
duced and developed the notion of strong differential superordinations in [14].

Definition No. 3 [14] Let f (2,¢), H (2,¢) analytic in U x U. The func-
tion f(z,C) is said to be strongly superordinate to H (z,() if there ezists a
function w analytic in U, with w (0) =0 and |w (2)| < 1, such that H (z,() =
f(w(z),Q), forall¢ € U. In such a case we write H (z,() << f (2,(), z € U,
(elU.

Remark No. 3 [1/] (i) Since f (z,() is analytic in U x U, for all ¢ € U,
and univalent in U, for all { € U, Definition 3 is equivalent to H (0,¢) =
f(0,¢), forall¢ €U, and H{U xU) C f(UxU).

(i) If H (z,() = H(z2) and f(z,{) = f(z), the strong superordination
becomes the usual notion of superordination.

Definition No. 4 [9] We denote by Q* the set of functions that are ana-
lytic and injective on U x U\E (f, (), where E (f,() = {y € 0U : lEI}Jf (2,¢) =

oo}, and are such that f!(y,() # 0 fory € OU x U\E (f,¢). The subclass of
Q* for which f(0,¢) = a is denoted by Q* (a).
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We have need the following lemmas to study the strong differential super-
ordinations.

Lemma No. 1 /9] Let h(z,() be a convex function with h(0,¢) = a and
let v € C* be a complex number with Re v > 0. If p € H*[a,n,(] N QF,
p(z,¢) + %zp’z(z, () is univalent in U x U and

h(z,C) << p(z0) + %szz,o, cel, e,

then
q(2,¢) == p(2,¢), 2€U (e,
where q(2,¢) = X [T h(t,()tn"'dt, z € U, ( € U. The function q is convez
and is the best subordinant. B
Lemma No. 2 [9] Let q(z,() be a convezr function in U x U and let
h(z,¢) =q(z,() + %zq;(z,g‘), ze U, ¢eU, where Re v > 0.
If p e H* [a,n, (] N Q*, p(2,() + %zp’z(z, ¢) is univalent in U x U and

1 1 _
q(z,¢) + ;Zq,’z(z,o <= p(z,¢) + 52292 (2,(), =zeU ¢eU,

then B
q(z,¢) ==<p(z,(), z2€U (e,
where q(z,() = foz h(t,()tndt, z € U, ( € U. The function q is the best

subordinant.

2. MAIN RESULTS

Definition No. 5 [5/ Let A, > 0 and m € N. Denote by I RY, the operator
given by the Hadamard product (the convolution product) of the extended mul-

tiplier transformation I (m, 1) and the extended Ruscheweyh operator R™,

IR f (2,C) = (I (m, A1)« B™) [ (2,C).
Remark No. 4 [5/ If f € As, f(2,¢) =2+ 322,14, (C) 2, then
IRy, f (2,€) = Z+Zj:n+1 (W) Oy o105 2(0)#,z€U, Cel.
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Remark No. 5 Forl = 0, A\ > 0, we obtain the extended Hadamard
product DRY ([6], [2], [12], [13]) of the extended generalized Salagean operator
DY and the extended Ruscheweyh operator R™.

Forl = 0 and N\ = 1, we obtain the extended Hadamard product SR™
([1], [3], [10], [11]) of the extended Sdlagean operator S™ and the extended
Ruscheweyh operator R™.

Theorem No. 1 Let h(z, () be a convex function in U x U with h (0,¢) =
1. Letm e N, \,1 >0, f (z, C)EAno (2,0) = 1. (f) (2,¢) = &5 [y tof (£, ¢) dt,
2 € U, ¢ € U, Rec > —2, and suppose that (IRf\’flf(z,C))z is univalent in

U xU, (IRKle(Z,C))IZ e H*[1,n,{]NQ* and

h(z,¢) << (IRY.f(2,0)., z€U (e, (1)
then B

q(z,¢) <= (]RTZF (2,0)., z€U, CeT,
where q(z,¢) = Cffz s h( Ot ~Ydt. The function q is convex and it is the

best subordzncmt

Proof. We have

P E0 = (e+2) [ rF O

and differentiating it, with respect to z, we obtain (¢ + 1) F' (2,()+2F. (2,() =
(c+2)f(z() and

(c+ 1) IR F (2,0)+2 (IRY,F (2,0)) = (c+2) IR, f (2.C), z€U, (€.

Differentiating the last relation with respect to z we have

(IRY,F (2,0)) +

2 (IR, F (2,0), = (IRY.f(2,0)., 2€U, (eU.
(2)

c+2

Using (2), the strong differential superordination (1) becomes

h(z¢) == (IRY,F (2.0). +

= (IRY,F (2,0))",. (3)

c+
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Denote
m / =4
p(Z’C):(IR)\,lF(27C))Z7 zeU, ¢el. (4)
Replacing (4) in (3) we obtain

2l (2,¢), zeU ¢el.

Rz Q) <= p(5:0) + —

Using Lemma 1 for v = ¢+ 2, we have

q(2,¢) <<p(2,¢), z€ U, ¢CcU, ie. q(z,() << (IR;’?,F(,Z,C))IZ, 2zeU, CeU,

where ¢(z, CJ;%Q Jo h(t. Q) )t ~Ldt. The function ¢ is convex and it is the
best subordmam?:1

Corollary No. 1 Let h(z,() = %, where B € [0,1). Let m € N,
ME>0, f(2,0) € Ai, F(2,0) = L(f)(2,0) = S5 [t (t,Q)dt, =z € U,

¢ € U, Rec > —2, and suppose that (]R zf( ,C)); is univalent in U x U,
(IRTJF (z, C))IZ e H*[1,n,{]NQ* and

h(z¢) == (IRy.f(2,0)., z€U, CeT, (5)

then
q(2,¢) << (IR} F (2,Q)).. z€U CeT,

where q is given by q(z,() = 26—+ 2(0;;22(%%_6) OZ ! t”+1_ dt,z€ U, €U. The
function q is convex and it is the best subordinant.

Proof.  Following the same steps as in the proof of Theorem 1 and con-

sidering p(z,¢) = (IRY,F (2, C));, the strong differential superordination (5)
becomes

(+(26—-0)z

(=€) = S50

2, (2,¢), =2€U CeU.

<=
p(z7C)+C+2

By using Lemma 1 for v = ¢ + 2, we have ¢(z,() << p(z,(), i.e

c+2/ C+2B=QOt e,

C peSt 1+t

c+ 2

00 = o [ e

nz n
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_ gy 2let 2)& B) /0 - 11dt << (IR}\F (2,0)., =2€U, Cel.

nz n

The function ¢ is convex and it is the best subordinant.

Theorem No. 2 Let q(z,() be a convex function in UxU and leth(z,¢) =
q(2,¢) + z52¢. (2,C), where z € U, ¢ € U, Rec > —2.

Letm €N, A1 20, (2,0) € A F(2,Q) = L () (,0) = 5 [ 45 (1,0)
2 € U, ¢ € U, and suppose that (IR'f\’flf(z,C))z is univalent in U x U,
(IRy,F (.)€ H*[1,n,¢]NQ" and

h(z¢) <= (IR (2,0)., z€U, (€U, (6)
then B

q(z,¢) <= (IleF<z,C))’Z, zel, Cel,
where q(z,¢) = Cffz fo t2=1dt. The function q is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 1 and consid-

ering p(z,() = ([Rf{”’lF (2, C))/, 2z € U, ¢ € U, the strong differential superor-
dination (6) becomes

1 1

c+22q;(2,C)<<p(z,§)+_ pz( 7C)7 ZGU,CGU.

h(z,¢) =q(z )+ 7

Using Lemma 2 for v = ¢ + 2, we have

q(2,0) == p(2.C), 2€U, €T, ie q(z,¢) <= (IRK?lF(z,O);, 2€U, (€T,

where ¢(z,() = 0122 Jo (¢, Q) )t

Theorem No. 3 Let h(z,() be a conver function, h(0,() = 1. Let
M1E>0,mneN, f(z,() € A and suppose that (IRTlf )/Z is univalent

andweH*[lnC]ﬂQ If

h(z,¢) == (IRY.f (2,0)., z€U, CeU, (7)
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e IR f (2:0)
v (2, _
q(z,C) == )\’lfa ZGU, QGU,
where q(z,¢) = fo (¢, Q) tﬁ_ldt The function q is convex and it is the best
subordinant.

0o i m_. .
()= IRP f(26) 24532, 0 (PP "o a2

z z

Proof.  Consider p (z,

1+ Z;O:nﬂ (1+/\§i_11)+l) C m+j—19; (C) 2=t Evidently p € H*[l n, C]

We have p (2,¢) + 2p. (2,¢) = (IR}, f (2, C)) zeU CeUl.
Then (7) becomes

h(z,¢) << p(z,¢) + 2p.(2,¢), z€U (eU.

By using Lemma 1 for v = 1, we have

— IRY f (2, _
q(z,¢) == p(z,¢), z€U, CeU, ie q(z() <= # zeU CeUl,
where ¢(z fo (t,O)tw~'dt. The function ¢ is convex and it is the
best subordlnant

Corollary No. 2 Let h(z,() = %C)Z be a convex function in U x U,

where 0 < B < 1. Let \,l > 0, m,n € N, f(2,() € A and suppose that
(IR}, f (z,C))/Z is univalent and ﬁ cH* [1,n, (] NQ*. If

h(z,¢) == (IRY.f (2.Q))., =2€U, CeT, (8)
then IR
q(z,C) << w, 2eU, Cel,

where q is given by q(z,() = 2ﬁ—§+% Oth—',-t dt, z € U, ¢ € U. The
function q is convex and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 3 and consid-
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ering p(z,() = w, the strong differential superordination (8) becomes
+(28—-()z _
h(Z,g):% <<p(27<n)+zplz(zvg)v ZGU, QGU

By using Lemma 1 for v = 1, we have ¢(z,() << p(z,(), i.e.

1 i 1 1 ? 28 —-()t
- / h(t,¢) tn Yt = _1/ tzflwdt
nzn Jo nzn Jo 1+1

_ 20¢—8) [*tn! IR, f (2,€) _
=20—-(C+ 1 /01+tdt<<f, zeU, (eU.

The function ¢ is convex and it is the best subordinant.

q(z,¢) =

Theorem No. 4 Let q(z,¢) be convex in U x U and let h be defined by
h<Z7C) = Q(Z>C) + Zq,z <Z7<>' ]f >\7l > 07 m,n € N7 f(Z,C) € A;C’ suppose
that (IRg\’flf (z, C)); is univalent, m € H*[1,n,{] NQ* and satisfies the
strong differential superordination

h(z,0) = q(z.0) + 2¢, (2,¢) << (IRT.f (2,0))., =z€U (€U, (9
then

IRY f (2, _
q(z,C)<<#, zelU Cel,
where q(z,¢) = fo (t,¢) tZ’ldt The function q is the best subordinant.

Proof. Let p(z,() = IR0 AL () Tem a2 (0 _

z z

I+1
Differentiating with respect to z, we obtain p(z, {)+2zp.(z,() = (IR’;\”jlf (z, C))lz ,
z€ U, ¢ €U, and (9) becomes
q(2,¢) + 24.(2,Q) <= p(2,Q) + 21, (2,¢), z€U, (€.
Using Lemma 2 for v = 1, we have

q(z,¢) =< p(2,¢), z€U, (€U, ie.
z 1 IR™ , o
T / h(t’C)t%_ldt <= M) = U7 C‘E U,
0

nzn z

105 (B e ()27 Bvidently p € H7[1,n,d],

q(z,¢) =
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and ¢ is the best subordinant.

Theorem No. 5 Let h(z,() be a convexr function, h( O,C = 1. Let

m+1
AL>0,m,n €N, f(z,() € A, and suppose that ( II};m e ) 18 univalent
Al
IRY T F(2,€ .
andWEH 1,n,¢NQ*. If
/
IRV (2,€) _
h(z,() << : , ze U, (eU, 10
(2:0) (IRKflf(z,C) | (10)
then .
IR} z, _
4(2,¢) <= =3 [&0 v, ceT,

IRY f (2,)

where q(z,() = %f;h(t,()t%’ldt. The function q is convex and it is the
best subordinant.

m-+1 oo 1AG=D) I\ g
IR,\JJF (=€) - Z+Z]’=n+1( (lil ) ) ij:] ?(C)

IR;’flf(z,C) - Z+Zﬁn+l(%) Cm—‘r] a2 (O

Proof. Consider p(z,() =

1HA(G—1)+1\m+1 41 _
S5 (FEE) T Cntad Qe

: . Evidently p € H*[1,n, (].
S (R O el (O)Z/ o er(1 o ). o
IR)\lf(z C)

Rm+1 )
We have p/, (z,() = (Ile—f(zC)Z_p (%C)'W Then p (2, ()+2p. (2,¢) =
/!
2IRYT £(2,0)
IRy F(z0) ) -

Then (10) becomes

g»

By using Lemma 1 for v = 1, we have

IR f (2.0)

q(2,¢) <= p(2,¢), z€U, C€U, ie q(z() <= W

,2z€eU, CeU,

where ¢(z,0) = =t [ h (t,¢) ta—dt. The function ¢ is convex and it is the
nzn
best subordinant.
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Corollary No. 3 Let h(z,() = H(f:;;()z be a convex function in U x U,

where 0 < B < 1. Let \,l > 0, m,n € N, f(2,() € A and suppose that

/
2RV F(20) . IRTH f(2,0)
( TR f(2.0) is univalent, TRy 70 © H*[1,n,NnQ" If
z

m—+1 !
h(z,¢) <= (i’i’%f(ii?) , z€eU (e, (11)

IR f(2,Q)
IRKLlf (276) 7
z t%—l

where q is given by q(z,() = 20 — ¢ + QSZ_;) o 1 dt, ze U, Ce U. The
function q s convex and it is the best subordinant.

then

q(z, () << zeU, CeU,

Proof. Following the same steps as in the proof of Theorem 5 and consid-

m—+1 o
ering p(z,() = %’ the strong differential superordination (11) becomes

_(+(@28-0)
B 1+2

By using Lemma 1 for v = 1, we have ¢(z,() << p(z,(), i.e.
1 [ ) 1 e 05
q(2.0) = — / h(t,¢)tndt = —/ Bt @-0t
0 0

h(2,¢) <=<p(2,¢) +2p(2,¢), z€U, (el.

nzn nzn 1+¢
2(¢ - B) / tn! IRV f (2,0) _
=28 —(+ dt << —= "2 »¢cU CeUl.
p=¢ nze Jo 1+t IRY, f (2,C) ’ ‘

The function ¢ is convex and it is the best subordinant.

Theorem No. 6 Let q(z,¢) be convex in U x U and let h be defined by
h(2,¢) = q(2,¢) +2¢.(2,¢). If A,1 >0, m,n €N, f(2,() € Au, suppose

2R (2,0) IRY ™ £(2,0) . . .
RGO g €H [1,n,{] N Q* and satisfies

that TR TG0
z
the strong differential superordination

18 univalent,

AR (2.0)
IR}, f (2,C)

h(z,¢) = q(z,0)+2¢, (2,¢) << ( ) . zeU ceU, (12)
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e 7 (0)
IR, z, _
q(z,C) << =5, ze U, (eU,
(2:¢) IR)\zf (2,0)
where q(z,¢) = fo (t,C) tﬁ’ldt The function q is the best subordinant.

m o i m—+1 m
Proof. Let p(Z,C) IRY +1f(z <) _ z+2j:n+1<1+xg]+11)+l) Cm_‘t]l ?(C)ZJ

IR;’flf(z <) Z+Z§~’in+1(1“§i}1>“) om az(ozj

14 A(j—1)+1\m+1 41 _
LS5 ()" ot ad (02!

. Evidently p € H*[1,n,(].

052 (PR Oy a3 (e
AR
Differentiating with respect to z, we obtain p(z, {)+2zp.(z,() = (W) ,
z €U, ¢ €U, and (12) becomes
q(2,¢) + 2¢.(2,¢) << p(2,¢) +2pl (2,¢), 2€U, (€.
Using Lemma 2 for v = 1, we have
q(z,¢) == p(2,(), 2€U, (€U, ie
1 [ ) IRV f (2,0) —
q(z,¢) = / h(t, )t ldt << ————-, z€U, CeU,
nzw Jo IRA,lf (2,¢)

and ¢ is the best subordinant.

Theorem No. 7 Let h(z,() be a convex function, h(0,() = 1. Let
MNE>0,mneN, f(z,() € Ay and suppose that

o [(m+ DIRYf (2,¢) — (m —2>IRTzf( O]+

2(41)(m—1)—2xm pz IR (60—
1-— m> - )(\(177)72”)7)(1“) 0 Ldt is univalent and
(TR (2,0) € 1 [Ln, (I N Q" If
[+1 mt .
h(z,¢) <= [(m+ 1) IRYf (2,0) = (m = 2) IRY, f (2,0)]

MNl—m+2) —(+1)z
(13)

[+1 2(l+1)(m—1)—2xm [ IR}, f(t,()—1
+(1_)\(l—m+2)—(l+1))_)\(l—m+2)—(l+1)/0 2 d,
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ze U, €U, then

q(z,¢) << (IRY.f (,0))., z€U, CeT,

A(l—m—nl—n+2)—(I+1)
where q(z,¢) = —2= ";f)mfgrl()m) o h(t. Ot ATFDw dt. The func-
A(l+1)nz A(l+1)n
tion q 1s convex and it is the best subordinant.

Proof. With notation

p(Z’C) - ([Rg‘r?lf (Z,C))lz =1+ Zj?inJrl (%) C m+j— 1ja (C) ~3=1 and
p(0,¢) =1, we obtain for f(z,() =2+ > 22, .1 a; () 2,

P (2.0 2l (2,0 = 14 T3 (M) O () 2

00 Ag— l m i
S (2452 Ol G- D302 =

(’““IR’““ (2,Q) = "S2IRYf (2,0)) + %(mzﬂlﬂz Q).+

z
2(141) (m— 1) 2Am zIRHftC
U= =3 - dt.

Therefore p(z,() + %Zﬁ% (2,0) =

[)\(l—m-lg_)l—(l-',-l)]z [(m )[RT;rlf@ () —(m—2) IRi\nlf(Z,C)} +

I+1 2(1+1)(m—1)—2Am zIRTzf t,¢)—t dt
TOMl—mA2)—(+1) ) AI—-mA2)—(+1) f .

Then (13) becomes

A(l+1)

h(z,¢) <-<p(ZaC)+)\(l_m+2)—(l+1)

2pl (2,¢), z€U, Cel.

By using Lemma 1 for y =1 — r_ll — %, we have

q(2,0) =< p(z,(), z€ U, CcU, ie. q(z() <= (IR;’:,f (z,C))/Z, zeU, CeU,

A(l—=m—nl—n+2)—(l141)
where ¢(z,() = A= "ZQLJEQTI()ZH) o h(t,Q)t AFDR dt. The func-
A(l+1)nz A+Dn
tion ¢ is convex and it is the best subordinant.

Corollary No. 4 Let h(z,() = CJFIQ:;’ZO'Z be a convex function in U x U,

where 0 < 3 < 1. Let \,l >0, m,n €N, f(z,() € A}, and suppose that
[)\(l—m-lf;r)l—(l-fl)]z‘ [(m +1) [Rgrffrl (2,0) =(m—2)IR S (z, C)}
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dt is univalent,

(1 _ I+1 > 204 (m—1)—2xm pz IRY S0t
A(

I—m+2)—(1+1) A(l—m+2)—(1+1) Jo 12
(IRy.f (2,0)). e H* [Ln, (] N Q" If
I+1 " .
14
I+1 2(1+1)(m—1)—2xm [* IR"f(t,¢) —t
+(1_)\(l—m+2)—(l+1))_)\(l—m+2)—(l+1)/0 gt

ze U CeU, then

q(z,¢) << (IRy.f (2,0)).., z€U, CeT,

where q is given by N e
—m—nl—n -

—-m — z (+1)n
q(z,¢) = 28— C+2(¢—p) 2By - e 2 dt, z € U,
A(l+1)nz A(l+1)n

cel.

The function q is convex and it is the best subordinant.
Proof.  Following the same steps as in the proof of Theorem 7 and con-

sidering p(z,() = (I RYf (2,€ ))Iz, the strong differential superordination (14)
becomes

(+(28-0)= Al+1) / 7
h = elU, (eU.
By using Lemma 1 for v = %, we have ¢(z,() << p(z,(), i.e.
A(l—m+2)—-(+1) [7 A(l=m—nl—n+2)-(I+1)
o(.¢) = ERERZ LD [ ha o R
Al +1)nz™ 20+

A(l—m+2)—(1+1) /Z Amnlon )= ) C+(126-C) tdt _
A(l—m+42)—(14+1) 1+t
A+ 1)nz™ o
A (l 2) (l 1) t)x lfmfn(lfnak2)7(l+1)
—m 4+ _ + 2 A(I+1D)n .
2ﬁ—€+2(C—5) A(l—m+2)—(141) / 1 n dt << (IR)\,lf (27 O); )
A (l + 1) nz  Aa+bn - Jo +

2eUel.
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The function ¢ is convex and it is the best subordinant.

Theorem No. 8 Let q(z,() be convex in U x U and let h be defined by
h(20) = q(2,0) + smamlmm s @ (.0, A >0, mmn e N. If f(2,) €

nc» suppose that [A(l_ml;r)l_(lﬂ)]z [(m+1) IR;’flJrlf (2,¢) = (m = 2) IR}, f (2.¢)] +

1 I+1 2(1+1)(m—1)—2xm 2z IRY f(8,0)—
T AT=m+2)—(+1) ) T Al—m+2)—@+1)  Jo 12
(IRTJf (z, C))/Z € H*[1,n,(] N Q* and satisfies the strong differential superor-

dination

dt 18 univalent,

Al+1) ; I+1
N—m+2) - e e S Ty s
(15

)
[(m + 1) TRy (%C)—(m_2)[RTJf(Z’C)}+<1_)\ o )_

(l—m+2)—(1+1)
2(141) (m—1) =2 xm [* IR f(t,() —
)\(l—m+2)—(l+1)/0 £

h(z,¢) = q(z,¢)+

t _
dt, zeU, (eU,

then / -
q(z,Q) << (IRY,f (2,€)),, z€U ¢eU,

A(l—m—nl—n+2)—(I+1)

where q(z,¢) = — 2 [T h(6O) T ~@0ndt. The func-
A(l+1)nz A(+Dn

tion q 1s the best subordinant.

Proof. Let

P(2,0) = (IR (2:Q). = 1+ 372, (B2 " e ()47
Differentiating with respect to z, we obtain
p(2,Q) +2pl (2,0) = £ (IR (2,¢) = BR2IRY S (2,0)) +

Am—1)—(I+1 R™ / m— I+1)(m—1)—2xm z IRY ftC
(,\(l)+1() )(I lf( C)) (1_T11_§)_ 2 z+1)) f > dt

A
and p (2, ) + st 22 (2:Q) =
[)\(l—m-l{;_)l—(l-i—l)]z [((m+ 1) IR f (2,() — (m —2) IRTzf(%C)} +
I+1 2(14+1)(m—1)—2xm zIRmftC —
(1 - A(l—m+z)—(z+1)> — Stemean Jo — z€U, (eU,and (15)
becomes

q(z, Q)+

A(l+1)
Al—m+2)—(+1

A(l+1)
Al—m+2)—(1+1)

)zq’z(z,C) =<=<p(z, 0+
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zeUCel.
Using Lemma 2 for v =1 — TI”T_II — 1, we have ¢(z,¢) << p(z,¢), z € U,
cel,i.e.

/
Mi—m+2)—(I+1) .

M — N —(l+1 z A(l—m—nl—n+2)—(1+1
i(.¢) = MERED LD [ hia, 0 TR << (1R 2.0,
A+ 1)nz™ >0 0

2z €U, ¢ €U, and q is the best subordinant.
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