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1. INTRODUCTION AND PRELIMINARIES.

In the theory of difference equations both in finite and infinite dimensional
spaces, the concepts of exponential stability play a central role in the study of
the asymptotical behaviors of solutions of discrete-time systems.

The purpose of this paper is to characterize the nonuniform exponential
stability of linear discrete-time systems in Banach spaces. The concept of
exponential stability is a direct generalization of the concept of uniform expo-
nential stability.

Our main objectives are to establish relations between these concepts and
to give necessary and sufficient conditions for the nonuniform exponential sta-
bility and respectively uniform exponential stability. The obtained results are
generalizations of some well known results due to K.M. Przyluski & S. Rolewicz
([11]), E.A. Barbashin (]2]) and A. Lyapunov ([8]).

Let X be a real or complex Banach space and X* its dual space. By B(X)
will be denoted the Banach algebra of all linear and bounded operators from
X into itself. The norms on X, X* and B(X) shall be denoted by || . || . Let
A be the set of all pairs (m,n) of positive integers satisfying the inequality
m > n. We also denote by T the set of all triplets (m,n,p) of positive integers
with (m,n) and (n,p) € A.

In this paper we consider linear discrete-time systems of the form
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Tpr1 = A(n)x,.
For system (2A) we consider the mapping A : A — B(X) defined by
{ Am)-...-Aln+1), m>n+1

I ,  m=n.

AL =

m

where [ is the identity operator on X.

(1)

Definition 1. The linear discrete-time system (2() is said to be wniformly
exponentially stable (and denote u.e.s) if there exist two constants N > 1 and

« > 0 such that:
| A(m) ... - A(n+ Dz [|< Ne~olm=n) | = ||
for all (m,n,z) € A x X.

(2)

Remark 1. For every linear discrete-time system (2() the following statements

are equivalent:
i) () is uniformly exponentially stable;
ii) there exist two constants N > 1 and a > 0 such that
I Ab 2 || < Nemot" =) || Abz |
for all (m,n,p,z) € T x X.
iii) there exist two constants N > 1 and a > 0 such that
I AR ||< Nemetm= || |
for all (m,n,z) € A x X.
Example 1. Let X =R and A : N — B(R) defined by

where a, = e"*2, for all (n,z) € N x R. According to (1) we have that

(n-!—l)Q—(m-!—l)2
An T = (& 2 s m>n
m .
x

m=n

Hence, for N =1 and a = 1 we have that system () is w.e.s.
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Definition 2. The linear discrete-time system (21) is said to be nonuniformly
exponentially stable (and denote n.e.s) if there exists a nondecreasing sequence
of real numbers ¢ : N — R such that:

| A(m)-...- A(n+ D)z [|[< d(n)e " || 2 | (3)
for all (m,n,z) € A x X.

Remark 2. For every linear discrete-time system (2() the following statements
are equivalent:

i) () is nonuniformly exponentially stable;

i) there exists a nondecreasing sequence of real numbers ¢ : N — R* such
that
| ALz < g(n)e = || Aba |

for all (m,n,p,z) € T x X.

iii) there exists a nondecreasing sequence of real numbers ¢ : N — R* such
that
I Az (1< g(n)e== |l o |

for all (m,n,z) € A x X.

Definition 3. A mapping L : N x X — R, is called a Lyapunov function
for the system () if

i) there is a sequence ¢ : N — [1, 00) such that
|z |< Ln,z) < @(n) || 2 |,
and

ii) there is a constant a € (1, 00) such that
L (m, Apx) —aL (m+1, A7 z) >[| AL | (£)
for all (m,n,z) € A x X.

2. MAIN RESULTS
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It is obvious that if system (21) it is uniformly exponentially stable then it
is nonuniformly exponentially stable. The following example shows that the
converse implication is not valid.

Example 2. Let X =R and A: N — B(R) given by:

1 if n =2k

A(n) = ca,I, where a, =4 "2 4
(n) = ca,l, where a { b i ok 1 (4)

(n+1)

with b € (0,1) and ¢ > 1, for all (n,z) € N x X. According to (1) we have
that:

Azx:{camnx m>n’
m=mn
where
(1 ifm=2¢+1andn=2p+1
(n+2)b ifm=2¢+1and n=2p
1 .
Ay, = m 1fm:2qandn:2p+1 (5)
2\ ?
(n+ ) if m=2qand n=2p
L \m + 2
We observe that previous inequality it is satisfied for ¢(n) = (n + 1)¢ and
a = —Inb. Now, using Remark 2 we can conclude that system (1) is n.e.s. If

we suppose that system (21) is u.e.s. then there are two constants N > 1 and
a > 0 such that
bmfnamn < Nefa(mfn%

for all (m,n) € A. In particular, for m = 2¢ + 1 and n = 2¢ we have that
be*(2¢ +2)° < N,
for all ¢ € N, which is a contradiction. Hence, system (2() is not u.e.s.

Remark 3. If system (2) is nonuniformly exponentially stable then using
Remark 2 there are two sequences of real numbers 0,7 : N — R* with
lim é(n) = oo such that

O(m —n) | Apz [<~(n) [ 2], (6)

for all (m,n,x) € A x X. For the case of uniform exponential stability the
converse implication is true, but for the nonuniform exponential stability it is
not, fact illustrated by the following example.
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Example 3. Let X =R and A : N — B(R) defined by:

n

A(n) = I

n+1

for all n € N. According to (5) we have that A, = 24+ for all m > n. If we

suppose that system (2) is n.e.s. then there exists a constant o > 0 and a
nondecreasing sequence of real numbers ¢ : N — R* such that

1AL (1< g(n)eetm=m),

for all (m,n) € A. In particular for n = 0 we have that

1

IA

L < 0(0)e,

m +
which is false. But, for 6(n) = vy(n)
completes the proof.

n + 1 inequality (6) is verified and that

Theorem 1. The linear discrete-time system () is nonuniformly exponen-
tially stable if and only if there exists a constant d > 0 and a nondecreasing
sequences of real numbers N : N — [1,00) such that:

> e | A < N(n) || Az || g

k=n
for all (m,n,p,z) € T x X.

Proof. Necessity. By a simple computation for d € (0, «) we have that

Dot || A | < o) || A | 32 el
k=n =n

Al

e —ed

Hence, for N(n) = ZO;L};) we obtain relation (7), with a and sequence ¢(n)
given by Definition 2.
Sufficiency. The inequality (7) implies that:

M | Afa ||< N(n) |« |,

for all (m,n,z) € A x X. Using Remark 2 it results that (2() is n.e.s. O
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Theorem 2. If there is a constant b > 0 and a nondecreasing sequence of real
numbers N : N — [1,00) such that:

S| () et < N ) |a” )
k=n

for all (m,n,z*) € A x X*, then the linear discrete-time system () is nonuni-
formly exponentially stable.

Proof. By (8) we have that:
I AR, (1< N(n)e "),
for all (m,n) € A, which implies that () is n.e.s. O

Remark 4. The characterizations given by previous Theorem can be consid-
ered as a variants for the discrete-time case of a result due to E.A. Barbasin
([2]) in the continuous case.

Theorem 3. The linear discrete-time system () is nonuniformly exponen-
tially stable if and only if there exists a Lyapunov function for ().

Proof. Necessity. We define L : A x N — R, by
Lin,z) =) e || A |],
k=n

for all d > 0 and all (m,n,z) € A x X.
For d € (0, «) we have that

L(n,z) =) e || Az |
k=n

< Zed(k—n)e—a(kz—n)N<n) || T ”

k=n
N(n)e”
= MW oy 2

Hence,
|2 [|< L(n,2z) < ¢(n) || |-
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for all (n,z) € N x X.
On the other hand we have that

L(m, Apx) = 35 e || Apz |
k=m

= ap, + qan, 1+ @Pag 0+ (9)
where a?, =|| A%z || and ¢ = e > 1.
Also,
Lim+ 1A} 2) = 30 =D Az ||
k=m+1
=al ., +qal ., +qPal g+ ... (10)

According to (9) and (10) we have that
L(m, Az) =+ qL(m + 1, A, ).
Hence
Lim, A2) = aL(m + 1, A, 2) 2| A |,
for every a € (1,¢e?) and (m,n,r) € A x X.
Sufficiency. According to (£) we have that

L(m, Ay x)—aL(m+ 1, A7, x) | Apz ||
L(m + 1, A, ) —aL(m + 2, Al o) 2| Al |
bl 42,45 a) 0Ll 3,45 37) 21 A

which implies

S ol | AT ||:Z “Il A 1< Lim, Are) < o) | |
— k=

for all (m,n,z) € A x X.

Therefore for a« = lna > 0 we obtain
D et Apa ||< Lin,x) < o(n) || 2 ||

for every (n,z) € N x X. By Theorem 1 we conclude that the system () is
n.e.s. O
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