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APPROXIMATION NEW ERROR BOUNDED BY SPLINE
DEGREE SIX

KArwaN H-F, FARAIDUN K. H-S, AND RapHA K. G

ABSTRACT. In this work, we obtain best error bounds for six degree la-
cunary spline function which interpolate to the data (0, 1, 3), and also two
illustrate example discussed in the finial section .
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1. INTRODUCTION

The subject of lacunary interpolation by polynomials has a rich history .For
complete background refer to the survey article [2] .The g-splines (i.e, general
splines) where introduced by Ahlberg, Nilson and Walsh [6] as a devise of
lacunary interpolation of derivatives through order n — 1 > 0 at a finite state
of points on an interval [a, b].In a paper, Varma [1] obtained the error bounds
for some classes of deficient sixtic splines which interpolate to (0,1,3) data on
equidistant knots. In the present work we modified the same lacunry data
and we showed that the error bounded better than Varma theoretically and
practically. Several authors used the same technique but for different lacunary
data, for example see [3-5].

This work is organized as follows: In section two, spline function of degree
six is defined which interpolates the lacunary data (0, 1, 3) .Some theoretical
results about existence and uniqueness of the spline function of degree six are
introduced in section three .In section four, convergence analysis and stability
are studied . To demonstrate the convergence of the prescribed lacunary spline
function, numerical examples are presented in section five.
we present a six degree spline interpolation for one dimensional and given suf-
ficiently smooth function f(x) defined on I1=[0,1] denote the uniform partition

of Iwith knots x; = 5~, i=0, 2, ..., 2m and n=2m+1.

201



Karwan H-F, Faraidun K. H-S, Radha K. - Approximation new error...

We define the class of spline function Sp(6,3,n) where Sp(6,3,n) denotes the
class of all splines of degree six which belongs to C?[0, 1], and n is the number
of knots , as follow :

Any element Sa (z) € Sp(6,3,n) if the following two conditions are satis-
fied:

(2) SA (.l’) < 03[07 ]-]
(17) Sa (x) isapolynomialof degree sixzineach [x9;, Toiia] , (1)
1=0,1,..., m—1

Theorem 1 For given arbitrary numbersf (zy;) , f7) (o), i=0,1,. .. ,m-1; r=0,
1,8 andf* (zo), f* (wam) , There exists a unique splineSa (x) € Sp (6,3,n) such
that

Sn (51321) = f ([BQZ) s Z = O, 1, ...,m
SV (ty) = F™ (ty),i=10,1,...,m—1; r=0, 1,3 (2)
S (o) = FD (20) , S5 (wam) = @ (o)

Theorem 2 Let f € C%0,1] and Sa (z) € Sp(6,3,n) be a unique spline
satisfying the conditions of Theorem 1.1, then

1S (z) — &) (2)|| < 34.32668942  m"Sw(fO; —) + 3m 0| fO),

1

m
r=20,1,2,3,4, 5.

Where (f©); %)denotes the modules of continuity of y° and

/O = max { |/ (2)

;0<z<1}
2. CONSTRUCTION OF THE SPLINE FUNCTION

If P (z) is a polynomial of degree six on [0, 1], then we have
1 1 3,1
P(x) = P(0)Ao(x) + P(g)Al(x) + P(1)As(z) +p (5)143(37) +P (§)A4(~”U)
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+PW(0)A5(x) 4+ P*(1) Ag (). (3)
Where
[ Ao(x) = 5;(2432° — 729 2° 4 6302° — 2127 — 157 x + 34),
Ay (x) = 135(—T729 2°® + 2187 2° — 18902* — 24322 + 675x), |
Aglr) = (= 24330+ 7292° — 6302° + 327 4 — A7),
As(x) = 6% 243 x — 72925 +16302% — 123 2% — 12 2), (4)
Ay(z) = ﬁ(27 z0 — 81x + 104x —592% — 9z1),
As(r) = i (567 2 — 2619 2 + 45902 — 36302 + 124347 — 151 ),
| Ag() = s (32428 — 5132° + 33023 — 16222 + 231).

For f € C%[0,1] we have the following expansions

(72:) + thl(@z) + 207 f" (22:) + %h3f'”($2i)+
(wg;) + hsf(5)(£52) . hﬁf(6)(>\1,2i), Toi < Ai2i < Toit2
( ) o 2hf’(x22) + Qh//(xgz) %h3f///($2i) + §h4f(4) (1;21)

—%h5f( )(m9) + 45h6f ()\2,22') , Toimo < Agj2i < Ty
f(tm) = [(z2) + th'(mm) 2h2f”(i€2z) + g PP (o) +
243 h4f(4)<l‘2z) + Wth (l’zz) 32805 hﬁf(6 ()\3,21)7 T < Agpi <ty
fltaioa) = f(wa) = Shf'(x0:) + S0 f"(w2r) — BRP [ (w0) + sigh® [P (22)

—%iﬁf@( i) + 3§§S5h6f(6 (As, Qz) t2i72 < Ag2i < Ty
f'(tai) = f'(z21) + th"( %) + 5h2f" (w2) + 7 b3 f ) (i) +
24213h4f(5) (z2:) + 36445 hf 6)(>\5,2i),$2i < As2i <ty (5)

f(taica) = f'(2i) — 3hf"(w2:) + SH2f"(w25) — Bh3 O (0;)+

243h4f(5)( 2) — %th(G)()\&zi)?fma < Ne2i < T
f" (o) = [ (x2:) + 2h fO () + BR2 O (205) + 5th3 FON 7 2),

Xoi < A72i <t
F"(taima) = " (22i) — 5h [P (95) + 3h? O (wg;) — B3 FO(X 5 9),
t2i—2 < Ag2i < Ty

FO(2;) 4+ 20 fO) (m9;) + 2h2f(5))\9,2i)7 Xoi < Ag2i < Tg;

f( )(9322+2)

f(4) (X9i—2) = f(4)($2 ) — th ®) (9321) + 2h3f(6)()\10,2i)7332i—2 < Aio2i < T
fB (ty) = fD(2:) + 2h O (mg;) + 2h2f(6)(>\11H2i)7-T2i < A < o
_f(5) (ta;) = fO(z2) + 3 h £ )<)\12H21) Toi < A 12,2 < lo;
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Proof of the theorem 1.1:

The proof depends on the following representations of S, (x)., for 2ih <x<
(2i+2) h,

1=0,1, ..., m-1, we have

Sn(®) = f(22:)Ao(5521) + f(t2i) A1 (5522) + f(w2i42) Ao(5520) +

—|—2hf (tQZ)A:;(m th) + 8h3f(3 (tzz)A4(I 2zh) + 16h45' (in)AS(:c—%h) (6)

2h

+16h4 S <$21+2)A6(x52ih).

On using equation 6 and the condition

Si(0) = FD(0) , S(0) = £4(0). (7)

n

We see that S,(x). as given by (6) satisfies (1) and is sixtic in [224, £2i+2] ,
i=0,1, ..., m-1.

We also need to show that whether it is possible to determineSy'” (xy) ,i=
1, 2, ..., m — 1 uniquely. For this purpose we use the fact that s, (z) € C3[0,1]
and therefore the conditions:

n —

S (xy,) =SSP (xy ) ,i=1,2, ., m—1

_ﬁh48 (-Tzz ) §§2h45 (@z) - ﬁh45 ($2i+2) = %f@?%m)‘f—
% (SL’21> - %f(xZ—l-Q) 2589325 (tZz) 2025 (t21 ) - 675hf (tZz )

(8)
WS f'(t2r) + 53 1 7 (taio0) + 2B F(E o )

for i=1,2..m—1.

Equation (8) is a strictly tri-diagonal dominant system which has a unique
solution [7] ThusS.Y (x9;), i=1, 2 ..., m-1 can be obtained uniquely by the
system (8) which established Theorem 1.
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3. CONVERGENCE AND ERROR BOUNDS

In this section, the upper bounds for errors studied first help results of the
following;:

Lemma 1 Let us write 2i=|S" (295) — fD ()| , , then for f €C6[0,1], we

have

Max 9 < %hzw(f@; %) fori=1,2,...,m-1

Proof 1 From (8) we have

— L h (SN (aima) — fO(22i-0)) + BERA(SE) (w2:) — O () — 2o

(SK) (22i42) — fO(22142)) = 80 f(wi—2) + 52 f(22:) — S5 [ (@2i42) — 222 f (t2)
—% (tai—2) + 61—775h [ (tai2) + gg—gh f'(te;) — %h?’f”’(t%,g) + %h?)f’”(t%)
_%h4f(4)<x2i72) - %}ﬁf@) (72:) + %h4f(4) (T2i42) = %hﬁf«s)(&,zi)

— 208 FO (N 90) = 5oz h® F O (Ns,2:) — 20 FO (N 25) — SIS FO (N6 25)+
O FO (N5 0;) — 28810 FO) (N1 ) ZE KO FO (Ns i) + 12570 f O (Ar1,2)

+ZhfONo2) = BB R aqw(f; %), || <1

The result 1 follows on using the property of diagonal dominant [7, p.398].

Lemma 2 Let f € C°[0.1],then

|99 (t2:) = fO(ts)] < % w(f; %)’ (9)
‘57(15)(%#) - f(5)(:c2¢)\ < %hw(ﬂﬁ); %)’ 10)
P ) — O )] < oo O ), (1)
[S9t2) — £O(120)] < 222 (0 1), (12
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288682 1
4) to: t 6). — 13
|Sn (27«) 21 = 95013 U)(f am)v ( )
615394 1
"(ty) — f" (Lo htw(f©; — 14

Proof 2 From 6 we have

RO(SS) (tas) — FO(ta) = — PO FO (Ng o) — ZBRS FO (N ;) + L2 16 £O) (g ;)
5016 FO (Ag 51) + RO FO) (Ayg:) — hOFO) (t) + BR(SY (wasga) — £ (wai42))
8PS (s — D (221)) = L BBarw(f©; L) + 28 pA(SE (wgi10) — F O (22112))
+ SRS () — fD(w21)) s o] <1
Hence
BO(SI (1) = [ O (1)) = —gh® O Ns,) — HahOFO (M) + A0 FO(Ns,,)
+ 3RS FO(Ns,,) + BERSFO) (Mip,,) — hOF O (t) + 18 hA(SE (2ai42) — F D (22142))
63h4(5 )(9621) f(4)($2¢)) — %hﬁagw(f@; 1) 18 h4(S )(QCQHQ) f(4)($2¢+2))

+5sh*(Sn 4)(3321) fD(22)), |as| <1
By using 1, proof of lemma 4.1 (9) and the proofs of lemma 4.1(2-6) are

similar, and we only

197 ) =~ o)+ SHE 1) + ) — BN () — 4500

f/”(tgi) o %h457(14) (1,21) N 19 h4S <x21+2)

S ) = OB ) — S8 () — () + AP (1) + A

f" (toi—a) + %h457(z4)($2i—2) + g_ih4ST(L4) (€94),
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5
heSY )(tgi) = —% (wg;) + % (t2i) + % (T2i12) — %hf/(t%) - %hg
F(t2) — BRASEY (wa) + SRASN (wir2),
WSS (b)) = =121 F(ag,) + 3585 f(1y,) 4+ 1218 f(g,, o) — 2285) f1(1,) — D3
P (t2) + BRASY (wa5) — ERASED (w2140),

And

h2S)(ta;) = B fwar) — 22 f(tas) — 2L f(@aig) + SEA [ (t2s) + 2R3 [ (ts;)

1;13 h4S ($22) 7;15 h4S ($2i+2)7
Proof of the theorem 1.2:
For 0 <t < 1lwe obtain
Ao(t) + Ai(t) + As(t) = 1. (15)

Let 22:<x<z2i+2 on using 15 and 6 we get

— 2ith
S (@)~ 1O () = (5P (ra) — FOE) AT LED) + (5 sin) — O (2)
T — 2th T — 2th T — 2th
Gty — £65) (6) (4. .
Ag( 5 ) 4 (S (t2i) — [ (2) A ( 5 ) + 2h S (ta:) As( 5h )
=L1+124+ L3+ 14 (16)
From 4 it follows that:
[Ao(@)] <1, |[Ai(2)] <1, [As(z)| < Tand [As(z)| <1 (17)
Since f0¥(x) = fU9) (22) + (& — 20) fV (V) , 22i< A<z,

To
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T — 2th

Ly = (SS’)(JUQH) - f(5)(55>)A0( 9%

)

— (SO (wa:) — FO(2i) — (= w21) FON) Ao (£ _Qf?ih)'

Therefore,On using lemma2 (2-3),(18) and |z — x9;| < 2h. We obtain

15412 1
2l < 222070 L) o 0 (19
45383 1
|Lo| < 2316 Y w( fO; E) +2h | fO (19)
Lo (SO (1) — £ A(ET 2 a® ) — O (g ) 4 £O) (g
3= (S0 (tos) = @) Ar(——) = (57 (k1) — f7(t2i) + 7 (ti)
x — 2ih
) (&= 22 O AT (20)
From (4) we obtain
O (ta) = fD(2) = —hf '(Mo,2:) (21)
Therefore by using 4.1(12) in (21) we obtain
264595, ]
—). 22
x — 2ih x — 2ih
Ly = S (t2:) Au( 5 ) = (S8 (t20) = F O (ta1) + O (t2:)) As( 57 )
Therefore by using 4.1(9)and (18) and |z — x9;| < 2h we obtain
99510 1
Lol < Segg (95 —) + 20 9 (23)
using (19), (20) (22)and (23) in (16) we obtain
4251275 1
|89 (2) = ()| < oo (£ —) + Gh|FO]. (24)
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This proves Theorem 2 for r= 5 To Prove the Theorem 2 for r=4:

Since S{Y(z) — = [2(SP(t) — fO))dt + SV (tas) — FO(t).
On using lemma 2(13)and (24) we obtam
13042507 1
[0 (@) = fO(@)] < =g Prw(F® —) + 120 | fO.

95013

This proves Theorem 2 for r=4. To Prove the Theorem 2 for r=3:

We get

%W@—f@@y:/7$Ma—f@@mﬁ+$ﬁmg—ﬂamg

t2;

Since S5 (ta;) — f(D(ty;) = 0.. and using (25) we obtain

26085014

@) _
5,7 () @ < ~g5013

n

()

Ly 4 omd 50
m

This proves Theorem 2 for r= 3 To Prove the Theorem 2 for r=2:
We get SZ( f” j; (t))dt -+ Sg(tgl) — f”(tZi)

On using lemma 2 (14)and (26) we obtam

2348266654

4 (6')
orsses U

S (2) = ()| <

1
m

480t || F19]].

This proves Theorem 2 for r=2. To Prove the Theorem 2 for r=1:
We obtain Si,(z) — f/(z) = [ (S(t) — FAO(t)dt + S, (tai) — f'(t2)
Since Sy, (te;) — f'(t2;) = 0. and using (27) we obtain

4696533308 1
/ ! < TTOO0T0 5 6). — Ko ©)]
This proves Theorem 2 for r= 1 To Prove the Theorem (??) for r=0:
Since S, (tgz) f(tgl) =0 and usmg (28) we obtain
9393066616 1
— < 9T 6 6). — 6
|Sn(z) — f(x)] < A0TEERE h°w(f m)+192h ||f H
Take h = ﬁ we get
1
1S,(z) — f(z)] < 34.3266864942 m 5 w(f®; ;;)%—3nf£ 179

This completes the proof of theorem 2
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