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GRAPHS WITH F-SYMMETRIC INDEPENDENCE
POLYNOMIALS

VADIM E. LEVIT AND EUGEN MANDRESCU

ABSTRACT. An independent set in a graph is a set of pairwise non-adjacent
vertices, and a(G) is the size of a maximum independent set in the graph G.
If sj is the number of independent sets of cardinality k£ in GG, then

I[(G;7) = 8o+ 817 + 520° + ... + 5,7% a = a (G),

is called the independence polynomial of G (I. Gutman and F. Harary, 1983).
If So—i = f (i) - Sa—j holds for every i € {0,1,...,|a/2]}, then I(G;z) is
called f-symmetric. The corona of the graphs G and H is the graph G o H
obtained by joining each vertex of GG to all the vertices of a copy of H.
In this paper we show that for every graph G, the independence polynomial
of Go (K, UK,) is f-symmetric, where

Fi) = af T 0<i<| 5] a=a(@o(K,UK,)).

In particular, we deduce a result of Stevanovié [20], claiming that I (G o 2K; z)
is symmetric, i.e., Sq—; = So—; holds for every i € {0,1, ..., [ (G 0 2K;) /2]}.

Key words: independent set, independence polynomial, symmetric polyno-
maal.
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1. INTRODUCTION

Throughout this paper G = (V, E) is a simple (i.e., a finite, undirected,
loopless and without multiple edges) graph with vertex set V' = V(G) and
edge set £ = E(G). If X C V, then G[X] is the subgraph of G spanned by X.
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By G — W we mean the subgraph G|V — W], if W C V(G). We also denote
by G — F' the partial subgraph of G obtained by deleting the edges of F, for
F C E(G), and we write shortly G — e, whenever F' = {e}. The neighborhood
of a vertex v € V is the set Ng(v) = {w : w € V and vw € FE}, and
Ng[v] = Ng(v) U {v}; if there is no ambiguity on G, we use N(v) and Nv],
respectively. K,, P,,C, denote respectively, the complete graph on n > 1
vertices, the chordless path on n > 1 vertices, and the chordless cycle on n > 3
vertices.

The disjoint union of the graphs G, G is the graph G = G U G5 having
as vertex set the disjoint union of V(Gy), V(G3), and as edge set the disjoint
union of F(G4), E(G2). In particular, nG denotes the disjoint union of n > 1
copies of the graph G.

The Zykov sum of the disjoint graphs G, Go is the graph G; + G5 with
V(G1) UV(Gy) as a vertex set and

E(G1) U E(Gy) U{vvg : vy € V(Gy),v € V(Ga)}

as an edge set [22].

The corona of the graphs G and H is the graph G o H obtained from G
and |V (G)| copies of H, such that each vertex of G is joined to all vertices of
a copy of H [3].

An independent (or a stable) set in G is a set of pairwise non-adjacent
vertices. An independent set of maximum size will be referred to as a mazimum
independent set of G, and the independence number of G, denoted by a(G), is
the cardinality of a maximum independent set in G, and w(G) = a(G), where
G is the complement of G.

Let s; be the number of independent sets of size k in a graph G. The

polynomial
I(G;2) = 80+ 512 + 892 + ... + 5,2%, a=a(G),

is called the independence polynomial of G [4]. For a survey on independence
polynomials of graphs, see [12].

Independence polynomial was defined as a generalization of matching poly-
nomial of a graph, because the matching polynomial of a graph G and the
independence polynomial of its line graph are identical. Recall that given a
graph G, its line graph L(G) is the graph whose vertex set is the edge set of
GG, and two vertices are adjacent if they share an end in G.
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Figure 1: G5 is the line-graph of and Gj.

For instance, the graphs G; and G5 depicted in Figure 1 satisfy Gy = L(G1)
and, hence
I[(Gy;z) = 1+ 62 + 72 + 2 = M(Gy; 2),

where M (Gy;x) is the matching polynomial of the graph G;. Some basic
procedures to compute the independence polynomial of a graph are recalled in
the following result.

Theorem 1 [4] (i) I(G1 U Gy;x) = I[(Gy;x) - I(Gy; x);
(ii) I(G1 + Ga2) = I(Grsx) + 1(Goy ) — 1;
(iii) I[(Gyz) = (G —v;z) + o - (G — N[v];x) holds for every v € V(G).

A finite sequence of real numbers (ag, a1, as, ..., a,) is said to be:

unimodal if there exists an index k € {0, 1, ...,n}, called the mode of the
sequence, such that

ag < . S g1 S Qg 2 Ayl 2 . 2 A

e log-concave if a? > a; 1 - a;41 fori € {1,2,...n—1};

f-symmetric if a,—; = f (i) - a; for all i € {0, ..., [n/2]};

symmetric (or palindromic) if a; = a,—;,1 = 0,1,..., [n/2], i.e, f(i) =1

for all i € {0, ..., [n/2]}.

It is known that every log-concave sequence of positive numbers is also
unimodal.

A polynomial is called unimodal (log-concave, symmetric, f-symmetric) if
the sequence of its coefficients is unimodal (log-concave, symmetric, and f-
symmetric, respectively).
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Alavi, Malde, Schwenk and Erdos [1] proved that for every permutation 7
of {1,2,...,a} there is a graph G with a(G) = « such that

Sx(1) < Sx(2) <0< Sn(a)-

For instance, the independence polynomial

I(Kyo + 3K7;x) =1+ 63z + 14722 + 34323 is log-concave;

I(Ky3 + 3Ky 0) = 1+ 642 + 14722 + 34323 is unimodal, but non-log-
concave, because 147 - 147 — 64 - 343 = —343 < 0;

(K97 + 3K7;2) = 1+ 148z + 1472% + 34323 is non-unimodal;

I(Kis + 3K5 + 4K;; ) = 1 + 31z + 332% + 312° 4+ z* is symmetric and
unimodal;

I(Kso + 3K, +4K3;2) = 1+ 682 + 5422 + 6822 + z* is symmetric and
non-unimodal;

I(Kig3o +4K7+ (Ko U Ks39) +5K1;7) = 1+ 24062 + 138222 + 138213 +
24062* + 2° is palindromic and non-unimodal.

I(Pyo(KyUK,);x) =1+ 12z + 5222 + 10523 + 104a* + 482° + 825 is
f-symmetric for f(i) =230 <i < 3.

It is easy to see that:

if a(G) < 3 and I(G;x) is symmetric, then it is also log-concave;

if «(G) = 4 and I(G; x) is symmetric and unimodal, then it is log-concave
as well.

For other examples, see [1], [9], [10], [11], [13], [15], [19], and [21].

Theorem 2 [6] I (G o H;x) = (I (H;x))" o I (G; 1), where n = |V (G)].

) [(H;z)

The symmetry of matching polynomial and characteristic polynomial of a
graph were examined in [8], while for independence polynomial we quote [7],
20], [14], [16], and [18].
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G k H,y V
*—0—©
Figure 2: G and Hy = G o H, where H = 2K;.

It is worth mentioning that one can produce graphs with symmetric inde-
pendence polynomials by different ways [2], [5], [20], [18]. For an example, see
Figure 2, where I(G;z) = 1 + 6z + 92 + 223, while

[(Hy;z) = (1+2)° (1 1127 + 4822 + 7623 + 4821 + 1225 + xﬁ) —
= 1+ 18z + 13522 + 5642> + 14792* + 25862° + 31062°+

+ 258627 + 14792° + 5642° + 13521 + 182 + 212,

In this paper we show that the independence polynomial of the graph G o
(K, U K,) is f-symmetric. As a corollary it gives a theorem due to Stevanovi¢
claiming that I (G o 2Ky;x) is symmetric for every graph G [20].

2. REsuULTS

It is well-known that a polynomial P(x) is symmetric if and only if the following
equality holds

1
P(z) = z%e®) . p () :
x
Similarly, we have the following.
2n .
Lemma 3 If P (z) = Y a;x" is a polynomial of degree 2n, then
i=0

1 .
P(z)=c"-2*"- P <> if and only if ag,—; =c""-a;,0<1<n.
cx

Proof. Since

1 2n s 2n 2n
i —3 —1 i— J
cn.m2n.P< )Zc”.xQ”-g i:E cnl-ai'x%lzg " agn—i - 7,
cx i (cx)' = i=0
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we infer that

P(x)=c" 2. P (2@) S =" Ay S Aopi =" q;,0 < i <n,
and this completes the proof.
Theorem 4 The polynomial I (G o (K, U K,);x) is f-symmetric, with

F@) =g, 0<i , where a =a(Go (K,UK,)),

I\D\Q

i.e., the coefficients (s;) of I (G o (K, U K,);x) satisfy

Saci = (pg) s, 0<i < %

Proof. Firstly, we have that
I(K,UK,;x)=1+ax+ ba?

where a = p + ¢ and b = pyq.
Secondly, by Theorem 2, we get that

[(Go(KPUKq);x)Z(1+a:z:+bm2)n-[<G;Hmf+b$2>>

where n = |V (G)|.
Since each vertex of G is joined, in G o (K, U K,), to all the vertices of a
copy of K, U K, it is clear that

degI (Go (K,UK,);z)=a(Go (K,UK,))=2n.

To get the result, we use Lemma 3, i.e., we have to show that

2\" : v —
(tas+ )1 (6 ) =

1

1 1\2\" L
—b"-xQ"-<1+a — +b- ()) TG b 5
bz bx 1+a-$+b-<é)
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Using the fact that

1
bx

bx2+ax+1:1+a_é_’_b_(i>

T

2

we get that

n 2n 1 1 A\" bi
b 1+a-+b-<) Nare: : | =
bz bz 1+a-$+b-($)

bx? +ax +1\" T
v ( b2 ) "bx? +ar +1

_ 2\" : z
= (1) (G )

as claimed.
Corollary 5 [20] I (G o 2Ky;x) is symmetric, for every graph G.

Proof. Taking p = ¢ = 1 in Theorem 4, we infer that the coefficients (s;) of
I (G o 2K;; ) satisty

Saci = (p)? T si =51, 0< i < %,
where o = o (G 0 2K). In other words, I (G o 2K7;z) is symmetric.
Corollary 6 If the coefficients (s;) of I (G o (K, U K,);x) satisfy
s7 >80 81,1 <i<a(Go(K,UK,)/2,
then I (G o (K, U K,);x) is log-concave.

Proof. If n equals the order of G, then a (G o (K, U K;)) = 2n. According to
Theorem 4, the coefficients of I (G o (K, U K,) ; x) satisfy

Son—i = (pCI)T_i 5,0 <1< n.
Hence we obtain that

i—n 2 i—1-n i+1-n
0< 5?_51'71‘51#1 = ((pQ) '32n7i> —(pQ) ! '32n7(i71)'(pQ) i *Son—(i+1) =

i—n\ 2
= ((PCI) ) : (Sgnﬂ‘ — Sop—(i—1) ° SQn—(i+1))
which implies that I (G o (K, U K,);z) is log-concave.
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3. CONCLUSIONS

In this paper we have shown that I (G o (K, U K,)) ; z) enjoys some kind

of symmetry property, which we called f-symmetry. It seems to be interesting
to find other graphs H such that I (G o H;x) satisfy similar properties.
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