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ON CERTAIN CLASSES OF UNIFORMLY w-STARLIKE AND
w-CONVEX FUNCTIONS DEFINED BY CONVOLUTION

ABIODUN TINUOYE OLADIPO

ABSTRACT. The author here wish to further study the new concept of
analytic and univalent functions normalized with f(w) and f'(w) —1 =0 in-
troduced by Kanas and Ronning in 1999 which was later also investigated
in 2005 by Acu and Owa. The author in this paper obtain coefficient esti-
mates, distortion theorems, convex linear combinations, and radii of w-close-
to-convex, w — starlikeness and w — convex for functions belonging to the
subclass ®,,T(f,g,, 8, A1) of uniformly w — starlikeness and w — convex
functions.We also consider integral operators associated with functions in this
class.
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1. INTRODUCTION

Let A(w) denote the class of functions of the form

F2) = (z—w)+ 3 aulz — w)F 1)

k=2
analytic in the open unit disc U = {z : |z|] < 1} and normalized with f(w) and
f(w)—1=0. Also let S(w) C A(w) denote the class of the univalent functions
in A(w). Kanas and Ronning [9] introduced, defined and studied the following
classes.

S(w)={f el (w): f is univalent in U}

z—w)f'(z)

= S (w) = z w) : e( z
ST(w) = S*(w) {f()GS().R o) > 0, EU}

CV(w) = S%(w) = {f(z) €Sw):1+ Re(z_ff‘zg/(z) >0,z € U}
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These classes are respectively called w-univalent, w — starlike and w —
convex functions.
The class S*(w) is defined by geometric property that the image of any circular
arc centered at w is starlike with respect to f(w) and the corresponding class
S¢(w) is defined by the property that the image of circular arc centred at w
is convex. We also observe that these definitions are somewhat similar to the
ones for uniformly starlike and convex functions introduced by A.W.Goodman
[7] and [8], except that, in this case the point w is arbitrarily fixed in U. Acu
and Owa [1], Oladipo [13] and [14], Aouf et al [5] also did several works in this
direction and they obtained many valuable results.
The aim of the author here is to continue the investigation of the univalent
functions normalized with f(w) = f'(w) —1 = 0 where w is an arbitrary fixed
point in U.
Let f € S(w) be given by (1) and g(z) € S(w) be given by

9(z) = (z —w) + > bz —w)* (b > 0) (2)
k=2
then, the Hadamand product (or convolution) f x g of f and g is defined as

(f*9)(2) = (z —w) + > abi(z —w)" = (g% f)(2) (3)

k=2
Following Goodman [7] and [8], Kanas and Ronning [9], Acu and Owa [1]
and with the application of Ruschewey derivative operator [16], Oladipo [13]

introduced and studied the following classes
(1)A function f(z) of the form (1) is in the class ®(w, 3, b, m) if it satisfied the

condition
2 2DmLf(2)
124270 J\5)
Re{ b b Dri) §

where b # 0, and m > —1, 0 < § < 1, w is a fixed point in U and D' f(z) is
the w-modified Ruscheweyh derivative.

(ii) A function f(z) of the form (1) is said to be in the class ®(w, 3, a, b, m) if
and only if

ref1- 2 220N ’QDZZ?“J”(Z)

i ey |

b b Dnf(z)
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where b # 0, « > 0,0 < f < 1, m > —1, D" f(z) is the w-modified of
Ruscheweyh derivative operator. With special choices of the parameters in-
volved he obtained several existing and new classes.

To further our investigation on the class of functions normalized with f(w) =
f'(w) =1 =0, we wish to give the following;:

Definition A: For -1 < a <1, -1 <y <1, 8> 0 and w is an arbitrary
fized point in U, we let @, ,(f, g, c, B, A\, 1) be the subclass of S(w) consisting of
functions of the form (1) and the functions g(z) of the form (2) and satisfying
the analytic condition:

. { (= = ) XD * ) ()] +7( = 0P IZODU 9] a} "
=D 2O * )]+ — ) I2OD(f ) ()]

[Im()\ D(f *9) ()] +9(z = w)? I (A DS * 9) ()]

w) LA D(f * 9) ()] + (2 = w) (LA D (f * 9)(2)]
Next, we let T(w) denote the subclass of S(w) consisting of functions of the
form

>6| —4.

() =G-w) - Yat-wf (@20, (5)

Further we define the class @, ,7(f,g,a,8,A,1) b
q)%wT(f, ga Oé, ﬁ? /\7 l) = q)'y,w(f7 g7 Oé, ﬁu )\7 l) m T(w> (6)

which is the class of analytic functions with negative coefficients.

It is clearly seen from our definition that the classes studied by Subramanian
[18], Bharati et al [6], Murugusundaramothy and Magesh [10,11], Rosy and
Murugusundaramothy [15], Shams et al [17], Aouf and Moustafa [3], Muru-
gusundaramothy et al [12], Ahuja et al [2], Aouf et al [4] and many other new
ones could be derived with special choices of the parameter involved.

Also, I"™(\, 1) was introduced and studied by Aouf et al [5]. That is,

I°(\ 1) A(w) — A(w) as follows

IP\Df(2) = f(2)
'O f(2) = I\ D F(z) = IO(A,z)f(z)l‘I_+zr+—(1°(A,l)f(2))“xﬁf;j;u>
1+ A(k—1)+1

()
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and

1—A+1 1 Az —w)
7 T ADIE) =

1+ Ak —1)+1)\°

S

PO f(2) = TN Df(2)

and in general,

"D (2) = I DI D) f(2))

1 —1)+1\"
—l—Z( +)\1—|—l )+> ap(z —w)¥ n € No, A >0,1>0[5].

2. COEFFICIENT INEQUALITIES.

Theorem A:A function f(z) of the form (5) is in ®.,,T(f,g,a, B, \1) if

SO+ ) R+ B) — (a4 AL+ (vk— D janlte <1 —a (7)

k=2

where —1 <a<1, =1 <~v<1and >0 and

WA D) = (1 + )x(lk—i_—ll) + l>
Proof: Tt suffices to show that
3 (2 = w) LD * 9)(2)) + (2 = 0 [IFAD(f x 9)(2)]" 1‘
(L= LN D * 9)(2)] + (2 = w) [N O(f * 9)(2))
. {(z — ) PO () +9( =P [ZADG * )] 1} Ca
(L =) LA D+ 9)(2)] + (2 —w) LA DS * g)(2)]
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(z = w) PO D (f * 9) (@) +7(z = w)* (IO (F * 9)(2)]

(=) O D * ) (2] + (2 —w) L, D(f * 9)(2)]

_ )T+ ) ()" (6= 1) [+ (o — 1) el
1= 532 (r + d)s=t (MR (k — 1) [1 4 (y(k — 1)) |axlbe

This last expression is bounded above by (1 — «) if

s (1 AE-1D) + 1\

>t (D ) a0+ (0= Dol < 1-
k=2

and if we put(%jw)m = U (\, 1) the proof is complete.

Theorem B:A necessary and sufficient condition for f(z) of the form (5) to
be in the class ., T(f, 9., B, 1) is that

S WO+ A R4 8) — (a4 AL+ (k= D]agbe <1—a (8)

k=2

where

141

wpon =

Proof: In view of Theorem A, we need only to prove the necessity. If f(z) €

Q. T (f,g,0,8,\1) and z — w is real, then
1 — 352, b (BT 1 (y(k — 1)] agbi(z — w)*!
1— 52, (BRI (14 (y(k — 1)) arb(z — w)b!
1— 52, (k = 1) (B2 [+ (y(k — 1] aby(z — w)*!
1= 352, (BRI (14 (y(k — 1)) axbr(z — w)b!

Letting (z —w) — (r 4 d) along the real axis, we obtain the desired inequality.
Corollary A:Let the function f(z) be defined by (5) be in the class

o, T(f,9,a,B,\1). Then

1+A(k—1)+l>m

1l -«
U T DN DR A — (et ALt (k- Dl "

where WM\, 1) = (%ﬁl)“)m The result is sharp for the function:

f)=(z—-w)— RN s (z—w)kk>2

(r+d)k =1 (H2E=DE T 1114 8) — (a+8)] [1+ (v (k—1)]bx
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3. DISTORTION THEOREMS.

Theorem C: Let the function f(z) be defined by (5) be in the class
o, T(f,9,,B,\1). Then for |z —w|=r+d <1, |w|=d, [19], we have that

1) = (4 ) = o s+ ) (10)
and
PO+ d)+ Lo (r+d), (11)

V(A D(2 48 —a)(L+7)by

provided that by, > by(k > 2). The inequalities in (11) and (12) are attained
for the function f(z) given by

-« 9

fz) = (z—w) - VPO D)2+ B —a)l+7)(r + d)bz(z —w)
()"
2

VPN D(2+ 8 = a)(L+9)(r + d)by < TP+ d) K1+ 8) — (a+ B)]
1+ (v(k = 1)) b

(12)

where WH' (A, 1) =
Proof: Slnce k: >

Using Theorem B, we have

VP2 46— o)1+ )+ Db S (13)

k=2

< (r+ PP R+ B) — (a+ A1+ (k- 1]b < 1—a

that is,
| e
kgzak : VN D(24+ 08— a)(14+9)(r+d)by (14)
From (5) and (15), we have
1f(2)| > (r+d)—(r+d)? Zak (r+d)— \Ilgn(A,l)(2+15_fa)(1+7)b2<r+d);
(15)
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and
£ > (r+d)+(r+d)? z (r+d)+ - (r+d)
r (r ag < (r r
A O ) Gy
(16)
This complete the proof of Theorem C.
Theorem D: Let the function f(z) defined by (5) be in the class
Q. T (f,g,0,8,\,1). Then for |z —w|=r+d < 1, we have
2(1 —«)
") >1-— 17
S e+ A— i+ b 1)
and
, 21 -«
FEl<1+ 1-a (18)

EA D2+ 06— a)(L+7)b

provided that by, > by(k > 2). The result is sharp for the function f(z) given

by (13).

Proof: From Theorem B and (15), we have
2(1 — )

kZQkak T YR D248 —a)(1+ )by (19)

We omit the rest of the proof because it is similar to the proof of Theorem C.
4. CONVEX LINEAR COMBINATION.

Theorem E: Let p, > 0 forn=1,2,...y and
y
> <L
n=1
If the functions F,(z) defined by
Foz)=(z—w) = > apn(z —w)* (ax >0,n=1,2,..y) (20)

are in the class ., T(f,g,a, 5, \1) for every n = 1,2, ...y, then the function
f(2) defined by

= (=)= 52 (32 putun ) (2=

k=2 \n=1
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is in the class ®,,T(f, 9,0, 0, 1).
Proof: Since F,(z) € ®,,T(f,g,c, B, A1), it follows from Theorem B that

o0

ST+ AP R+ 8) — (a+ B)] L+ (v(k — D] apuby < 1—a (21)

k=2
for every n = 1,2, ...y. Hence

[e.9]

12@+@kw@@wuﬂ+ﬂwwa+muruwk—m(iymm)mz

k=2

Ey: (i (r+ &) D) K1+ 8) = (a+ B)] [L+ (v(k = 1)] ak,nbk>

n=1 k=2

y
<(1-a)) pp<l—a.
n=1
By Theorem B, it follows that f(z) € ©, . T(f,g,a, 5, A1)
Corollary B: The class ©.,,(f,g,a, ) is closed under convezr linear combi-
nations.

Theorem F:Let fi(z) = (z —w) and

l-a k.
O DA+ ) — @+ DI+ (= Olh )
(22)
fork>2 -1<a<1,0<~y<1,and > 0. Then f(z) is in the class
O, T(f,g,a,0,\1) if and only if it can be expressed in the form

fe(2) = (z2=w)—

dz?%ﬂ@, (23)

where pr, > 0 and Y72, pr = 1.
Proof: Assume that

)= L) - (24)
00 l—o k
kz_:z r+ d)FIN D) [R(L+B) — (a+ B)][1 + (v(k —1)] bkpk(z—w)
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Then it follows that
(r+ "D R+ 8) = (@ + B[+ (v(k = D] by

l—«

(25)

l—«

PO, R+ B) — (a+ B[+ (v(k— Db

=Y p=1-p <L
k=2
So, by Theorem B f(z) € @, ,T(f,q,,3,\,1).
For the converse, we assume that the function f(z) defined by (5) belongs to
the class ®, ,T(f, g,, 3, 1). Then

S TR @ ARG 22 9
On setting
e — (r + d)*10m (1) [k(1 + /31) :((on N+ (k= Db, o
and
p—1— ]i o (28)

this shows that f(z) can be expressed in the form (24) and the proof is com-
plete.

Corollary C: The extreme points of the class ©.,7T(f,g,a, 3, A1) are the
functions fi(z) = (z —w) and

l—«

(r + )1 D k(L4 5) = (a+ B [1+ (v(k = D] by

fe(2) = (z=w)=

for k > 2.

5. RADII OF w-CLOSE-TO-CONVEXITY, w-STARLIKENESS AND
w-CONVEXITY.
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Theorem G: Let the function f(z) defined by (5) be in the class
Q. T (f,g,0,B,\,1). Then f(z) is w—close—to—convex of order \(0 < A < 1)
in |z —w| < Ty, where

{(1 = NP k(L +5) = (o + B)) [+ (3(k = 1) <r+d)k1bk}kll

= juf k(1 —a)

(30)
The result is sharp, the extremal function being given by (10).
Proof: We have to show that |f'(z) — 1| <1—-X  for|z —w| < Ty where I'y

is given by (31). Indeed we find from definition (5) that

1f'(2) =1 < 37 kag |z — w|"!

k=2
Thus |f'(z) — 1| <1—\if
> k k1
- — <1. 31
é(l_QakIZ o < (31)

By Theorem B, (32) will be true if
("‘7) 2 — Wt < VA D+ ) k(1 +8) — (a4 8) =2 [1 + (v(k — 1)] by

11—\ 1= a)
that is, if
2wl < {“ nEILH GGl [kﬁf_@)_ (o + B[+ (o(k = 1)] bk}k—l @)

for k > 2. Theorem G follows easily from (33).
Theorem H:Let the function f(z) defined by (5) be in the class ., T (f, g, , 3, \,1).
Then f(z) is w — starlike of order A(0 < A < 1) in |z —w| < I'y, where

{(1 ~ N[O+ B) — (o + A [+ (k= DT A D+ d) by } )
(k =M1~ 0a)

F2 = inf

k>2

The result is sharp, with the extremal function f(z) given by (10).
Proof: 1t is sufficient to show that

(z —w)f'(2)
f(2)

—1|§1—/\ for|z —w| < Ty,
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where I'y is given by (34);. We find again from the definition (5) that

(z —w)f'(z) _ 1| _ Si2a(k— Dar]z — o]

f(z) -, a]e —w[h
(z=w)f'(z) _ oy s
Thus | &= — 1) <1 — ) if
o (1 k-1
k=2 -

But, by Theorem B (35) will be true if

(k=N ]z =" _ IO+t
1—A - l -«

k(1 +5) = (a+ B[+ (v(k = D] (r + )by
11—«

that is, if

r—w| < { (1 =N kA +5) = (a+B)[1+ (y(k = DIV D(r + d)k_lbk}’“‘l
. (k-2 - ) 7
(35)
for k > 2.
Theorem H follows easily from (36).
Corollary D:Let the function f(z) defined by (5) be in the class ©., ., (f, g, , 3).
Then f(z) is w — convex of order A\(0 < XA < 1) in |z —w| < I's where

SEMER IR RS SR U ST KA
5T k2 k(k— M) (1 —a) '
(36)
The result is sharp, with the extremal function f(z) given by (10).

6. A FAMILY OF INTEGRAL OPERATOR

In view of Theorem B, we see that (z—w) =332, di.(2—w)* isin @, ,T(f, g,a, 8, \, 1)
as long as 0 < dj, < ay, for all k. In particular, we have
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Theorem I: Let the function f(z) defined by (5) be in the class ®, ,T(f, g, c, B, A1)
and o be a real number such that o > —1. Then the function F(z) defined by

(;jwl)a [ t=wr= e > -1) (37)

also belongs to the class ©.,,T(f, g, a, 5, A1)
Proof: From representation (38) of F(z), it follows that

F(z) =

F(z):(z—w)—idk(z—w

where d;, = (”ii) ap < ay, (k > 2) The converse is not true and this leads
to a radius of univalence result.

Theorem J:Let the function F(2)= (z —w) — S22, ar(z —w)k (ax > 0) be
in the class ®,,T(f, g, o, 0, 1), and let o be real number such that o > —1.
Then the function f(z) given by (38) is univalent in |z — w| < R*, where

{<a+ D1+ 6) — (@ +B)] 1+ (3(k — 1) W?(A,Z)(rjtd)’“‘lbk}’il

R = k(o + k)(1—a)

k>2

(38)
The result is sharp.
Proof: From (38), we have

_ —w) " —w)F(E) —(o+k
fe) = (0 +1) (=) Z<a+1

> (z —w)f(o > —1)

In order to obtain the required result, it suffices to show that

If'(z) =1 <1  whenever |z —w| < R*

where R* is given by (39). Now |f'(z) — 1| < 322, ;:11@ ax |z — w|*" Thus
1f'(z) =1 < 1if

k(o + k
S HOER et < (39)
im o+1

But Theorem B confirms that
VPN D+ DM R+ B) = (a+ B[+ (v(k = D] (r + &) axby

2 =)

k=2

<1 (40)
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Hence (40) will be satisfied if

k(o + k) oWt < UPAD[EA+B) = (a+ B[+ (y(k = D] (r +d)* b
o+1 (1—-a)

that is if,

w—m{“*”WW*U%ﬂ+ﬁw4a+muruwk_nuwuwlmy;
k(o +k)(1— )

Therefore, the function f(z) given by (38) is univalent in |z — w| < R*. sharp-
ness of the result follows if we take

F2) = (2~ w) - o)

UEA D RA+6) = (a+ B[+ (v(k = D] (r + d)*1ox(o + 1)

(Z - w)ku

for k> 1.
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