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UNIVALENCE FOR INTEGRAL OPERATORS

by
Danidl Breaz, Nicoleta Breaz

Abstract: We study in this paper two integral operators and we determine the conditions for
univalence for these integral operators.

Let A be the class of the functions f, which are analytic in the unit disc
U= {z € C;|z| < 1} and f(0)= f (0)—1=0 and denote by S the class of univalent
functions.

Teoremal[4]If feS,aeC and |a| <1/4 then the function:

G, ()=l ar
0

is univalent in U.
Teorema 2 [3] If the function ge S,a e C,|a| <1/4n, then the function defined by

G,.(2) = [lran) ar
0

is univalentin Ufor ne N .
Teorema 3[2]
Let a,ae C,Rea>0 and fe 4.

If

=™ o)
Rea |['(2)|
then (V)f € C, Re f>Rea, the function

. 1/p
Fyl(z)= [ﬂ | t”‘f’(z)}

<1 (V)zeU

1s univalent.
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Teorema 4 [1] If the function g is holomorphic in U and | g(z)| <1 in U then
(V)¢ eU and z e U the following inequalities hold:

2@ -2@)| _|&-7]

< , @
1-2(2)2©)|  [1-2]
|g'(z)| < ﬂ
1=|f
the equalities hold in case g(z) = gl(z : 9 , where |g| =1 and |u| <1.
+1z
Remark 5[1]
For z = 0, the inequalities (1) are the form:
g (f)_— g(0) <
1-2(0)g(S)
and
_ l+le)
|g(§)| 1+|g(0)|-|(§| :
|7l +ld]

Considering g(0)=aand £ =z = |g(z)| < MzelU.

1+lal-|2|

Lemma 6 (Schwartz)

If the function g is holomorphic in U, g(0) =0 and | g(zl <1 (V)zeU, then:
lg(2)|<]7  (¥)zeU and |g'(0)<1

the equalities hold in case g(z) = €z, where ¢ =1.

Theorem 7. Let a, B, y, 8, complex number with the properties Red = a >0, f,ge A
f=z+a,z° +..,g=z+byz> +..,

]j:'((;) S%,(V)ZEU,
2

Z"((j)) S%,(V)ZEU,
|aﬂ|gn+2a(n+2aj2a 3)

2 n
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and

i+i<1. @)

ol 1]
Then (V)y € C,Rey 2> a the function:

1y

Dy ()= {7 e[t ey dt}
0
is univalent (V)n e N \{1} '

Proof: We consider the function:

he) = [ @@V de ()
The function

1 K'(2)
| ﬁ| h'(z)

p(z)= (6)

where |aﬂ| satisfies the conditions (3).

We obtain:

() 1 () {[ £ -[g'")] } _
el H(z) Iaﬁl [f (z")] Lg'tM7”

1 an e e eenl el g een) ! et

s el een)

_ a .(Z'I’Z'Zn_l 'f,,(zn)+ ﬂ ‘I’Z'Zn_l ‘gn(zn)
7 1" lesl  g'z")

(7

We respect the conditions (2), (4) and (7) we have:
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e e o)

(2) =2 rl <
VZ'WM ey el g@ |
Lo mtren| [ B one )|
el 1 | flesl g
B TR VALCED - Ty P C |
o] A e A g'(z")
Sinl+inl:i+i<l
I I N
p0)=0
By Schwartz lemma we have:
L.‘h"(Z) SZn_1S|Z|<:>‘h"(Z) S|Olﬂ|'Zn_l PN
B |1 (2) n'(z)
= |42) =l
“’[ a sz)ﬁ'“ﬂ" — | H ®
2a
Let’s the function Q:[0,1]] > R, O(x) = I=x X", x = |z| .
a

We have

n

O(x) < —2 ( " jz“, )x e[o,1].

n+2a \n+2a

Respect the conditions (3) and (8) we obtain:
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1_|Z|2a ‘|Z 'h"(Z)| <1
a || n@) |
In this conditions applying the theorem 3 we obtain:
2 1y
Papral?)= {71 o ran)leen) dt}
0

is univalent (V)ne N™ \{1}.
Corollary 8[5]. Let o,y e C,Rea=a >0, ge 4

If
g'—(z) <1 wzeu
g'(z)| n
and
n+2a(n+2a "2
e[ 2]
2 n

then (V)f e C, Ref > a, the function

. 1/p
Gp,n(2) = {ﬁ [ g )]7}
0

is univalent (V)ne N™\ {1}

Theorem 9. Let a, B, v, 8 complex number, Red = ¢ > 0, and the functions f,g € 4
f=z+a,z° +..,g=z+bz" +...,.
If f and g satisfy the conditions

SO EO ) wyzew, )
f'(2) g'(2)

and awith £ the conditions:
ﬁ + ﬁ <1 (10)

and
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1

aff| < (11),
| | |Z|+2‘|aa2+ﬂb2|
max 14 b
ES c "y |aa2+ﬁb|||
ez

then (V)y € C,Rey > ¢ the function

Fop,(2)= {y : f o] [g'(t)]ﬂ}
0

1/y

is univalent.

Proof:
Let
W) = [ -lg®)d.
0
Let
1 h'(2)
p(z)= |a ﬂ| )
Then:

R VAC) VAR CIG) R B VG A 4Gt AC
VA ) S 7 B VIO M 1 O)

_a '@, B '@

Rz NE)

The function p is olomorf, (V)zeU .

We respect the conditions (9) and (10) obtain:

o= e L@, B @) e el | s g"(z)l_ e
A 1) B g Haﬂl 7| of g 2| e
V)zeU.
« S'©, B O |a B | et
G 7 IO R = R (e R

Respecting the remark (5) we have:
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|Z| ‘ |aa2 + ﬂb2|
p(2) < B v
Lo H Aol
4]
42 |, + b, |
: -|h':(z)| A eve
lep| |R2)| ™l +/sz|| |
A
) |Z| |aa2 + ﬂb2|
it ol P
+2.2 2 |Z|
o8]
The last inequality implies:
‘ |0“12 + ﬁbz|
1_|Z|2c '|Zh"(z)| < |alB . max 1_|Z 2¢ | |Z| . |Z| +2 7|aﬂ|
c | h'(z) | B EB c 1472 |aa2 +/Bb2| |Z|
ez
The relation (11) and the last inequality implies:
2¢c
H |z <1, (V)zeU
c | RG]

and by the theorem 3 we obtain

1y
Fopy(2)= {y A GIE [g'm]”}
0

1S univalent.
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Corollary 10[5] Let ¢,y € C,Rea =b > 0 and function
gedg(z)= z+a222 +...
Daca

then for all € C, Re > b, the function

G,,(2)= {ﬂizﬁ-‘ g0 }'H

is univalent.
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