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ON THE MOMENTS OF NORMAL PROBABILITY DISTRIBUTION 
 

by 
Lucia Căbulea 

 
Abstract: In this paper the author present a method for finding an explicit expression of the 
( )thrr 21 ,  moments of the two-dimensional random vector having the normal distribution. Also 

is establish the recurrence relation (12) for the central moments of the order ( )21 , rr  of  the 

random vector ( )21 ,YY . 
 
1.Consider a two-dimensional random vector  ( )21 , YYY = , and let be 
( )2121 ,;, xxyyF , the probability distribution of ( )21,YY , where ( )21, yy  is any point 

of the Euclidian space 2R  and ( )21, xx  is a real two-dimensional parameter, varying in 
a parameter space 2Ω , which is a subset of  2R . 
 Let ( )21 , yyff =  be a real-valued function defined and bounded on 2R  
such that the mean value of  the random variable ( )21,YYf  exists.  
 As is well known, this mean value can be expressed by the improper Stieltjes 
integral  of  ( )21, yy  with respect to ( )2121 ,;, xxyyF . 

(1) ( )[ ] ( ) ( )∫=
2

21212121 ,;,,,
R

xxyydFyyfYYfE  

Assuming that the random vector  ( )21 ,YY  is of continuous type, having probability 
densities ( )2121 ,;, xxyyρ , then we have 

( ) ( ) 2121212121

1 2

,;,,;, duduxxuuxxyyF
y y

∫ ∫
∞− ∞−

= ρ  

and the mean value by (1) is  
(2) ( )[ ] ( ) ( ) 2121212121

2

,;,,, dydyxxyyyyfYYfE
R
∫= ρ  

Considering that  
( ) ( ) ( ) 21

221121, rr ayayyyf −−=  
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where  Nrr ∈21,  and ( ) 2
21, Ryy ∈ , we have the moment of order ( )21, rr , of the 

point ( )21 , aa  define if it  exists- such the mean value of vectors  
( ) ( ) ( ) 21

221121, rr aYaYYYf −−=  
(3) ( ) ( ) ( )[ ]21

21 221121, , rr
rr aYaYEaa −−=ν . 

For ( ) ( )0,0, 21 =aa , we have the ordinary moment of order ( )21, rr  of the random 
vector ( )21 , YY . 

(4) ( ) [ ]21

2121 21,, 0,0 rr
rrrr YYE== νν  

 
If  ( )10,1 YE=ν  and ( )21,0 YE=ν  we can write expression for the central moment of the 
order ( )21, rr  of  the random vector ( )21,YY . 

(5) ( ) ( )[ ]21

21 1,020,11,
rr

rr YYE ννµ −−= . 
 
2. Let us assume that random variables 21,YY  are not independent and the two-
dimensional random vector Y having the normal distribution with the probability 
density 
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where Rxx ∈21, , [ ]1,1,0,0 21 −∈>> ρσσ , and ( ) 2
21, Ryy ∈ . 

It is easy to see that  ( ) ,0,;, 2121 >xxyyρ ( ) 2
21, Ryy ∈  and  

( ) 1,;, 212121
2

=∫ dydyxxyy
R

ρ , if we change the variables 
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with the Jacobian 
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For 121 == rr , the central moment of the random vector ( )21,YY  become  
 

( )( )[ ] ( )( ) ( ) 21212122111,020,111,1
2

1
,;, dydyxxyyxyxyYYE

R
∫ −−=−−= ρννµ  

By using the formula (6) we get  
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According to the relation (7) we have  
( )
( )∫ ∫
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For 21 ρρ −=− tvu  we get 
(8) 211,1 σρσµ =  

We observe that the parameter ρ  is the corelation  coefficient of random variables 1Y  
and 2Y . 
For the ordinary moment of order (1,1) we have  
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and using relation (7) results 

( )( ) ( )
( ) dudvvuvxvxu

R 











−
−

−−++
−

= ∫ 2

22

221121,1 122
exp

12

1

2 ρ
ρ

σσ
ρπ

ν . 



ACTA UNIVERSITATIS APULENSIS 
 
 
 
 

 
20 

 
 
 

If  21 ρρ −=− tvu  we get  
 
 
(9) 21211,1 xx+= σρσν . 

3. We should remark that in the special case 0=ρ  results 01,1 =µ  and the random 
variables  1Y  and 2Y  are independent. 

 In this case ( 0=ρ ) for 121 == rr , the ordinary moment of the random 
vector ( )21,YY  become 
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and using relation (7) we have 
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Analogous we have 
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and using the relation (7) we get 

(11) ( )2
21

2
2

2
12,2 σσσσµ ==  

It should be noticed that for 1r  or 2r  being a non-negative impare integer we have 
012,12 =++ kkµ  where *

2
*

1 , NkNk ∈∈  we get recurrence formula for the central 
moments  

(12) ( )( ) 2,2
2
2

2
121, 2121

11 −−−−= rrrr rr µσσµ  

For the special case *
21 ,2 Nkkrr ∈==  we have  

(13) ( ) ( ) ( ) *2
21

2222
2,2 ,13...3212 Nkkk k

kk ∈⋅⋅⋅⋅−−= σσµ  
 
4. If , we know the probability density of random variables 21, YY  and ( )21,YY  we 
can write the conditional random variables 21 yY  and 12 yY  with the probability 
density 
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and 
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where ( )11; xyρ  is the probability density of random variable 1Y  
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and ( )22 ; xyρ  is the probability density of random variable 2Y  
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We find that  
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It should be noticed that the regresion between the random variables 1Y  and 2Y  for 
the two-dimensional random vector ( )21,YYY = it is a liniary function. 
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