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ON THE MOMENTS OF NORMAL PROBABILITY DISTRIBUTION

by
Lucia Cabulea

Abstract: In this paper the author present a method for finding an explicit expression of the
h . . . o

(I’l N )“ moments of the two-dimensional random vector having the normal distribution. Also

is establish the recurrence relation (12) for the central moments of the order (I’l ,}’2) of the

random vector (Y1 .Y, ) .

1.Consider a two-dimensional random vector Y=(Y,,Y,), and let be
F(yl , Vo X1 Xy ), the probability distribution of (YI,YZ), where (y1 , y2) is any point
of the Euclidian space R* and (xl , xz) is a real two-dimensional parameter, varying in
a parameter space (2, , which is a subset of R”.

Let f=f (J’w yz) be a real-valued function defined and bounded on R’
such that the mean value of the random variable f(Y;,Y,) exists.

As is well known, this mean value can be expressed by the improper Stieltjes
integral of (y1 , yz) with respect to F(y1 s Va3 Xys X, ) .

M E[f(.1)]= _[f()ﬁayz)dF(ylayz;xlaxz)
RZ
Assuming that the random vector (Yl , Y 2) is of continuous type, having probability
densities p(y1 5 Va3 Xyy Xy ) , then we have

Y1V

F(J’nyz;xnxz): J jp(ulﬁuZ;xl’XZﬁulduz

—00—00

and the mean value by (1) is
) E[f(Yl’Yz)]z J.f(ylayz)p()ﬁ,J/z;xl»xz)dyldyz

R 2
Considering that

f(ynyz) = ()’1 —q )rl (J’z _az)rz
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where 7,7, € N and (yl, yz) € R*, we have the moment of order (rl, rz), of the
point (a1 , az) define if it exists- such the mean value of vectors
fh) =0 - a) (Y, -a,)?
(3) v, (@r.0,) = E|(Y, —a, )" (1, —a,)? .
For (a,,a,)=(0,0), we have the ordinary moment of order (r,r,) of the random
Vector( Y. )

(4) Vll 7, (O’O) = Vrl,r2 = ElYIrI YZr2

If viy=E (v;) and Vo, =E (¥,) we can write expression for the central moment of the

order (r1 7 ) of the random vector (Yl , }’2)

) u,,, = E[(Y1 - Vl,o)r1 (Yz ~ Vo, )’2 J

2. Let us assume that random variables Y,,Y, are not independent and the two-

dimensional random vector Y having the normal distribution with the probability
density

1

p(ylayz;xlsx2): >
2rno,0,41-p

- expd — 1 (yl_xljz_2p(y1_x1)(y2_xz)+(b_xzjz

2(1 - pz) o, 0,0, o,

where x,,x, e R, 0, >0,0, >0,p € [—1,1],and (yl,yz)e R*.

(6)

It is easy to see that p(yl, Vai Xy, xz) >0, (y1 , yz) € R? and
j p(yl Vo3 X1, Xy )dyldy2 =1, if we change the variables
2

(7) {yl =uo; +x
Yy, =Uo, +Xx,

with the Jacobian
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M W

Dbi.y:) _|ou ov
Dlu,v) |2 Dy
ou  Ov

For r, = r, = 1, the central moment of the random vector (¥,Y,) become

=00, >0

Mg = E[(Yl - VI,OXYZ - Vo,l)]= J‘(Jﬁ - xl)()’2 _xz)p()ﬁayz;xlaxz)dyldh
RZ

By using the formula (6) we get

2
1 1 Y~
Hiy = = [y, =% Ny, —x, )expi - ( j—
11 ool p 1 TN T X 2(1—,02) -
2
_2p(y1_xl)(yz_xz)+[yz_sz } dy,dy,
0,

0,0,

According to the relation (7) we have
y2 (-
9% Ive 2 J.ue 2h-p ]du dv

272'\'1 - R
For u— pv =ty1- p* we get
() wy, = poyo,
We observe that the parameter p is the corelation coefficient of random variables Y,

and Y, .
For the ordinary moment of order (1,1) we have
1

Vig =

270,0,+/1- p’
2 2
1 Yy =X =X \y, —x V, —X
[ ¥y, expy - Al T —2/3( =, 2)+ 2| | rdydy,
R? 2(1—,0 ) o, 0,0, o,

and using relation (7) results

v ( - ov)z
+ + - _ dudv -
1 };[ uo, + x )(vo-2 X, )exp{ —(—)1 oY |du
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If u—pv=_tyl—p> we get

9) viy = poo, +x,X,.
3. We should remark that in the special case p =0 results z,; =0 and the random
variables Y, and Y, are independent.
In this case (o = 0) for , = r, =1, the ordinary moment of the random
vector (Y;,7,) become

1

2700,

Vi =E[Y1Y2]= _[ylyz exXp

RZ

20, 20,

{_ (yl _x1)2 _ (yz —x2)2

:ldy 14y,
and using relation (7) we have

u? v?

1 -
10) v,, =5 _[(”01 +x, \vo, +x, ) 2 % dudv=xx,-
RZ
Analogous we have

s, = 1 J‘(y —x)z(y —x )zexp_(%_xl)z_(h_xz)z
2 2700, b 2 2012 20‘22

dy,dy,

and using the relation (7) we get
(11) Hop = 0'120'5 = (0'152 )2
It should be noticed that for 7; or r, being a non-negative impare integer we have

g iiok =0 where ke N *,k2 e N we get recurrence formula for the central

moments

A2 p, ., = (”1 _1)(’”2 _l)o'lzo'zzﬂrl ~2,r, -2
For the special case 7, =, = 2k,k € N* we have
(13) fyy o = 2k =17 (2k=3)-...-3° -1 (070, ke N

4. If , we know the probability density of random variables Y, Y, and (Yl, Yz) we
can write the conditional random variables Yl| v, and Y, | y, with the probability

density
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p(y1|y2)=p(yl’y2_;xl’x2)=
p(yzaxz)
(19) 1 1 Yy —Xx YV, —X ?
1~ % 2 X
= exp| — —-p
\/Eol 1-p? { 2(_,02)( o O3 j]
and

): p()"la)"29x1:x2)

p(y2|yl P(Y1§x1)

(15)

2

1 1 Yo =X, yl_le

= exp| — —-p
V27mo,\1-p° { 2(1_/72)( 0, O

where ,o(y1 ; xl) is the probability density of random variable Y,

2
1 exp| - (J’1 _3251)
\/EO‘I 20,

(16) p(y;;x,) =

and p(y2 ; xz) is the probability density of random variable Y,

2
205

(17) plyy;x,) = \/—1

2ro
We find that

(18) E(1] )= [ »p0n [ Hy = x, + p%(yz )
? 2

and

(19) E(Y2|y1)= Iyzp(y2|y1 )dJ’2 =X +p%(y1 _xl)
R

1

It should be noticed that the regresion between the random variables Y, and Y, for

the two-dimensional random vector ¥ = (¥,, Y, )it is a liniary function.
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