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SOME KUMMER-TYPE CONVERGENCE CRITERIA

Daniel Breaz, Nicoleta Breaz

Abstract. Positive terms series are an important part of the mathematical analysis. The
study of the convergence of series of this interested many mathematicians, these type
of in particular convergent series having many applications in various domains. In this
paper we present some convergence criteria based on the Kummer convergence
criterion.
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Definition 1. A series Zan is called a positive terms series if @, is a positive for
n=1

every N=12,...,0.

Theorem 1.(Kummer). Let a;,a,,...,a,,... be a sequence of positive numbers. If

thereisafixed k > 0 such that

un
a -a,,>k

n

u

n+1

for every n, then the series ZUH IS convergent.
n=1
If
u
a,——-a <k

n

u

n+1
n+l

-1 N
for every n and the series " isdivergent then also the series ) _ u, isdivergent.
n=1 “p n=1

Proof. In thefirst case we have

1
Up, < E(anun - an+lun+l)

hence

1
u, < E(alul - azuz)

1
U; < E(azuz - aeua)
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1
un+1 < E(anun - an+1un+1)
and
1 1
Sn+1 =U +U, +..+U ) < E(alul - an+lun+l)+ u <u +Ea1ul'

The sequence S, isconvergent sinceit isincreasing and upper bounded.
In the second case we have

au, —a, Up,, <0
or
1
an un+l P an+1 < un+1
a'n+1 l"In i un
a

Using the comparison criterion and the divergence of series

>

n=1 an

we obtain that the series Zun is divergent as well.
n=1

Remark.

1)In the application one calculates

. u
L'Lt.z(an . ] -

n+1

3)If 1 >0 theseries ) u, isconvergent.
n=1

b)If A <0 theseries ) u, isdivergent.
=1

2)If a, =1 we obtain the d' Alembert criterion.
3)If a, = n we obtain the Duhamel criterion.

Corrolary 1. Let us consider the sequence a, = n® where p € [01] and Zun isa
n=1

positive terms series. If thereisafixed k > O such that

N’ 2 (n+1)° >k
u

n+l

70



D. Breaz, N. Breaz-Some Kummer-type convergence criteria

then the series D _u, isconvergent.
n=1

If

then the series »_ u, is divergent.
n=1
The proof of this corollary is based on the proof on the previous theorem with the

sequence a, chosentobe a, =nP.

Remark.

DIf p =0 we obtain the d’ Alembert criterion.
2)If p=1 we obtain the Duhamel criterion we note that this corollary is a move
general form of Raabe-Duhamel criterion where can be obtained from if weset p =1.

Remark. In application one eval uates

Iim(np Yy —(n+1)"j=k.

nN—oo

3)If k> 0 theseries Y u, isconvergent.
n=1

b)If k <O theseries Y u, isdivergent.
n=1
Corollary 2. Let us consider the sequence
a,=Inn, n>0

suchthat a, > 0.

If 2un isa positive terms series and thereisa k > 0 such that
n=1

u o0
i)Inn( n j—ln(n+1)> k , then the series D U, is convergent.
u n=1

n+l

.. u In(n+1 .~ -
i)—-—< f - ),thentheserles Zun is divergent.
u nn n-1

n+1

Remark. If we evaluate
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. u .
[im—" sllmln(n+1):l
n—o un+1 n—» |nn

we abtain the divergence condition from the raport criterion.

Corollary 3. Let us consider the sequence

n

a =i2>0,‘v’ne N*.
n

If ZUH isa positive terms series and thereis a fixed k > O such that:
n=1

i)f

1 u 1
T e o K
n un+1 (n+1)
then the series ) U, isconvergent.
n=1
i)l
u, n’ .
< 5,vVne N™,
un+1 (n+1)

then the series ) _u, isdivergent.
n=1

Corollary 4. Let us consider the sequence

a, :1>O,Vne N*.
nl

If Zun isa positive terms series and thereis a fixed k > O such that:
n=1
iIf
1u, 1
nu,, (n+1)

n

then the series " u, is convergent.
n=1

ii)If

then the series »_ u, isdivergent.
n=1
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These convergence criteria can be used to investigate the convergence of some
positive terms series for which classical convergence criteria cannot be applied. Some
they are based on the Kummer criterion they can also be called Kummer-type criteria.
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