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by
Mihaela Puscas

Abstract. In [5] the authors gave the definition of the interpolating cubic spline of Hermite-
type in two variables: this is a polynomial of degree three in both variables and interpolates the

function values and the values of the following derivates D”', D"’ D' at the knots of a
given rectangular subdivision. We give two similar constructions but we use only the function
"% of the unknown function at the knots. WE

can prove similar estimates, but in order to compute the values of our spline function we need
fewer algebric operations .

In what follows we fix the region Q=[a,b]x[c,d] and a subdivision

values and the values of the derivates D', D

a=X,<X, <..<Xy=b,c=y, <y, <..<yy =dof Q. Let
Q5 =[x, X, %[y, Y] and hy =x;, =x;,1; =y, —y;.If uis a function defined

on €, then ugrj,s) = Dr’su(xi,y j) , where the differential operator D™* has the obvious

meaning.

2. We are to determine the spline function S of Hermite-type of two variables with the
following properties:

(1) On the rectangle Qi’ i we have
3

S Y) =S (%)= > AT (x=x)"(y-y,)"
a,p=0
a+p<4

(ii) At the knots we have

rs _ (9 —01 P ci—
D S(xi,yi)_ui,j ,r,s=0Lr+s<1,i=0,,...,N;j=0,...,M

The following theorem can be verified by an easy calculation.

Theorem 2.1. If Afj’z) =0,then there exists a unique spline function satisfying

conditions (i), (ii). The function S is continuous on Q.
By the substitution t =(x —X;)/h;,v=(y—y;)/]; we can express the spline

function S in the following form for (x,y) € €, |
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+ @, (OhU + D, (HhuY |+

(e EaN|

S, 06Y) = 1-W{®, )y, |+, (b

i+1,]

V{0, (OU, |, + @, (DU, 1, + O, ORUS + @, Rl |+ o)
+(1=viviMA-t)(u, ;,, —Uu; ; - | jui(,oj:lf)l +U(UL 0 — Ui — I i ui(-:-)l,jj?-%—l )]+

+(1=-v[-t) jui(,oj’l) = (U U )) +d Ui(fi,ll? = Uiy jr = Ui ) )

where

D, (t)=(1-1t)*(1+2t),D,(t) =t*(3-21t),D,(t) = t(1-t)*, D, (t) =—t*(1-1).
Using this form, in order to compute S(x,y) at the point (x,y) in Q;; we need 56
algebric operations: 34 additions and 22 multiplications.

Theorem 2.2. If u € C"' (Q), then
Ju(x,y)-S(x,y)| < %H@(Dl’ou) +%10)(D°’1u)
Further, if u e C**(Q), then

||u(x, y) —S(X, y)” < éﬁzm(Dz’ou) + Lizm(DO’zu)

33

Proof. First we suppose that ue C"'(Q) and let (x,y)€ ;. Using the theorem for
the interpolating cubic splines of Hermite-type in one variable, we have:

3- ..
0105, + s (0, + DO + @y ORUL —uCx,y, ) <hoD ) (p=jj+])

i+l,p i+l,p

By fixing the first variable and applying the Lagrange theorem in the second variable,
for the third term of (2.1.) we obtain:

(A== D™ u(x;,m) = u%) + 1D ux,, ) —ul%h ]+

+ A== =D™ux, )+t ~D™ulx,,, )}

i,j i+l,j

where ﬁ,; €(¥;¥;.1) - Hence, using this and the form (2.1.), we have:
3—
JuCx,y) =S,y < ho(D ) +[(1 = V)u(x, ;) ~u(x, )]+ VU, y,) -y +

3- 1-
+(1- V)Vlj(D(DO’lu) < ghco(Dl’Ou) + El(o(DO’lu)
In the case ue C>*(Q) we fix one variable of the function u and apply the Taylor
formula of the second order and the estimation

Hq)l (Hu;, + D, (Huy,, + (D3(t)hiui(,1];0) + (D4(t)hiui(41-’l(?1)) —-u(x,y, )” S éﬁzm(Dz,ou)
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By the Taylor formula and the continuity of D%, we can express the third term of
(2.1.) in the form:

~

—%(I—V)Vﬁ 0= u(x, 7)+HDu(x,, D]+ 1-)[A-OD (e, 1) +D u(x,, m)]}=

—— (= TUED HI-VDED = (VD uE
where (€,0) €Q, ;.

By these considerations we have:

uxy)-S (xy slﬁzw D*u )+
>] 32

+|(1- v)[u(x, Y, )— u(x, y)]+ v[u(x, Yin )— u(x, y)]—%(l —VM ;D" u(&,¢ )<
2 \/g 2

- 3%62 w(DMu)%(l Mi+v) 00" u)< 3%5 o(D*u)+ 21 o(D?u).
which proves our statement .

3. We are to determine the spline function S of Hermite-type of two variables with the
following properties:
(i) On the rectangle Q;; we have:

2

S(x,y)=S,;(x,y) = 2 AP (x—x)*(y-y))"
o,p=0
a+B<3

(ii”) At the knots we have (1 =0,...,N; j=0,...,M)
Si,j (Xp,yq) = up,q

1,0 _ ,(L0)
D Si,j(xisyq) =u

iq
DS, ;(xp,y)) =uy}
where p =1, 1+1 ; q =], j*1.
The following theorem can be verified by an easy calculation .
Theorem 3.1. There exists a unique spline function S with the properties (i’), (ii’) and

1t is continuous on Q.

By the substitution t = (X_ X‘% ,V= (y_ y% we can express the spline function S
j

in the following form for (x,y) €€} ;:
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$,j ()g )’):(I_V) “,j +t[hl‘fl?0) +t(l'|+l j _L' )] Lfl 0))] }H/{q Lj+H +t[hl“ J+l
+t( q+Lj+l _q,j+1 _h ]]?r)l)] }"_(1 M Lfm) -y j+ +q )(l_t)+(l Lﬁl] q+l]+l l'l+1j)t} . (31)

In order to compute the value S(x,y) = Sij (X,y) at the print (x,y) € Qi; we need 16
multiplications and 21 additions.

Lemma 3.1. Let f be differentiable on [a,b], and let for x €[x,,X,,,].

S;(x) = F(x;)+1'(x;)(x ~ X)+hl[f(xl+1) £(x;) = f'(x)h; I(x = %)’

1

If f eC'[a,b], then |f(x)—S,(x)|<—Fw(f')

33

If f eC’[a,b], then |f(x) s(x)|<—0h o(f").

Proof. By the substitution t =" X‘/, f, = f )(i ), f =f (XI) we have
R(x)=S,(x)—f(x)=f (1-t*)+f_ t* +hf (t—t*)—f(x).

For f € C'[a,b] the Lagrange theorem for the interval [X,,x.,,] gives:

R(x) =—f'(€)h;t1— ) + (€, (1- " + hfit(1—t) =ht1 - O[-f' (€ )A+ ) +
+(£'(E)t+ )] = hit(1 - A+ OIf' ) - ' ()],

where §,&,,€ € (x;,X,,,;). Hence we have

i+l

S (0 - (| <htd-t)1+t)w, (f)<h a)(f)<h—a)(f)

ﬁ 343

For f e C*[a,b] we substitute the values f,, ., f, from the Taylor formula at the

io Vitlo Vi

point X =X, +th, and get
R(x)= [ (-0 v =x, )= th Jr(v)dv+ [ 2 ., ~ V) (v)dv
In both integrals we let T=(v—x,)/h;. Then

- hf[ [, + o, e+ [ (L) Hhi)dt],

where ‘¥, (t,r)z (1— t)[(l +t) —t], \Pz(t,r)z t2(1 - ’E).
The function ‘¥, (t,r) changes sign only at the point T= T = t/ (l + t)e [O,t], hence
by applying the Mean Value Theorem on the intervals [O, T ], [T* ,t] we have:
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[t s e =g -

e

where &, € [)(i ) Xy 1 The function ‘¥, (t,r) does not change sign for 1 € [t,l]; hence

.[1 " o ALt
t W, (t,7)f"(x +h )dr = f (;)T where  (e[x,%,,] By these

considerations we have:

)=t L t{( -t -

1+t

}: i L [#(7)- ()}

2(1+t)
_ 4
where ne[xi,xi+1], and we have used that Sgntz(l—t):sgn lt .

+

,andf" is
continuous.Finally,
IR(x) < h? 55 - “\ £(n)- (7] <0.046h°w, (7)<

proved.
Theorem 3.2.If u € C"'(Q), then

46

—Fla)(f") and lemma is
1000

2 - -
u(x,y) =S(x,y)| £ —=ha(D""u) + —lo(D**u)
[ucx.y <35 :
If ue C>*(Q), then

Ju(x, y) = S(x,y)| < 0,046 (D**u)+ %izm(Do’zu)

Proof. We suppose that u e C"'(Q). If we use the form (3.1.) of S, ;(x,y) and apply

the lemma 3.1. for u(x,y;) and u(x,yj:1) then we obtain for (x,y) e €.

S, (x.y)—u(x Y| <(1-v+v) 3‘\fhma)”u)ﬂa V) -u(xy) Fyuy;,) —uy)]+

+(l V)V‘(u1 j+l _u _l u(o 1))(1 t)—'_(uw-l ]+l i+l,] _] 1(311) )t‘
Applying the Lagrange theorem for the second and third term we get.
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S, 0y~ Uk y) s%ﬁwwuﬂ\—l,—(l—v)vD°~1u<x,77>+I,—v<1—v>D°’1u<x,77>\+

+(1—v)v'j\<D°"u<x,Z>—uff}”)a—t>+(D°’1u(m,o—ufff,‘}t :

<—_ hw(D"u)+

33

- 2 — 1_
+2v(1 - V)lo(D"'u) £ —= ho(D"’u) + = lw(D"'u),
(1-V)lx(D™u) 353 (D""u) 2 (D™u)

7_7:7_792’2 € [yj ’ yj+1]'

If u e C**(Q) then the above considerations give:

12 0 0,1 1 2 0,1
S, (xY)-ux Y <0046 D> U)+(1—V)+I ;DMu(x, y,-)—ilﬁ/D“’ ux7)+,D"uxu, ) -
1, 02 1, 02 Liovo o= 12 0
—§|j (1-v)D* u(>g77].+1)—§|j (1-t)D* u()g,ﬁ)—ahtlj)’ u(xﬂ =004 o(D*u)+

+(1=9V D ux ) -Dux, 1) S0,04(f12w(D°’2u)+:1‘ Fa(D'™),

where ;M ,ﬁ,ﬁ,n,T—] €[y;,¥;u], and our theorem is proved.
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