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ON THE BICUBIC SPLINE COLLOCATION METHOD FOR
POISSON’S EQUATIONS

by
Mihaela Puscas

Abstract. In this paper is presented a bicubic spline collocation method for the numerical
approximation of the solution of Dirichlet problem for the Poisson’s equation .The
approximating solution is efectivly determined in a bicubic Hermite spline functions space by
using a suitable basis constructed as a tensorial product of univariate spline spaces.

1. Introduction.

Let consider the Dirichlet problem for the Poisson’s equation on Q c R?
-Au=f in Q
(D
u=g on 0Q
where Q= ]O,I[X ]O,l[ and 0€) is the boundary of Q.

In engineering applications such a problem is of the most importance .In linear
elasticity , in this theory of thin plates as in the fluid mechanics , many phenomena
and processes are modeling with this equation .

Various methods have been developed for solving the Dirichlet problem (1)
numerically .A number of works using finite difference methods shows the efficiency
of such methods , but their order of accuracy are very low .( see[3] , [7] , [10] )
.Higher order accuracy can be achieved using finite element methods (see[3] , [7],
[11]) . There are many finite element approaches which use iterative methods , such
as [3], [4] .

In this paper we shall present a direct bicubic spline collocation method for
solving numerically the Dirichlet problem for the Poisson’s equations (1) .Such
methods have been developed in many papers in the last decades ( see [1] ,[2], [5],

(8], [12], [13],[14]).
2. Space of Her mite cubic splines
Let N be a pozitive integer and let A:0=t, <t <t,..<t =1 be a uniform
partition of [0,1] , such that t, =n- h ,n=0,1,...,N, where h=1/N is the stepsize .
Let S, be the space of Hermite cubic splines on [0,1], defined by
— 1 . —

S, :=peCol]:M, . eP,n=01.,N-1 2)

where P; denotes the set of polinomials of degree <3 and let define :

Sy ={veS,:v(0)=v(1)=0} (3)

n+l1
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G.Fairweather [2] constructed a useful bases for S, in the following manner . One
defines the functions V,,S, €S,,n=0,1,..,N , associated with the point t, as

follows :
Voltn)=0mn> Valty)=0, n,m=0,1,.,N

S, (t,)=0, s,(t,)=h",,, nm=0,1,..,N
where &, is Kronecher symbol .
To write explicit formulae for S, we define the functions :
a (t)=-2t> +3t%, a,(t)=t -t
and the linear mapping «, (t):z (t _t”% from the interval [tn,tml] onto [0,1] .

Then we construct the following functions :

o P

otherwise

- (t): {a1(OtN_1 (t)), te [tN_“tN]

0, otherwise

a (a’n—l (t))a te [tn—l’tn]’

1
Vn(t): al(l—ocn t)), te[tn,tn+l], n=1...,N-1

0, otherwise
and
—a (1-

So(t):z{o az( O‘o(t))’ te[tf)’tl]

, otherwise

_ az(aN—l(t))’ te[tN—PtN]

S\ (t) =10 .

, otherwise

az(an l(t))’ te[tn 1’ ]’
a2(1 a(t) te[t n+1] n=12,.,N-1

0, otherwise
By ordering V, and S, we get two sets of basis functions {®, }>""' and
{¥, },21’:\'(; ' for the spline space S, :

{(D CD]’ ’(DZN’CDZNH} {V Vl’ "VNI’Soasla"'asN}
{\P lIll’ 9\P2N9\P2N+1} {VoﬂsO’Vl’Slﬂ JVN9S }
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and two sets of basis functions for S
{@,,., D, }:= {vl,...,vNi ,so,sl,...,sN}
{\Pl""’TZN}: { l’sl’ N I’SN—I7SN}

Let S, ® S, be the space of Hermite bicubic splines on Q , that is , the set of all

functions on € which are finite linear combinations of the functions of the form
u(X)v(y) where uU,ve S, .Identically , we define the tensorial product space

S, ®S, on Q Since the dimension of S, is 2N, the dimension of § ® S is
4N°.
Let {fm }iﬂ the Gauss points in ]0,1[ given by :

3\/_ 3+\/§n
6 b

§2n+1 = tn §2n+2 =t n =0,1,..., N -1

and let G = {x y):x y e {ém e o)
be the set of the Gauss points in ) .

In is known that each ve Sr? is uniquely defined by its values at the Gauss

points {cfm };’21 . Therefore , in what follows , SS is regarded as a Hilbert space with
the inner product <-,-> defined by :

N
<u,v>::222u(§m)/(§m) , uve S (5)

3.Hermite bicubic spline collocation method .

First we consider the homogeneons Dirichlet problem for Poisson’s equation on € :
—Au=f in Q

(6)
u=0 on 0Q

where = ]O,I[X ]O,l[ and 0Q is the boundary of Q . Let {CDn}zN and {‘I—’n }2N

n=1 n=1
be the two bases for S/ above constructed . The piecewise Hermite bicubic spline

colocation approximation

le;u”cb (y)esSt®S! (7)

i=1 ]

to the solution u of (6) is obtained by requiring that :
~Au,(£)=1(¢) | ¢eG (8)
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where G is defined in (4) .
The existence and uniquenessof bicubic spline U,, is proved in [12] .
By introducing the vectors :

T
u:= [Ul’l sUppseees Upansees gy e Upy oy ]

and

f::[fl,l’ f1,2=-'-= f1,2N seees f2N,19'"9 f2N,2N ]T > fn,m = f(én’é:m)
the system (8) can be written as the system of linear equations
(A, ®B, +B, ® A, )u=f ©)
where the matrices A, and B, , respectively A, and B,, are defined by :

2N " 2N
A\‘D = (am,n )m,n=1 > a'm,n =-0 n (é:m) ’ BCD = (bm,n )m,n=1 > bm,n =0 n (é:m)
(10)
2N " 2N
AP = (am,n )m,nzl > am,n = _an (‘/:Zm) 4 B‘P = (bm,n )m,nzl 4 bm,n = ‘Pn (fm)
and in (9) ® denotes the matrix tensor product .
It follows from (10) and from construction of the bases of S°.® S, that A,

and B,, are 2N x 2N almost block diagonal matrices with the first and last 2x3 matrix
and the others 2x4 blocks in A,, and B,, given by :

h{ a, a, —a, a, }md[bl b, b, —bﬂ

—-a, —a; a, -—a, b, b, b, -b,

respectively, where: a1:2\/§ , a2=1+\/§ , a3=\/§—1 , bl:(9+4\/§%g
b2=(3+\/§%6,b3=(9_4\/§%3 | b4:(3_ﬁ%6

The first 2x3 block in each matrix is obtained by removing the first column from the
2x4 block of the corresponding matrix, and the last 2x3 block is obtained by removing
the third column from 2x4 block of the corresponding matrix.
Because of the special structure of the matrix By , there are at most four nonzero
elements in each its column, and therefore the system (9) can be solved effectively,
getting the approximating bicubic spline solution for the problem (6).

Now, we consider the nonhomogenous Dirichlet problem for the Poisson’s
equation on Q :

—Au=f in Q
(11)

u=g on 0Q
where g is a given function.
The bicubic spline approximating solution u, € Sg @)S?1 for (11) is defined in the

following way:
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2N+I2N+1

uh(X’Y): z zuichi(X)\Pj(Y) (12)

i=0 =0
where the bases {®;}*""" and {\Vj}ZN” of the spline space S%® S, are defined in the
previous section.

First we rewrite u, (X, y ) in the form

u, (x,y)=un (x,y)+ T, (x,y) (13)
where
2N 2N

Uh X y ZZuIJCD ) (14)

i=l j=1
corresponds to the bicubic spline collocation solution of the homogeneous Dirichlet

problem (6) and
N+ N4 2N
Gxy)= ZUO (X ZLENHJ N ‘Pj(y)—i-ZLLOCD, +Zu @ () (15)
i1

corresponds to the nonhomgeneous boundary condition in (11).

The coefficients of #i; in (15) can be determined independently therefore the existence
and uniqueness of the bicubic spline approximate solution to the nonhomogeneous
Dirichlet problem for Poisson’s equation (11) follows directly from that of the
homogeneous Dirichlet problem.

Following Bialecki and Cai [1] we present two approach to determine the coefficients
1ip in (15) which we refer to as the boundary coefficients of uy,.

In the first approach we approximate the boundary condition u=g using the Hermite
cubic spline interpolant of g on each side of 6C2. On the left and right hand sides of 0Q
we require :

(u, —g)0,t,)=0 , %(uh—g)(o,tn)zo , n=0,1..,N (16
(u, —g)1,t,)=0 , %(uh—g)(l,tn):o , n=0,1..,N (17)

}2N+1
0,j Jj=0

Substituting (12) in (16) and (17) for the coefficients {u of (15) corresponding

to the left hand side of 0CQ2 we obtain :
Ugn =8(0,t,) L Ugsny = h%(o,tn) , n=0,,...,N-1

0
:h—(O,tN) > UgoNt :g(o’tN)

0Q

Uoon

2
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}2N+1 of (15) corresponding to the right hand side of

and for the coefficients {uZN S

0Q, we have:

0
UoNti2n = g(latn) > Wonyionst = hgg(l’tn) , n=01..,N-1

0
UoniiaN =h£(l,tN) > UaNpiani = g(l,tN)

On the bottom an top sides of 0Q we require that
(u, —g)t,,0)=0 , n=1..,.N-1, %(un—g)(tn,O)=0, n=0,.,N

(u, —g)t,,1)=0 , n=1,.,.N-1, a—(uh—g)(tn,l)=0 , 1=0,.,N
X

Substituting (12) into above relations we obtain explicitly the coefficients {ui’o }fj

of

(15) corresponding to the bottom side of 0 :

u,,=g(t.,0), n=1.,N=1,uy,., =h‘2—g(tn,0) , n=0,.,N
’ ’ X
2N

and the coefficients {ui,2N+l }i=1

of (15) corresponding to the top side of 0Q) :
og
Uponn =8(t,1) =L N=1 jug, o, = ha—x(tn,l) ,n=0,..,N
In the second approach we approximate u=g on 0Q using the cubic spline interpolant
at the boundary Gauss points . Thus, on the left and right hand sides of 6Q, we require

(u, —£)0,0)=0 , (u, —g)0,&,)=0 ,m=1,..2N; (u,-g)0,1)=0
and

(U, ~9)10)=0, (u, ~g)L§,)=0, m=1..2N ; (u, ~g)L1)=0
respectively . By substituting (12) in the first above relation we obtain the following

relationships among the coefficients {uo’j }gﬂ of (15) corresponding to the left hand

side of 0Q :

2N+1

Upo = g(0=0) > zuo,jwj(am):g(oagm) ,m=1L. 2N 5w oy, zg((),l) (18)
=0

If we set:

Up: = (u0,0’u0,1 s Uo ans W aNs )T; Qo: = {g(O,O),g(O,FDI ),...,g(O,FnN )’g(o’l)}T
then (18) can be written as the (2N+2)x(2N+2) almost block linear system, of the form
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1
X X
X X
X X X X
X X X X Uo= Qo (19)

X X X X
X X X X

1 0
with the same 2x4 blocks. Thus the coefficients {uo,j }jj)“

can be obtained by solving

the system (19). By substituting (12) into the second above boundary relation, the
2N+1

coefficients {u ana1jf, Of (15) corresponding to the right hand side of 0€ can be

j:
obtained in a similar way.
On the bottom and top sides of 0Q we require :

(u, —£X0,0)=0 , (u, -g)&, 0)=0 , m=1...2N; (u, —g)1,0)=0
and

(u, —gX0.)=0, (u, —g)&,.1)=0, m=1..2N ; (u, — g)L1)=0
The first and last above equations give:

Uoo = g(0,0), Uit = g(l,O); Woona = g((),l); UoNst2N+l = g(L,D)

Using the reordering basis functions {CDi}izj as the basis functions {‘Pi }2N

i=1>

the

coefficients {ui’o }21\1] and {ui,ZN " }ZIY of (15) corresponding to the bottom and top sides

of 0Q can also be determined by solving a almost block diagonal system of the form
(19). Consequently, i, of (13) is determined.

Now we have only to obtain the coefficients of i, in (14).This can be done by
requiring that :

—Aui(8)=AT, (£)+£(E). £eG (20)

where the right hand side is known. The functions @i, can be obtained by employing
the same algorithm for solving the homogeneous Dirichlet problem (6).
Note that if g=0 , then, in both approaches, all of the coefficients in @i, are zero.. But if
g#0 , then, in general, the approximations obtained will be different.

Converting to the estimation of the error and converquence of the given
bicubic spline collocation method, Bielecki and Cai [1] have proved that, on
nonunifrm partitions, the H'-norm error bounds for the first and second approach are
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O(h’) provided that the exact solution u belongs to H’(Q) and H(Q)NC*(Q),
respectively.

Dillery [5] improved and extended these results.In particular, it was shown

that the H'-norm error bound for the second approach is O(h?) under the assumption
that ue H(Q), then the L*-norm of the error for each approach is O(h®).
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