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Introduction. The Yang-Baxter equation first appeared in theoretical physics. Afterwards, it
proved to be important also in knot theory, quantum groups, etc. Many authors gave classes of
solutions for the Yang-Baxter equation, but finding all solution in an arbitrary dimension
(n > 2) is an unsolved problem. For more details see [3] and [4]. For author's contribution in

the field see, for example, [6].

We present the set-theoretical Yang-Baxter equation in this paper.

In section 1, we give with the terminology. In section 2, we present a new construction of
solutions from boolean algebras. In section 3, we present solutions for the set-theoretical Yang-
Baxter equation from group actions on a set. The last section is about commentaries and
conclusions.

Preliminaries

LetS beaset. Let R: XS— S, R(u,v)=(u’,V') be a function.

In this paper we use the following notations:

R, : XS — XXS, R, (u,v,w)=(u",v,w)
R, : XXS - XXS, Ry, (u,v,w)=(u,v,w)
R, : XXS - XS, R, (u,v,w)=(U,v,w)

We will study the following equation:

R,oRy°R, =Ry;°R, Ry ©)
Problem 1. (hard) Find functions R: SXS — SXS, such that

i) R bijection (invertible).
ii) R verifies the equation (1)

Example. T: XS — XS, T(x,y)=(Y,X), is a solution for problem 1.
(We leave this as an exercise for high school students.)
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Problem 2.(very hard) Find all functions R: XS — &S, such that the conditions
i) and ii) from above (problem 1) are verified.

Remark 1.1 The equation (1) is called the Yang-Baxter equation by some authors (see
[3]); some other authors call it the braid equation (see [4]).
The following equation is called the quantum Yang-Baxter equation (QYBE):

R,°R;R;=R;°R;°R; )

Remark 1.2 The following equivalence holds:
R is a solution of (1) & ReT is a solution of (2)
(We leave the proof of this eguivalence as an exercise for high school students.)

Solutionsfor the set-theoretical Yang-Baxter equation from boolean algebras

In this section we present a new method to construct solutions for the set-theoretical
Yang-Baxter equation from boolean algebras.

Theorem 2.1. Let (A,\/,/\,O,l,') be a boolean algebra. Then
R(A, B) = (A\/ B,AA B)is a solution of the braid equation.

Pr oof:
R,(AB,C)=(AvB,AAB,C)

R, °R,(AB,C)=(AvB,(AAB)vC,(AAB)AC)

R,°Ry0 R12(A’ B’C):
=((AvB)v(AAB)vC,(AvB)A((AAB)vC),AABAC)=
=(AvBVvC,(AAB)v(AAC)V(BAC),AABAC)
R,(AB,C)=(ABvC,BAC)
R,°R,(AB,C)=(AvBvC,AA(BVC)BAC)=
=(AvBvC,(AAB)v(AAC),BAC)

R, R, R, (AB,C)=(AvBvC,(ArB)v(AAC)v(BAC),AABAC)

Remark 2.2. Let (A,v,/\,O,l,') be a boolean algebra. Then R(A, B) = (A’, B') is an
invertible solution of the braid equation. (We leave the proof for the reader.)

Solutionsfor the set-theoretical Yang-Baxter equation from group actionson a
set

Theorem 3.1 (from [5]) Let G be a group,
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£:GXG > G, (U,V)> YV left action
n:GxG - G, (U,V) > u"v right action
satisfying the following compatibility condition:
uv—(“vXu ) 3)
Then o : GXG — GXG, o u V ( VXU ) is a solution for (1).
Proof:

(v, W (€, w7 w)s (5( Iy, 07 Dy )),_>

z{g(é(u ) ( V)U[ ] ()ni'(ul,vl,wl)]

023

(v, W) (0w, 0 ) (g, )y )
o ,ZE(V)W not.
'j( g(u)g(v)w’é[u( )] [V’7(W) l u”(i(v)w)zy(v’l(w))J :t (Uz Vy, W, )

We first check that U, = U, :
R e ) W (M WO N LV
We can prove in a similar way that W, =W, .

Let us observe that the condition (3) implies U,V,W, = U,V, W, It follows that
v, =V,.

So, 0 : GXG — GXG, O'(U,V) = (‘“’E(U)V,u”(v))is a solution for (1).

o

Exercise.(for good students) Using the previous hypotheses prove that
0:GxG - GxG, o(u,v)= (f(u)v,u”(v)) is an invertible application and find its
inverse.

Remark 3.2 There exists a reciprocal of the previous theorem (see [5]): For a large
class of invertible solutions of (1) (i.e. nondegenerate solutions) there exists a group

G = G(S, o) and an embedding i : S— G such that o o (ixi)= (ixi)o o®.
Commentaries and Conclusions

P. Etingof, T. Schedler and A. Soloviev gave a complete classification of the
non-degenerate solutions for the set-theoretical Yang-Baxter equation (see [1])
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In the general case, we consider the vector space V instead of the set S The tensor

product V ®V replaces XS. R: XS — SXSis a linear application such that
R,°R; R, =Ry oR, R,

The problem of finding invertible solutions for (1) is much harder in this case.
The classification of all solutions was obtained only for the case dimV =2 (using
computer calculations).

In the general case, we can produce invertible solutions from quasitriangular
Hopf Algebras (there exist some similarities between this method and the construction
from section 2 of the current paper). A new method to construct solutions for (1) was
introduced in [6].

There are connections of the Yang-Baxter equation with the Inverse Scattering
Method and Tzitzeica Surfaces. (The transformations that generate the family of such
surfaces found by Tzitzeica in 1910 and their generalizations, are known in the
modern literature on integrable equations as Darboux or Bachlund transformations.
They are used to construct the soliton solutions starting from some trivial solutions of

the equation U,, =€" — e".) For more details see [2].
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