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by
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Abstract: In this article, using a combination of the necessary and sufficient conditions
for the almost regularity of an interpolation scheme, we will determine all plane uniform
Birkhoff schemes, when the set of interpolated nodes has N elements and the set of derivatives
we are interpolating withis A= {(0,0),(1,0)}.

For the same A we will determine all rectangular Birkhoff uniform interpolation
schemes (the set of nodes has rectangular shape) and we will take note of the fact that these
two results differ significantly.

Two criteria — normality condition and Pélya condition — are known to be used
when establishing the almost regularity (regularity) of a multidimensional polynomial
interpolation general scheme. Only one sufficient condition is known for the almost
regularity (regularity) of a multidimensional interpolation scheme and this applies for
a more restrictive domain, namely for the schemes of type Birkhoff.

Of course, for the interpolation schemes whose components are more and more
limited, the number of the necessary and sufficient conditions for regularity (almost
regularity) is increasing and these are more and more explicit. The two types of
interpolation schemes that we will present in this article also prove this aspect.

We will present two necessary and sufficient conditions for bidimensional
uniform Birkhoff schemes when the set that describes the derivatives

is A={(0,0),(1,0)}.
For the beginning we present the following notions:
1. The finite set L < IN? is inferior if R(U,V) c L for any (U,V) € L, where
Ru,v)={(i,j)eIN*:i<u,j<v}.
2. A set of nodes Z is (P,Q)- rectangular or simple rectangular (p and Q
are natural numbers), if it can be written in the form

Z={(x%,y;)):0<i<p0<j<q),
where X;, X;,...X, are pair-wise distinctive real numbers (similarly for Y, ¥, ...y, )-

3. The bivariate uniform Birkhoff interpolation scheme is the triplet (Z, S, A)
consisting of a set (of nodes)
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Z:{Z[ =(X,Y) € IRz}tn:l’

an inferior set Sc IN? and a subset A of S. The associated (uniform, bivariate)
Birkhoff interpolation problem consists in determining the polynomials

Pe PS={P e IR[x, y]: P(2) = Zaijxiyj,z: (X, Y) € IRZ},
(i,])eS
that satisfy the equations:

aa+ﬂ

ox“oy”

where C, ,(Z,) are arbitrary real constants.

(z)=C,4(2), (V). B e Az e Z,

Moreover, if Z is rectangular then we have the rectangular uniform Birkhoff
scheme.

4. An interpolation scheme (Z, S, A) is called normal if

Z|A =Sl

(where | Z |, | A| and | S| is the cardinality of the corresponding sets etc.). In case of
normality the determinant of the interpolated system exists and we denote it by
D(Z,S A).

5. The scheme (Z,S, A) is regular (singular) if D(Z,S, A) does not vanish
(does vanish) for any choice of the set Z of nodes and is almost regular if
D(Z,S, A) is not identical null.

6. The interpolation scheme (Z,S,A) satisfies the POlya condition if
|Z||Ar\ L| > |L| for any inferior set L — S.

7. The conditions (criteria) necessary for the almost regularity of a general
interpolation scheme (Z,S, A) are the normality condition and the Pdlya condition.

8. A sufficient condition for the almost regularity of a uniform Birkhoff
interpolation scheme is the following: if S admits a pavement (coverage) of unique
type {A A...,A} (A n times), then (Z, A'S) is almost regular (a restatement of the

results from [1]).
Next, we present the two promised necessary and sufficient conditions.

1. Proposition. We consider the uniform Birkhoff scheme (Z,S,A) with
A={(0,0),(1,0)} = S. Then (Z,S, A) is almost regular with respect to the sets Z
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of N nodesif and only if the following conditions are satisfied:
(i) |9=2nand
(i) S containsat most N elements on the axis Oy .

Proof: The condition that must be satisfied at (i), when the scheme (S, A) is
almost regular, results from the Podlya condition (6), applied to the inferior set
L = SN Oy. For the reverse implication we use (8) and we will show that S admits
a pavement of unique type with N copies of A. We use the induction after n. We
consider the shift A, which moves (1,0) in (3,0) and the origin in (2,0). Thus A, is
the shift relative to A which moves A “minimal” to the right. Then we consider the
shift A, relative to AU A, (A) which moves A minimal to the right (thus it moves

(1,0) in (5,0) and the origin in (4,0)). We continue in this mode, and when the first line
of S is covered, we move to the next line that we fill in the same manner, i.e. from
left to right. In this way we cover S with copies of A by the obvious “method” from
left to right, line by line. If this process does not block up, this provides us a unique
type pavement of S, with copies of A, and the proof is ended without even using the
hypothesis of induction. On the other hand, the process can block up only because the
points on the axis Oy can be covered moving the origin ((1,0) € A, can bot be

moved back toward left). In other words, when the process stops, the only points of S
which have not been covered are on the axis Oy (and such points exist). Thus, in this

case, if [ is the biggest number with the property that (0, f) € S, then (1, 5) ¢ S.

In this case we start everything from the beginning. We consider the shift A, which
moves A maximal upwards and then, maximal to the right (in S). Then
(0, 8) € A(A) and we can see that S\ A(A) is a new inferior set which has 2(n—1)

elements and which has one element less than S on the axis Oy, i.e. at most
N=(N—-1)+1 elements. Using the induction hypothesis, we find a pavement of the
set S\VA(A) with n—1 copies of A, and this fact, together with A gives us the
desired pavement of the set S.

2. Proposition. We consider the set of nodes (p, () rectangular
Z={(X,y;):0<i<p0<j<q;.
If S isaninferior set, then (Z,S, A) isregular if and only if
S=R(2p+10).
Moreover, in this case, the solutions P e P of the interpolation equations
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P(X,Y;)=¢C;
oP .
&(Xiﬂyj)zci,j
(where 0<i<p,0<j<q,andc ,C\ ;IR arearbitrary constants) will be given
by
P(X,y) = Zci,j(Pi (X)9;(y) +Z[C'i,j =" (X)C ; J(X=X%), (X)¢; (Y),
i,] 1)
where
(X= %)% (X=X )2 (X=X ) (X = X))
(% _XO)Z'“(Xi _Xi—l)z(xi —XM)Z....(Xi _Xp)2 ’
¢j (y) _ (y_ yo)---(y_ yi—l)(y_ yi+1)""(y_ yp) .
(yi - yO)"'(yi - yi—l)(yi - yi+1)-...(yi - yp)

@;(X) =

Proof: We suppose first that (Z, S, A) is regular and we define
a, =max{aeIN:(a0)e S}, b, =max{beIN:(0,b)e S}.
First, it is clear that S < R(a,,b,) . Using the normality condition |S| = |Z||A4,
we deduce that

2(p+)(q+1)<(a, +1)(b, +1). (1)
On the other hand, we will show that
a, <2p+1. (2)

We suppose the contrary, ie. &, =2P+1. Then a non null polynomial
P e R X] of degree @, exists such that
P(x)=0
{P'(Xi )=0
forany 0<i<p,0<j<q}.

Indeed, this is a linear system (the unknowns are the coefficients of P) In
which the number of the unknowns (@, +1) is strictly bigger than the number of the

equations (2(P+1)). Thus such P exists. It is clear that P € Py, and this contradicts
the regularity of the scheme (Z,S, A).
It results analogously that

b, <. 3)

Combining (1) (2) and (3), we see that the above inequalities, as well as the
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inclusion Sc R(a,,b,), become equalities. Thus S=R(a,,b,),a, =2p+1 and
b, =q.

For the reciprocity is sufficient to check that the polynomial from the statement
satisfies the interpolation conditions. Because of the symmetry, it is sufficient to check

the equations in the node (X, Y,). We have:
¢i (Xa) = {

0,dacaa #i,
1, daca a =i,

P'(X,)=0,if g #i
In particular, the polynomials (X— X )@, (X) and (X—X;)¢', (X) vanish for
any X € {Xy,..., X, } . We deduce that, forany 0 <o < p,0< S <q},

P(Xa’yﬂ) = ZCi,j(Di(Xa)@ (Yﬁ) =Cop >

%P(xa, V) = 36,0 ()6, (y,) +S[C, 0 (X)C 1, (%), (¥,) =
i]j ij

= Ca,ﬂ¢'a (Xa) + (C'a,ﬂ _¢'a (Xa )Ca,ﬂ) = C'a,ﬁ N
g.ed. O

3. Remark. The difference between the generic case and the rectangular case is clear.
We consider for example

p=q=1,
so we have N=4 nodes. In the first case (the generic one) S(Z, A) =10, and in the
second case (the rectangular one) S(Z,A) =1, where by S(Z,A) we denoted the
number of the inferior sets S for which (Z,S, A) is almost regular.
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