ACTA UNIVERSITATISAPULENSIS

APPROXIMATION PROPERTIES OF A STANCU
S-VARIATE OPERATOR OF BETA TYPE

by
Lucia A. Cabulea and Mihaela Todea

Abstract: In this paper the main result consist in introducing and investigating the

approximation properties of a new beta operator of a second kind Sn n S

which is an integral linear positive operator reproducing the linear functlons. Then we have
estimations of the orders of approximation, by using the modulus of continuity of first and
second orders.

1. INTRODUCTION (1]
In his recent paper [18], Professor D. D. Stancu has introduced a
new beta operator of second kind S, defined by the following formula:

nx—l

o (Sf)x= D ——=[f(t) o t)”“”*l ——dt,(xe (0,)),

0

wheref € M[0,00) and n isanatural number > 2.

Here M[0,0) denotes the space of bounded and locally integral functions on
[0,00). Actudly, S, is applicable to functions of polynomial growth if we restrict
ourselvesto n > ng with ng € N sufficiently great.

The operator (1) is constructed, roughly speaking, by applying a beta second
kind transform

tP

[ o) —=7 Ly O EMI0)),

T
pad = B(p q) -

to the Baskakov operator

k k
@  B.(f,x)= z{”*k 1jx_f(%j (x € (0,))

(L+x)™*

and then choosing p=nx and g=n+1.
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S, is a positive linear operator reproducing the linear functions. It is
mentioned in [18] that S, is distinct from the other beta-type operators considered
earlier in the papers[10], [19], [8] and [2].

Furthermore, Professor D. D. Stancu has given estimations for the order of
approximation by using the moduli of continuity of first and second orders. He has
also established an asymptotic formula of Voronovskaja-type

x(1+ X) £

@ limn((S, (- () = (%

for al f € M[0,00) admitting a bounded derivative of second order at x
(x >0).

2. THE BETA SECOND-KIND S-VARIATE

250010
TRANSFORM Tpl,p:,...,ps

Let us denote by M([0,00)x[0,0)x...x[0,00)) the linear space
of functions g(ty, to, ..., ts), defined for t; > 0, i > 0, bounded and L ebesque measurable
inlyxlx...xls, where |s=[0,00).

We shall define a linear transform by using the beta s-variate distribution of
second kind, with the positive parameters py, pa,..., Pps and di, Qz,..., 0s Which has the
probability density

s t_pi_l
4 bt (1t 1) = ,
R HB(pi,qi)(lﬂi)pi“*

denoted the beta function. By u5| ng dlstrlbutl on (4) we can define the beta s-variate

second-kind transform T 2%, of afunction g € M([0,20)x[0,00)x...x[0,0)), by

(5) TCh 125 0s g —

Prs P2y
H f gty e, DR (8,1, t ) dt 0t =
_ s tipi—l
HB(p q)J- J. J- gt t- )detldtzmdts

such that T bt |g|<oo
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One observesthat T 21 isalinear positive functional.

We need to state and prove:
THEOREM 1. The moment of order (ry, ra,...,rs) (fy, ra,....,rs > 1) of the

(6) r1 Iy (p11q11 p21q2! ps1q ) quilgzz qser1 5,lg =
_ H p.(p +D..(p, +1; 1)
i=1 (Qi _1)(qi _2)---(Qi _ri)
Proof:
We have
. tp,+r -1 d
Thlehg = Lt =
plpz CRIPIES B(p| q)_[ J- ,[ H(1+t)p.+% 1 S

p+r-1
1:i

) H B( P, ) L (L+t)Pe o

If we make the change of integration variable y; =t/ (1+t;), we have t; = y; /
(1-y), dt; = (1-y)?dy; (i =1, 2, ...., s) and we obtain

2 rB(p +1,,G 1)
Tf-?lﬂ I;:Iz Sefl,l'z ..... Iy = .
i=1 B( pi ’ qi )

By using the relation

p(p+1..(p+r-1
(@-)(g-2)..(q-r)

B(p+r,g-r) = B(p.q)

we abtain the desired result (6).

3 THE FUNCTIONAL
Fonon, (P Gs Py O Pg, ) =T (B, f)

Now let us apply the transform (5) to the s-variant Baskakov
operator B, , ., defined by
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(Bnl,nz,...,ns f )(tlytz ,...,ts) =

@ = stk —1) te k, ki
" H[ k ](1+ti>ki f{_""’_]

Ki Ky ks =0 =1 i n n

We may state and prove
THEOREM 2. The T % transformof B, f canbe

expressed under the following form

(8) Fnlnz ..... (p1’q11p21q21 1psaqs) quqz ..... qS(Bnlnz,...,nsf):
Z On(n.+k. 1} p(p +D..(p + 1)qi(qi+1)...(qi+ni—1)f[k1 ks]

k (P +a)(p + G =D..(p +0 +1 +k =D n"" n

Proof:
We can write successively

© s (n +k -1 1
T %% % (B f)= ! ! - - .
PuoPer ( vl ) K, k;;k =01i_1[( ki JB(qui)

tp,+k A k k ks
a3

S
If we make the change of variabley; =t;/ (1+t),i =1,2,...,sin the integral

tPsdt,
(1_|_ ti ) pi+g i+

lni,ki (P, ) :J-:
we get

Ini,ki (pi 1Qi) = J‘:ysﬁwrl(l_ yi)ni+Qi_lin = B(ki TP+ qi) =
_ pi(pi +1)"'(pi + G _1)Qi (Qi +1)---(Qi +n _1)
(P +a)(P +0 —D..(p + 0 +n +k =)

B(p.q)

and we obtain the formula (8).
Now we can make the remark that if we select pj = x; / o, G = 1 o, | =
1,2,...,s where q; is a positive parameter, then formula (8) leads us to the parameter-
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dependent operator L<’”1 “f__’j;;“*, as a generalization of the Baskakov operator. By

using the factoria powers, with the step h; = -ai, it can be expressed under the
following compact form

v e s(n +k -1

e )= 371N
Ky Kp penrs k=0 =1

(1+ Xi )[ni+kiv_ai]

nl ’ n2 ns

4. THE BETA SECOND-KIND LINEAR POSITIVE OPERATOR

m+1,..,ng+1
Tnlx1 NgXg

Now we introduce a new beta second-kind s-variate
approximating operator. If in (5) we choose p; = nx; and g = n; + 1, then to any
function f eM([0,00)x[0,0)x...x[0,00)) we associate the linear positive operator

S defined by

Ny,Ny e N ?
(10)

(Symn f)(xl,xz,---,x) Trbenelf o

H 1+ B(n,x

u |’ +1)I I I Hmf(tl’tz’ S)dtldtzdt

This represents an extension to s-variables of the operator (1) of D. D. Stancu.
Because

(S o )W) = [ [ Bttty )., =1

and according to (6) we have
(Snl,nz ..... n. 0, 0)(X11X27'--: Xs) =X, (Snl,nz ..... n. €1, o)(xmxz’---' Xs) =X ey

(Snl,nz ..... n€0,0..., 1)(X1’X2--'-7Xs) = Xsand (Snl,nz ..... n 8., 1XX1-X27"-’X3) = X Xy X

For evaluating the corresponding orders of approximation, it is convenient to
make use of the modulus of continuity of f, defined by
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ol

@(f,8,,8,,..,0,) =sup{]f(xl,x2,...,xs)— f (X0 X5 ene)

‘xi -~ xi" <5,

i=1,2,....s where (XyXz....Xx) and (X,X,,.,X,) ae the points of

1 s
(0,00)x(0,00)%...x(0,00) and &;eRs, i =1,2,...,S.
By using a basic property of the modulus of continuity we can write

<

\f(xl,xz,---,xg—(snl,nz _____ o )06 %00 X,)

{1+Z S, (x —t)? |@(f;6,,...6,)

Because

S2(X) =S, (t —x )2 =X(X—+11) i=12,...5
i 1 n —_

we can state

if wetake O, = !
Jn -1
THEOREM 3. If f € C([0,00)x[0,00)x...x[0,00)), such that

Symn, (|f|;x1,x2,...,xs)<oo, then for any n; > , i = 1,2,...,s we have the following

inequality

|04 X000 X) = (S o YOG X X)| <

s 1 1 1
s(1+izl:1/xi(xi+1)]w(f,\/nl__l, " ns_J

A similar inequality can be obtained if we assume that the function f has a
bounded continuous derivativefor x, > 0,i =1,2,...,S.

According to the Bohman-Korovkin convergence criterion, we can deduce

COROLLARY 1. If f e M([0,0)x[0,00)x...x[0,00)) and is continuous at all
points of I1xIx...xlg (I; € [0,0), 1 =1,2,...,5), then Snl non f converges uniformly on

--------

I1xlx...xlsto the function f when ni—o, i = 1,2,...,S.
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