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A COMPARISON BETWEEN TWO INDICES
OBTAINED BY MDF

by
Nicoleta Breaz and Danidl Breaz

Abstract. A comparison between two indices obtained by FPM. It is well known that the price
index obtained by FPM (factors path method) depends on the path. In this paper, we consider
two particular paths namely the linear path and the exponential path. Then we make a
comparison between the two indices from an axiomatically theory point of view.

A dtatistical index can be understood either by the algorithm used for the calculation
of its values or by the related function proprieties.
For the index of integral variation of a variable z =z(¢) we have the formula

If” =% where j and k are two values of ¢. Unlike of this, for the index of the
z\J
factorial variation related to a variable z(¢) = f'(x,(¢),x,(¢),...,x, (¢)) it have been

propose more methods of calculus.
In this paper we focused on the factors path method (MDF).

Definition 1. The factorial index of avariable z = z(t) = f(x,(¢), x,(¢),...x, (¢)) with

respect to the x; factor, measured in time interval ( Js k) obtained by MDF method is

given by the formula:

4T exp fxi(xl,xz,...xn)
(P r) f(xl,xz,...xn)

where (P] Pk) represents the curve described by the factors evolution between the
points Pj(xl( 7)x, (7)), P.(x,(k)..x,(k)) from R" that is parameterized by the
equation x, = xl(t),...xn =X, (t)

Remark 2. The factorial index MDF depends on the factors path.

Remark 3. If we want to measure the variation with t (time, space or socio-
economical category) of avariablez, that isthe value of apanel with » goods

z<t>=gp,.<f>q,.<f>,

Iz/x,-

)
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p() = (po(0), po(1)ses 2, (1), 4 (2) = (91(6), G5 (1), 4, (¢)) then the factorial index
with respect to p is called the price index. Here p and ¢ are the prices and the
guantities vectors.

Definition 4. An index given by the formulas

14 =13 =HI’;5; @)
i=1
It =exp|, . : dp, = expf, = —dp, —expf Mdt 2)
E ’ Zp q; Zq,t
or
) z qi(t)p]’.(t)
I/ =exp|" ———dt 2"

lo
PAQIAG)
i=1
is called the MDF price index.
Remark 5. The curve which links the two situations of price-quantity P, P, isin

general parametrised with respect to parameter ¢ € [to, ] but it has an unknown
form.

Case of alinear path-definition of the linear MDF priceindex

In the particullar case of alinear path given by the par_ametrised equation
x,(¢)=x,(j)+t[x, (k)= x,(j)] = x,(j) + tAx,, i=Ln,t<[0]] the index from (1)
become:

14, =ep], A )’dt

For the calculation of a price index we use the parametrisation:

t)=p. ] \k)=pj))=p ] Ap. -

{p,(f) P+ e (k)= p, )= p. )+ i, withi=Tn 1 [01]
q,(0)= q;(j)+ tlg; (k)= ¢, (7)) = ¢,(j) + 1aq,

In 2n dimensional price-quantity space the situation can be represented as:
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C
P

p
Then the index from the definition 4 become:
Ilzf;; — eij [qi(j)_'_tAqi]Api dt 3)
S la, )+ taq, X p, () + t4p,)
i=1
or
> [a,(j)+tAq, (6)|Ap,
1) = expj L dt 3)

[q, Jj)+tAq,Jp,(j)+Ap,)

i=.

since dp, = Ap,dt .

Case of an exponential path-definition of the exponential MDF price index

After we use the parametrisation x, (¢) = x, (‘]{%} , telod] i= Ln, theindex
Xi\J
from definition 4 becomes
AT
1Y = exp'[
0

x, (k)
x, (/)
VAQ)

x, (k)

dt = ex

zlx;

L0k, ()x, (k) IngE
p£ 1) i

In case of the value of a panel v = Zpl.qi, we have the following representation in
i=1
2n dimensional price-quantity space:
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q A

With the equations

) Mt' -\ pl.(k)lnpi(k)
14 =exp Zl: (]) [qi ])] pi(]) (p(])] | [pi(j)jdt:
1 0 . ql'(k)'pi(k) t
240)r (’)'[qxj)-pi(j)]
. qz’(k)'pi(k) t n pi(k)
o2 G o v ., o
° . ql'(k)'pi(k) t
2,40) p"(’)'[q,.u»p,.(j)]
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qf<j>pi(j{qf(’f)'pf<".§]’m(pf(".)]

q,(j)- p,(J p,(j)

z (%) p.(k)Y

S0 0rn O 1)

i-1 qz’(])'pi(f)

Remark 6. Is obvioudly that the factors path is neither alinear nor an exponential one
except the particular cases. The real path is unknown. However, on small time
intervals we can suppose that the path is one of a linear or an exponential path. The
problem which arising here is which of these two path are more appropiate for the
calculus of a price index. We can partialy solve such a problem if we use the
axiomatical approach for an index. In this approach, the index has the following
definition:

Definition 7. Is caled the statistical index, a function f: D — R which maps an
economical object set D into the real number set R and which satisfies a system of
economically relevant conditions. The form of these conditions depends on the
information which one wants to obtain from the particular index. In 1911, I. Fisher
gave an axioms list suitable for a price index. Later, these axioms are grouped in
systems that satisfy natural requirements of independence and consistency. Thus, these
systems can be used as definitions for different types of price index. Here we work
with three systems of axioms that are used as comparison tool for the linear MDF
price index and the exponential MDF price index. Since the axioms (properties) are
desirable for a price index we call a better index that index which satisfies more
axioms.

Definition 8.A function P:RY™ - R, ,(¢'.p’.¢".p")—> P(¢’.p’.q" p")is
called apriceindex if P satisfies the following four properties (axioms): monotonicity,
proportionality, dimensionality and comensurability.

Then P(q’,p’,q", p") represents the value of price index on price-quantity
situation (¢/, p’,q", p").

Definition 9.(Eichhorn-Voeller’ s axioms system)(1978).

A function P:R” =R, ,(¢'.p’.q¢".p")—> P(¢’,p’,q", p")is called a price
index if P sdatisfies the next five properties:. monotonicity, dimensionality,
comensurability, identity and linear homogeneity.

Remark 10. In 1979 the definition given by Eichhorn and Voeller is modified in sense
that the proportionality substitutes the identity and is required a weak linear

homogeneity: P(¢’, p’,q’, Ap*) = AP(¢’,p’.q’ . p"), A €R,,

Definition 11. (Olt’s axioms system)(1995). A function
P:R" >R_ (¢, p'.q" . p") > P(¢’ . p’.q" p")is caled a price index if P
satisfies the following four properties (axioms):dimensionality, comensurability,

. 1
where 1)/ =expj.O

(5)
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simetry and the mean value test. Next we state these mentioned properties and other
that are necesary for our goal.
Proportionality axiom. The index equals the individua price relatives when they

agree with each other. P(q’,p’,q"*,Ap’) = 1.
Comensurability axiom. A change in the units of measurement of comodities (goods)
does not change the value of the function P.

qu 6],{ j ‘(If Qf k k i kK
P, A D A D ) =P(q’,p’q", p")wherel, eR.,
(ﬂ1 ;L”ﬂqpl a5 ﬂnﬂipl r.)=P4q’.p".q".p")
Time reversal test. When the two situations are interchanged, the price index yields
the reciprocal value.

1
P(¢*,p" 4"\ p)
Linear homogeneity. The value of the function P changes by the factors A if all
prices of the observed situation change A fold.

P(q’,p’.q",p") =

P(q’,p’.q" , 2p")=2P(q’ ,p’,q" . p"). AR,

M onotonicity. The function P 1S strictly increasing with respect to p* and strictly
decreasing with respect to p’

P(¢’,p’.q" p*) > P(¢’ . p’.q" , p").if, p" > p*

P(q’,p’.q" p*) < P(¢’ . p’.q", p").if,p’ > P’

Dimensionality. A dimensional change in the unit of currency in which al prices are
measured does not change the value of the function P.

P(q’,Ap’q" Apk) = P(q’,p’.q",p*), A€ R,
| dentity. The value of the function P €duals oneif al prices remain constant.
P(q’,p’q" p')=1
Mean value test. The value of the price index can be represented as a convex
combination of the smallest and the biggest price relative.

k k1 k k
min{&,_._'p_z} < P(q/’p/’qk’pk) < max{p_l"“. &}

pi P, pl " p!
or
. ) pk pk
Plg’, p’q", p*) =2 min{—"} +(1-2) max{—"}
e p!
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Simetry. The same permutation of the components of the four vectors does not change
the value of the index.

Pq’,p’ " . p")=P(@q . p'.q" . P").

P

. z
Theorem 12. The MDF price index /7 = expjpp ——dp on the linear path is a

zlp
ik Z
price index in sense of definition (8).
Pr oof:
We will proove that the index satisfies the monotonicity, the proportionality, the

dimensionality and the comensurability.
- . Qizqi(j)—l_t(Qi(k)_qi(j))
Let z= piQNZZZ(t)JE[]!k]!and{ . Ay
21: pi =p;(J)+t(p;(k)— p,()))
the  parametrisation  of the linear path between the points
P (q(7), p(N)), B (q(k), p(k)) .

. (j)+1tAq.]Ap,
Wege[ [zk//[ii :expj: - [qz(])+ qz] pl
2 (q;(j) +1Aq,)(p, () +1Ap,)

t€[0]]

dt

i=1
p . z [q;(J) +1tAq;]Ap,
klj _ klj _ =1
and 1}/ _HIZ,,; - exp| — ‘ . dt
- D (q,()) +1Aq,)(p. () +tAp,)

i=1
-dimensionality

15 @) Ap (), q (k). 2p(k)) = 15 (a (7). p(7), q k), p(K))

| D RO RA LY
14740, Ap () g k), Ap(K)) = exp [ ——— dt
° > (a,()) +18q,)(Ap, () +124p,)

i=1

>[4, (/) +1Ag,1ap, |
=expf - dt =11 (q()), p(1) k), p(k))
D 19, () +11q,1[p; (/) + tAp,]

i=1
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-proportionality

157, p() k), Ap(j)) = A

i[q () +18g,1p,()(A~1)

k// dt =
U )0 A7) = exp | o 3l ()80 10p,() 1, )]
-1 N ~
p01+ 0 1)dt expln[l+¢(1 -]/, =explni=1
-commensurability
lk’f(ql(f) ..... 9 b (). ﬂnpn(j),qlﬂ(l") ...... 8 ) ()1, (1) =

=1 "”(q(J) p(J) q(k) p(k)).

Zj[q[(j)+tAq[]/1[Ap,.
14](.)=exp[ dt =
Zl‘,/l [p,(j) +tAp,]- f[q ()) +1Aq,]
Z[q[ (J) +1Aq,1Ap,
—exp| —= t=157(q()), p()),q(k), p(k))
le[Pi (/) +tAp.11q; (J) +tAq, ]

-monotonicity

2 147(q0), p()q k), p(R)) > 15 (g (), p( ) g (K ), p(K'))
it 9())=9().p()=p( ),q(k) =q(k)and p(k)=> p(k')

0 147G, pG). g k), p(R)) < 147 (9 ), (G ), q (), p(k))

if q())=q().p()= p(j).qlk)=q(k)and p(k) = p(k)
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First we prove the part b) of the property

o 2la()+g]ap,
50 = exp.[ = dt
0

B Zn:(P,» (j ) +1hp; )q,()) +1Aq;)

i=1

Denoting

S [g, () + g, Iy,

i=1

F(p.(j)s p2(J)ses 2, () = —
2., () + 1w, Ja, (/) +8q,]

we obtain :
oF

—<0,Vi =1,_n,
op, (j)

foranyr €[0]].
From (py (/). P2 (/)seeer £, (1)) 2 (21(J )s P2 (G )i 2, (7)) FollOWs
(CXON ARG A (AN AR X)) E9 (CXTAN A CA N N () E

< S F((pa(G) () 2, ()
and now we apply the integrand with respect to ¢ and the exponential function and we

klj k'l
have I7,) <1/, .

a) According [1], the MDF index satisfies the time reversal test independently
of the path, so we have:

151 (q(), p().q(k), p(k)) = ! 1

i3 (q(k), p(k),a(), (7)) 71 1y (&), p(k),q(N ()

=157 (q() p(),q(k), p(K))
where we use the hypothesis p(k) > p(k') and the part b) of the monotonicity.

Theorem 13. The exponential MDF price index is a price index in sense of the
definition (8).

Proof:

The most part of these axioms are verified in [3]. Here we prove the monotonicity.

Let the function
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> la,()p, ()] .Y p, ()] n E"g
F(py()), P2 (f)seees 2, (1)) = — PiJ)
> la.(De. D g, () p, (0)]

i=1

We consider p,,i 25,

nk) _p,(k) . _ p,(K)

SOl <Pl (f)
() p.()) p.,(J)

without loss the generality. Moreover we make the assumption that

pn(@)gmin{pl(@l),pz(@) _____ pn({c)} @
p,() r(G) p.G)  p.(J)

For fixed p, (), p3());--» P, () , the function becomes a function of single variable
().

n

2la:(p. (] la. 0.0} 0:(la. D) la, B, ()] {(H)I n’ E’]‘; —1}

) =

[i[qi WO a0, (kﬂ

i[qi QARG AGIAG RGO M rAG) (k)]f[(l— t)lnf;f((’ﬂ

{i[q,- WO Lo 0, (k)]’}

Since the prices and the quantities at different moments are positive real numbersiif

{(1—t)|n EAQ) —1—(1—t)|npf(’f)} <0
p:()) p;(J)

1(/) <0.

From (6) the above inequality holds because

forany i =1,n then we have F,
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pi(K) _ po(k) pi(k) _ps(k)  pu(k) _ p, (k)
n() () () (DT () P ()

So thefunction £, ismonoton decreasing.

From the hypothesis we have p(j) > p(j ), and further p,(7) > p,(j)

0 it results 7 (py (/), P2 (/v P, (D)< (22 () P2 (o, ().
Now we fix p,(j ), ps(j)s-r p, (j) and prove that F is decreasing with

respect to p, (/)

Similarly if
pz(k') < p1(/i) , pz(k') < p[(k.) ,i=?,
r.(7)  p(G) p(J)  pi())

then we have

F,;<0.

But according to (6) and (7) the above relations hold.
Soif p,(j) = p,(j) wecanwrite

F(p,(7), (D2 D) < FpsG ), 22 G)sovespa D))< o), 22U ), G ()

We repeat this method and if p(7) > p(;j’) then results

F(pi(7), P2 (D) 2, (D) S F(pr ()12 Vv 2, ().

According to the properties of integrand and exponential function the second
part of monotonicity is proved. For the first part one can be repeat the proof for the
linear case.

Proposition 14. Any function P : Rff — R, that satisfies the proportionality and

++ 2

the monotonicity satisfies the mean val ue test, too.

Pr oof:
Let

a:mﬁm%)"m%?
()" P ()
and
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b mex {pl(k) o (k)}.
() ()

If the price index satisfies the proportionality then results
a= P(q(j), p()),q(k), ap(j)) ,and according to the monotonicity we have

a = P(q()), p(/).q(k),ap(/)) < P(q(j), p(j).q(k), p(k)) since
ap(j) < p(k).TheIast inequality means that

ap, () < p1(k),ap, () < p,(k).-...ap, () < p, (k) whichistrue since

p(k) . —
<22 VYi=1n.
o Tt

Similarly, we have b= P(q(j), p(j).q(k).bp(;)) < P(g(j). p(j).q(k), p(k)), s0
the mean value test is verified.

Corollary 15. The MDF price index both on the linear and the exponential path
satisfies the mean value test.

Remark 16. It can be proved that the MDF linear factorial index does not satisfy the
linear homogeneity.

Proposition 17. The MDF exponential price index satisfies the linear homogeneity.
Proof: P(¢(j). p()).q(k). Ap(k)) = AP(¢(}). p(}).q(k), p(K)) A € R...

Y a(pl )[q, (("))ﬂpz((k))j |n(ﬂp,((k))J
P(‘](J'),P(j),‘](k),ﬂp(k)):expj =1 J)p.(j p) ), _

: iq ), )(q,( ”’IWJ

Np.())
}JZC],(J)P,(J)((]’( )p‘(k)j [lnhlnp"(k.)]
exp I (Np.(j) p,(J) "

0 . q,(k)p; (k)
y; ;q,- (p; (J)( O (J)j
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[ samiferanies)
expf| In2+ e =2 dr=exp| Inddr- Fg()), (). q(k), p(k)

0 q; (k)pl (k)
Zl: e (])( 10)) (J)J

ZPq(j), p().q(k), plk))

Proposition 18. Any function f :Rff — R,,, that satisfies the proportionality
satisfies also the identity.

Pr oof:
Wehave P(q(j), p(/),q(k),Ap(j)) = 1.

P(q(j), p(),q(k), (/) = P(q(}), p()),q(k).1- p(})) =1.

Theorem 19.The MDF exponential price index is a price index in sense of definition

(9).
Proof: The theorem is a consequence of (17) and (18) and the theorem (13).

Remark 20. The MDF linear price index is not a price index by the definition (9)
since does not satisfy the linear homogeneity.

Proposition 21. The MDF price index both on linear and exponential index satisfy the
symmetry.

Proof: Thiswill results from the form of the two indices inside we have z .

i=1
Theorem 22.The MDF price index (linear or exponential) is a price index in sense of
the definition (11).

Proof: The theorem results since we have (12), (13), (15) and (21).

In conclusion, the MDF linear price index satisfies less axioms than the MDF
exponential price index. The first index satisfies just two of the three systems given
here. From the three filter definitions (axioms systems) point of view, the MDF
exponentia priceindex is more appropiate than MDF linear price index.
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