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Abstract: The formulas for calculating the trigonometric functions whose angle sum or
differences can be deduced from one another. However, we have to prove one of these
formulas. Considering this problem with multiple implications in trigonometry, we searched
for various methods of solving this formula and we searched for relations with different other
mathematics chapters (linear algebra, analysis in complex etc.). We searched for several proofs
for the initial formula, of which the method of the fictitious scalar product is an original one.

Proving the trigonometric functions of the angle sums and differences is
a problem starting from an initial formula, then the rest of the formulas
(including for double and triple angles and many other formulas) are deduced
from these. I give below a series of such proofs (the fictitious scalar product
method is original), considering that they make a connection between different
chapters of mathematics.

1. Geometric proof. We start from the following drawing:

Figure 1.
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OA=r =1
OP' = cos(B)
OP = OP' cos(a) = cos(B)cos(a)
OM = cos(a+p)
NP' = sin(p)
MP = NP' sin(a) = sin(p)sin(a)

but OM = OP - MP, results the formula

cos(a+p) = cos(a)cos(P) - sin(a)sin(P)

2. Using relations from analytical geomgtry
N
P
b
M - |
a
a-b
0(0,0) A(1,0)

Figure 2.
The points O, A, M, N and P have the following coordinates:

0 (0,0);

A (1,0);
M (cos(a), sin(a));
N (cos(b), sin(b));
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P (cos(a-b), sin(a-b)).
IMNJ* = (cos(a) - cos(b))* + (sin(a) - sin(b))* =
cos’(a) - 2cos(a)cos(b) + cos’(b) + sin’(a) - 2sin(a)sin(b) + sin’(b) =
2 - 2(cos(a)cos(b) + sin(a)sin(b))

|AP = (cos(a-b) - 1) + sin*(a-b) =
cosz(a-b) - 2cos(a-b) + 1 + sinz(a-b) =2 -2cos(a-b)

but |MN| = |AP|, results
cos(a-b) = cos(a)cos(b) + sin(a)sin(b)
3. Weuserelationsfrom vectorial analysis.
We start from the scalar product formula.
aeb= abcos(g.,B)

for the vectors i_, ] si E, the module of which is one, the scalar product

table is the following:

. i i k
: I 0 0
] 0 1 0
K |0 0 I
Table 1.
==/
cos(0°) = 1;
c0s(90°) = 0.

In plane we have the vectorial relations:
a= axi_ + ayT = (i_cos(a) + Tsin(a))x a;
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b=h,i +hb,] = (icos(8)+ jsin(8))xb.

Figure 3.
The angle between the vectors a and b is:

(5,5) =a-pf

aeb= abcos(a,B): abcos(a—ﬂ)

aeb = aficos(a)+ jsin(a))sblicos(8)+ jsin(B)) =
= abli ei cos(a)cos(B)+1 e jcos(a)sin()+ ] eisin(ar)cos(B)+ ] o ] sin(ar)sin(8)) =
= ab(cos(a)cos(/3) + sin(a sin(3))
results
cos(a — ) = cos(a)eos(f)+sin(a )sin(5)
4. Using a product created for this proof (which in this material we shall call

fictitious scalar product).
We introduce a new type of scalar product, for instance:

a®b = absin(a,b)
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We have the following properties:

i=[i]=1;
i®i= sin(OO)z 0;
J®7 =sin(0°)=0;
i® j =sin(-90°)=-1;
J®7 =sin(90°)=1

For the vectors i and T, the module of which is one, the scalar product
table is the following:

®

—_— | =
1
—_

i
j

Table 2.

According to the prior proof results:
a®b = absin(a - )
From the relations:

{5 = axi_+ ayT = (i_cos(a)+Tsin(a))a
b=b,i+ byT = (i_cos(ﬂ)+ Tsin(ﬂ)})

Results:

a®b= a(i_cos(a)+Tsin(a))® b(i_cos(ﬂ)+ jsin(p))=
= ab(T ®Tcos(a)cos(,6’)+ i® Tcos(a)sin(ﬂ)+ T ® Tsin(a)cos(ﬂ)+ T ® Tsin(a)sin(,é’)) =
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= ab(— cos(a)sin(ﬂ) + sin(a)cos(ﬂ))

From these relations results:
sin(a — 8) = —cos(a)sin( )+ sin(ar )cos(B) = sin(a )cos(8) - cos(a )sin(3)

There are also other methods to prove a trigonometric formula of a sum
or difference/differences of angles. For instance, it can be solved with the help
of Euler’s formulas:

e ™ = cos(x)—isin(x)

{eix = cos(x)+isin(x)
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