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INTEGRAL OPERATORSON THE TUCD(« )-CLASS

by
Daniel Breaz

Abstract. In this paper we present a few univalency conditions for various integral operators
on class TUCD(a). At first, we make a brief presentation of class TUCD(a) and of some of

its properties, as well as a number of matters connected to some integral operators studied on
this class.

Introduction.
Let U = {z : |z < 1|} be the unit disk, respectively the class of olomorphic

functions on the unit disk, denoted by
H(U),A: {feH(U):f(z):erazz2 +...}‘the class of the analytical
functions in the unit disk and the set

D ={¢: pisanalyticin U,¢(z) = 0,Vz € U,$(0) = 1}.

We consider the class of starlike functions of the order & on the unit
of"(2)
f(z)
class of the convex functions on the order a in unit disk, the univalent
functions with the property Rezj;,—((z))+1 >a . We denote these with § *(a)

z
and K(a), and for ¢ =0 we obtain the class of the starlike funcions S,
respectively the class of convex functions K .
We say that the function f with the form f(z)=z+a,z* +... belongs

to the class UCD(a), a >0, if

Re f'(Z)Z a|zf"(z], zeU. (1)
If fe UCD(a), then the following relation is true

disk, the univalent functions with the property Re > a , respectively, the

|f'(zx > a|zf"(z)|,z eU (2)

which can also be written as
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) ) 1 (3)
S
In [3] we studied the class of univalent functions of the form
f(z):z—Zakzk,ak >0. 4
k=2
We denote TUCD(c), the functions from UCD(«) of the form (4). Next we
consider all the functions from this paper of the form (4).

Theorem 1.1. [3] A function of the form (1) belongs to the class 7' UCD(a) if
and only if

> kll+alk-1)]-a, <1.
k=2

Remark 1.2. [3]
a) A function of the form (4) is starlike if and only if f e TUCD(0).
b) A function of the form (4) is convex if and only if f € TUCD(1).

¢) A function of the form (4) is convex by the order 1/2 if and only if
f eTUCD(2).

d) A function of the form (4) is uniform convex if and only if
f eTUCD(2).

e) A function feT UCD(a) if and only if f can be written as

Z):i/lkfk(z)a Q)

0 Zk
where //i’k ZO,kZ:;/Ik :1, fi(Z)=Z and fk(Z)zz—m,kZQ,,?)

9o

Theorem 1.3. [2] Let «,f,7,6 be real constants that satisfy the conditions

aZO,,B>0(a+5):(,B+;/)>O. Let p, be so that —11:—625/)0 <p<l
e

and we suppose that pe [po ,1] exists, so that 0< w(p), where

_ \2(p-DRep
w(p)= ! inf{H(z):|z| < 1} and H(z)= ; (1-2) .
Ref jzﬂ”‘l (1412207 R gy
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Let @ and ¢ € D satisfy the conditions:

5 +Re ZZ(’S) >Bo+y  (6)
and
ReZ#12) . pw(p) (7
#z)

1

F s

If 1(f)z)= [Mjf“(t)co(t)t‘g‘ldt} then I(5")c 57
zZ'P(2)

Theorem 14.[1] If 0<a <l,a < B andif f € S", then the function

1

Fz)= l:zﬂ‘li(&jadt:lﬁ — (8)

0 t
1s also an element of S*

Theorem 1.5.[1]] If « > 0,7 >0,y +7>0and if f € S*, then the function

1

F(z)= {Lw.z[f“ (t)t””‘ldt} R 9)
z 0

is starlike in U.
Theorem 1.6. [2] Let a,f,y,0and o real number which satisfy

0<a,0<p0<o and f+y=a+6>0 .Let p, defined in the theorem 1.3.
and we suppose that exists p e [po ,1] so that 5—% > [ +yand w(p)> 0

where w(p)Re p=1Inf {Re H (z): |z| < 1}. Let ¢eD  which satisfies
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Re 2@ _
#(z)
defined

<pw(p). If feS,geKthen I(f,g)eS", where I(f,g) is

1/.8)2)=| 5 ¢()jf g ar| . (10
Corollary 1.7. [1] Let 0<a,0<p0<o0, y>-p,f+y=a+6, and

§+5—E>y Let¢ € D which satisfies Re Z(()) <ﬂw( ) If f,g e K then

I(f,g)eS",where I(f,g) is defined in (10).
Main results

Theorem 2.1. Let £ and & complex number, £+ >0, € D .
If f e Ais of the form (4) and

&f'z), 24(2) , 4 1"
16 ey e D

while
L
&+0

kaﬁ@vmfodhawﬂ W

Then F (f)e TUCD(0).
Theorem 2.2. Let

]

i
F (/X { Py jf ‘“dt} " 13)

If& p,y,0eR, 20, >0, ﬂ+}/—§+5§1p0 verifies the relation
Rey
-———=p,<p<l 14
Re § Py =P (14)

and we suppose that exists p € [,0,,1] so that 0 < w(p), where w verifies the
relation

Re ﬂ%iz)) >w(p)-Re f = Inf{Re H(z)|z| <1}, (15)

where
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: Y.
Gz)=1,,(gNz)=| (B+7)=7" [’ (t) ﬂ‘dr} ,ged (16)
0
and
_ _Ylotrep
p()-—(1=2) .an
[/ (1 2P  ar
0
@ and ¢ € D satisfy the relations
5+re 2 E) s Bo+y (18)
ol(z)
and
z4/(2)
Re <pB-wlp (19)
#(2) 2

then F,(f)e TUCD(0).

Theorem 2.3. Let f(z)=z - Zakz

=2

lf feS = F(f)e TUCD(I), where

F (o)== My o
is the Alexander operator.

Proof.
We know that if feS = F3(f)e K . Considering the remark 1.2. b), we

obtain F,(f)e K < F,(f)eTUCD(1).
b) feS" = F,(f)eTUCD(0), where

Fy(f)z)= j S(e)d 21)

is the Libera operator.

Proof.
We know that if feS = F, (f)e S*. Considering the remark 1.2. a), we

obtain F,(f)e 8" < F,(f)e TUCD(0).
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¢)feS" = F,(f)eTUCD(0), where

RN = S (22)

y > —1 is the Bernardi operator.

Proof.
We know that if feS = F, (f)e S*. Considering the remark 1.2. a), we

obtain F(f)e S* < F,(f)e TUCD(0).
Theorem 2.4. Let

F(f)z) ﬂ }dt (23)

and 0<B <.
If feS" then F,(f)eTUCD(0).

Proof.
Considering the theorem 1.4, for f =1, = f we obtain f € S” = F, (f) esS".
According to the remark 1.2. a) we obtain F; ( f ) eT UCD(O) .
Theorem 2.5. Let
: Vb
F(f)z)= {ﬂ [r7()- r‘ldr} ,B>0. (24
0
If feS" then F,(f)eTUCD(0).

Pr oof.
Applying the theorem 1.5 for this integral operator for y =0,7=0,=a we

obtain feS*:>F7(f)eS*. But the remark 1.2, a) we obtain
F,(f)e TUCD(0).

Theorem 2.6. Let

F8<f)<z>=[ [
0

If f eS8 then F,(f)e TUCD(0).

Vb
} , 7.8 =123....(25)
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Proof.

We have feS = F, (f)e S”, according to the theorem 1.5. Applying the
remark 1.2, a), we obtain F; (f) € TUCD(O).

Theorem 2.7. Let

Fy(f.2)z) {ﬂwf{ } {gt(t)rt”ldtr.(z@

If feS", gek, then F,(f,g)e TUCD(0).

Proof.

In [2] we proved that if feS",ge K = F, (f,g) e S”. Applying the remark
1.2 a) we obtain F, (f,g) € TUCD(O).

Theorem 2.8. Let

s
Fio(f)z)= [ﬂ I jff “dr} , fed (27)

and the following cond1t10ns are satisfied:
o,be D,E,B,y,d the complex numbers with the properties,

B>0,6+5=B+y, Re(¢+58)>0, Re{zi)éz))+v} <0. (28)
Then F,,(f)e TUCD(0).
Pr oof.
If feA satisfies the conditions of this theorem then F,(f)e S", the result
proved in [2].
Applying the remark 1.2, a) we obtain Flo( f ) eT UCD(O) .

Theorem 2.9. Let £ si 0 complex number, £+ >0,9e D.
If f € Ais the form (4) and

&), 200, 5., ”
G e e

and
1

FL ()= €+ )] 7)1 -mﬂ” | a0)

0
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Then F,,(f)e TUCD(0).

Proof.
If f € A4 are the form (4) and verifies the conditions of the theorem 2.1, we

obtain F,(f)e S" < F,(f)e TUCD(0), also considering the remark 1.2, a).

Theorem 2.10. Let

/s

EZ(f)(Z):Lf.;(yz)j [E0)-9le)-e"ar g (31)

If £&,B8,y,0eR, £20, >0, f+y=E+0 and p, verifies the relation
(14) and suppose that exists p € [p,.,1] so that 0 <w(p), where w verifies the

relation
Re ﬂ%(z)) >w(p)-Re = Inf{Re H(z )7 <1}, (32)
z
where
: s
R S PO PRV
and
1— 2)2(p—l)Reﬁ
H(z)= ( -7, (34)

J'O 77 (14 12 )R gy
@ si ¢ € D and satisfy the relations

5+Re 2 ) > Bo+y (35)

v(2)
and
2¢'(2) _ 4.
Re ) < B-w(p) (36)

then F,,(f)e TUCD(0).

Pr oof.
Let f € A and satisfies the above conditions according to theorem 1.3 and the

remark 1.2, a) we obtain F,,(f)e S" < F,(f)e TUCD(0).
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Theorem 2.11. Let the integral operator F,, ( f ) defined in the theorem 2.10,

which verifies the conditions of the theorem 2.10, and the condition (35) from
theorem 2.10 becomes the folloving:

S L5 +Re ¢'()>ﬂp+y, (37)
2 o(2)
thenif f e K = F,(f)e TUCD(0).

Proof.
If feK, has the form (4) and verifies the conditions of this theorem we

obtain F), (f) e S”. Applying the remark 1.2, a) we obtain F,, (f) € TUCD(O).
Theorem 2.12. Let
s

Fy(f.g {ﬂ+7jf g7(e) e | . (38)

&, B,y,0 and ceR, £20, >0, 020, f+y=5+5>0. Let p, from
the theorem 2.10 and suppose that p € [po ,1] so that

5—%2,6’+}/,w(p)>0, (39)

w given in the treorem 2.10.
Let ¢ € D, so that

Re 7P ) B-w(p). (40)
ol(z)
If feS",gekK,then F,(f,g)eTUCD(0).
Proof.
We consider feS",geK of the form (4). According to the theorem 1.7,

proved in [2] we obtain F13( f, g) e S”. Applying the remark 1.2, a) we obtain
Fy(f,g) e TUCD(0).

Theorem 2.13. Let

Vs
F(f.g)z)= jﬁ ”M”wﬁ, (41)

E B,7,8 and o € R, aZO, B>0,020, f+y=E+5>0, p,,w(p) asin
the theorem 2.10 and exists p € [p,.1] so that
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p+§—%2ﬂp+7,W(p)20- (42)
Let ¢ € D so that
z4'(z)
Re i) < pwlp). (43)
If f,g €K ofthe form (4) then F,(f,g)e TUCD(0).

Proof.
If f,g e K according to the corrolary 1.6, the result proved in [1] we obatin

F, (f,g) € S”. Applying the remark 1.2, a) we obatin F, (f,g) € TUCD(O).
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