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INTEGRAL OPERATORS ON THE TUCD(α )-CLASS 

 
by 

Daniel Breaz 
 
 

Abstract. In this paper we present a few univalency conditions for various integral operators 
on class ( )αTUCD . At first, we make a brief presentation of class ( )αTUCD  and of some of 
its properties, as well as a number of matters connected to some integral operators studied on 
this class. 
 
Introduction.  

Let { }1: <= zzU  be the unit disk, respectively the class of olomorphic 
functions on the unit disk, denoted by 
( )UH , ( ) ( ){ }...: 2

2 ++=∈= zazzfUHfA the class of the analytical 
functions in the unit disk and the set 

( ) ( ){ }10,,0,in  analytic is : =∈∀≠= φφφφ UzzUD . 
 We consider the class of starlike functions of the order α  on the unit 

disk, the univalent functions with the property ( )
( ) α>
′
zf
zfzRe , respectively, the 

class of the convex functions on the order α  in unit disk, the univalent 

functions with the property ( )
( ) α>+
′
′′

1Re
zf
zfz . We denote these with ( )α∗S  

and ( )αK , and for 0=α  we obtain the class of the starlike funcions ∗S , 
respectively the class of convex functions K . 

We say that the function  f with the form ( ) ...2
2 ++= zazzf  belongs 

to the class ( )αUCD , 0≥α , if  
( ) ( ) Uzzfzzf ∈′′≥′   ,Re α .  (1) 

If ( )αUCDf ∈ , then the following  relation is true  
 

( ) ( ) Uzzfzzf ∈′′≥′ ,α  (2) 
which can also be written as 
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( )
( ) α

1
≤

′
′′
zf
zfz .  (3) 

In [3] we studied the class of  univalent  functions of the form  

( ) ∑
∞

=

≥−=
2

0,
k

k
k

k azazzf . (4) 

We denote  ( )αTUCD , the functions from ( )αUCD  of the form (4). Next we 
consider all the functions from this paper of the form (4). 
Theorem 1.1. [3] A function of the form  (1) belongs to the class ( )αTUCD  if 
and only if  

( )[ ]∑
∞

=

≤⋅−+
2

111
k

kakk α . 

 
Remark 1.2. [3] 

a) A function of the form  (4) is starlike if and only if ( )0TUCDf ∈ . 
b) A function of the form  (4) is convex if and only if ( )1TUCDf ∈ . 
c) A function of the form  (4) is convex  by the order 1/2 if and only if 

( )2TUCDf ∈ . 
d) A function of the form  (4) is uniform convex  if and only if 

( )2TUCDf ∈ . 
e) A function ( )αTUCDf ∈  if and only if  f  can be written as  

( ) ( )∑
∞

=

=
1k

kk zfzf λ , (5) 

where ∑
∞

=

=≥
1

1,0
k

kk λλ , ( ) zzf =1  and ( )
( )[ ] ,...3,2,

11
=

−+
−= k

kk
z

zzf
k

k α
 

 

Theorem 1.3. [2]  Let δγβα ,,,  be real constants that satisfy the conditions  

0,0 >≥ βα ( ) ( ) 0>+=+ γβδα .   Let 0ρ  be so that 1
Re
Re

0 <<≡− ρρ
β
γ  

and we suppose that [ ]1,0ρρ ∈  exists, so that ( )ρw≤0 , where 

( ) ( ){ }1:inf
Re

1
<= zzHw

β
ρ  and ( ) ( ) ( )

( ) ( )∫ −−+

−

+

−
= 1

0

Re121

Re12

1

1

dttzt

zzH
βργβ

βρ

. 
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Let ϕ and D∈φ satisfy the conditions: 

( )
( ) γβρ

ϕ
ϕδ +≥
′

+
z
zzRe          (6) 

and 

( )
( ) ( )ρβ

φ
φ w

z
zz
≤

′
Re                   (7) 

If ( )( )
β

δα
γ ϕ
φ
γβ

1

1

0

)()(
)( 







 +
= −∫ dttttf

zz
zfI

z

, then ( ) ∗∗ ⊂ SSI . 

Theorem 1.4. [1] If βαα ≤≤≤ ,10  and if ∗∈ Sf , then the function  

( ) ...)(
1

0

1 +=

















= ∫− zdt

t
zfzzF

z βα
β              (8) 

 is also an element of S*. 

Theorem 1.5. [1] If 0,0,0 ≥+≥> ηγηα and if ∗∈ Sf , then the function  

( ) ...)(

1

0

1 +=






 ++
=

+
−+∫ zdtttf

z
zF

z ηα
ηγα

γ

ηγα          (9) 

 is starlike in U. 
Theorem 1.6. [2]   Let δγβα ,,, and σ  real number which satisfy 

σβα ≤<≤ 0,0,0  and 0>+=+ δαγβ  . Let 0ρ  defined in the theorem 1.3. 

and we suppose that exists [ ]1,0ρρ ∈  so that γβσδ +≥−
2

and ( ) 0>ρw  

where ( ) ( ){ }1:ReRe <≡ zzHInfw βρ . Let D∈φ  which satisfies 
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( )ρβ
φ
φ w

z
zz

≤
′

)(
)(Re . If KgSf ∈∈ ∗ , then ( ) ∗∈ SgfI , , where ( )gfI ,  is 

defined 

( )( )
β

σδσα
γφ

γβ
1

0

1)()(
)(

, 






 +
= ∫ −−

z

dtttgtf
zz

zgfI .      (10) 

Corollary 1.7. [1] Let σβα ≤<≤ 0,0,0 , δαγββγ +=+−> , , and  

γσαδ ≥−+
22

. Let D∈φ  which satisfies ( )0
)(
)(Re w

z
zz β

φ
φ

≤
′

. If Kgf ∈, then  

( ) ∗∈ SgfI , , where     ( )gfI ,  is defined in (10). 
 
Main results 
 
Theorem 2.1. Let ξ  and δ  complex number, D∈>+ φδξ  ,0 . 
If  Af ∈ is of the form (4) and 

( )
( )

( )
( ) δξδ

φ
φξ

+++ Q
z
zz

zf
zzf

p
'' ,        (11) 

while  

( ) ( ) ( ) ( )
δξ

δξ φδξ
+

−








⋅⋅+= ∫

1

0

1
1

z

dttttffF .        (12) 

Then ( ) ( )01 TUCDfF ∈ . 
Theorem 2.2. Let  

( )( ) ( ) ( ) ( )
β

δξ
γ φ
φ
γβ

1

0

1
2 








⋅⋅

⋅
+

= ∫ −
z

dttttf
zz

zfF . (13) 

If R∈δγβξ  , , , , 0≥ξ , 0>β , δξγβ +=+  şi 0ρ  verifies the relation  

1
Re
Re

0 <≤≡− ρρ
β
γ   (14) 

and we suppose that exists [ ]1,0ρρ ∈  so that ( )ρw≤0 , where w verifies the 
relation  

( )
( ) ( ) ( ){ }1ReRe'Re <=⋅≥ zzHInfw
zG
zzG βρβ ,  (15) 

where 
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( ) ( )( ) ( ) ( )
β

γβγ
γβ γβ

1

0

1
, 








⋅+== ∫ −−

z

dtttgzzgIzG , Ag ∈   (16)  

and 

( ) ( ) ( )

( ) ( )
γ

βργβ

βρ

−
+

−
=
∫ −−+

−

1

0

Re121

Re12

1

1

dttzt

zzH , (17) 

ϕ  and D∈φ  satisfy the relations  
( )
( ) γβρδ +≥+
zφ
zzφ'Re    (18) 

and 
( )
( ) ( )ρβ

φ
φ w

z
zz

⋅≤
'Re   (19) 

then ( ) ( )02 TUCDfF ∈ . 
 

Theorem 2.3. Let ( ) ∑
∞

=

−=
2k

k
k zazzf , 0≥ka  

a)If ( ) ( )13
* TUCDfFSf ∈⇒∈ , where  

( )( ) ( )
∫=
z

dt
t
tfzfF

0
3  (20) 

is the Alexander operator. 
 
Proof. 
We know that if ( ) KfFSf ∈⇒∈ 3

* . Considering the remark 1.2. b), we 
obtain ( ) ( ) ( )133 TUCDfFKfF ∈⇔∈ . 
b) ( ) ( )04

* TUCDfFSf ∈⇒∈ , where 

( )( ) ( )∫=
z

dttf
z

zfF
04

2   (21) 

is the Libera operator. 
 
Proof. 
We know that if ( ) ∗∈⇒∈ SfFSf 4

* . Considering the remark 1.2. a), we 
obtain ( ) ( ) ( )044 TUCDfFSfF ∈⇔∈ ∗ . 
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c) ( ) ( )05
* TUCDfFSf ∈⇒∈ , where 

( )( ) ( )∫ −⋅
+

=
z

dtttf
z

zfF
0

1
5

1 γ
γ

γ   (22) 

1−≥γ  is the  Bernardi operator. 
 
Proof. 
We know that if ( ) ∗∈⇒∈ SfFSf 5

* . Considering the remark 1.2. a), we 
obtain ( ) ( ) ( )055 TUCDfFSfF ∈⇔∈ ∗ . 
Theorem 2.4. Let 

( )( ) ( )
∫ 



=

z

dt
t
tfzfF

0
6

β

 (23) 

and 10 ≤β≤ . 
If *Sf ∈  then ( ) ( )06 TUCDfF ∈ . 
Proof. 
Considering the theorem 1.4, for βαβ ≡= ,1  we obtain ( ) *

6
* SfFSf ∈⇒∈ .  

According to the remark 1.2. a) we obtain ( ) ( )06 TUCDfF ∈ . 
Theorem 2.5. Let  

( )( ) ( )
β

ββ
1

0

1
7 








⋅= ∫ −

z

dtttfzfF , 0>β . (24) 

If *Sf ∈  then ( ) ( )07 TUCDfF ∈ . 
Proof. 
Applying the theorem 1.5 for this integral operator for  αβηγ === ,0,0  we 
obtain ( ) *

7
* SfFSf ∈⇒∈ . But the remark 1.2, a) we obtain 

( ) ( )07 TUCDfF ∈ . 
 
Theorem 2.6. Let 

( )( ) ( )
β

β
γ

γβ
1

0

1
8 








⋅

+
= ∫ −

z

dtttf
z

zfF , K3,2,1, =βγ . (25) 

If *Sf ∈  then ( ) ( )08 TUCDfF ∈ . 
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Proof. 
We have ( ) *

8
* SfFSf ∈⇒∈ , according to the theorem 1.5. Applying the 

remark 1.2, a), we obtain ( ) ( )08 TUCDfF ∈ . 
Theorem 2.7. Let  

( )( ) ( ) ( ) β
δξ

δξ

γ

γβ
1

0

1
9 ,












⋅









+

= ∫ −+
z

dtt
t
tg

t
tf

z
zgfF . (26) 

If  *Sf ∈ , Kg ∈ , then ( ) ( )0,9 TUCDgfF ∈ . 
Proof. 
In [2] we proved that if ( ) ∗∈⇒∈∈ SgfFKgSf ,, 9

* . Applying the remark 
1.2 a) we obtain ( ) ( )0,9 TUCDgfF ∈ . 
Theorem 2.8. Let  

( )( ) ( ) ( ) ( )
β

δξ
γ ϕ
φ
γβ

1

0

1
10 








⋅⋅

⋅
+

= ∫ −
z

dttttf
zz

zfF , Af ∈  (27) 

and the following conditions are satisfied: 
δγβξ∈φ  , , , , , Dφ  the complex numbers with the properties,  

γ+β=δ+ξ>β  ,0 , ( ) 0Re >δ+ξ , ( )
( ) 0'Re ≤








γ+

φ
φ

z
zz . (28) 

Then ( ) ( )010 TUCDfF ∈ . 
Proof. 
If  Af ∈   satisfies the conditions of this theorem then ( ) *

10 SfF ∈ , the result 
proved in [2]. 
Applying the remark 1.2, a) we obtain ( ) ( )010 TUCDfF ∈ . 
 
Theorem 2.9. Let ξ  şi δ  complex number, D∈>+ φδξ  ,0 . 
If Af ∈ is the form (4) and  

( )
( )

( )
( ) δξδ

φ
φξ

+++ Q
z
zz

zf
zzf

p
'' ,  (29) 

and  

( ) ( ) ( ) ( )
δξ

δξ φδξ
+

−








⋅⋅+= ∫

1

0

1
11

z

dttttffF .  (30) 
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Then ( ) ( )011 TUCDfF ∈ . 
 
Proof. 
If Af ∈  are the form  (4) and verifies the conditions of the theorem 2.1, we 
obtain ( ) ( ) ( )011

*
11 TUCDfFSfF ∈⇔∈ , also considering the remark 1.2, a). 

 
Theorem 2.10. Let  

( )( ) ( ) ( ) ( )
β

δξ
γ φ
φ
γβ

1

0

1
12 








⋅⋅

⋅
+

= ∫ −
z

dttttf
zz

zfF . (31) 

If R∈δγβξ  , , , , 0≥ξ , 0>β , δξγβ +=+  and 0ρ  verifies the relation  
(14) and suppose that exists [ ]1,0ρρ ∈  so that ( )ρw≤0 , where w verifies the 
relation  

( )
( ) ( ) ( ){ }1ReRe'Re <=⋅≥ zzHInfw
zG
zzG βρβ , (32) 

where 

( ) ( )( ) ( ) ( )
β

γβγ
γβ γβ

1

0

1
, 








⋅+== ∫ −−

z

dtttgzzgIzG , Ag ∈    (33) 

and 

( ) ( ) ( )

( ) ( )
γ

βργβ

βρ

−
+

−
=
∫ −−+

−

1

0

Re121

Re12

1

1

dttzt

zzH , (34) 

ϕ  şi D∈φ  and satisfy the relations  
( )
( ) γβρδ +≥+
zφ
zzφ'Re    (35) 

and 
( )
( ) ( )ρβ

φ
φ w

z
zz

⋅≤
'Re   (36) 

then ( ) ( )012 TUCDfF ∈ . 
Proof. 
Let Af ∈  and satisfies the above conditions according to theorem 1.3 and the 
remark 1.2, a) we obtain  ( ) ( ) ( )012

*
12 TUCDfFSfF ∈⇔∈ . 
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Theorem 2.11. Let the integral operator ( )fF12  defined in the theorem 2.10, 
which verifies  the conditions of the theorem 2.10, and the condition (35) from 
theorem 2.10 becomes the folloving: 

( )
( ) γβρδξ

+≥++
zφ
zzφ'Re

2
,  (37) 

then if ( ) ( )012 TUCDfFKf ∈⇒∈ . 
Proof. 
If Kf ∈ , has the form (4) and verifies the conditions of this theorem we 
obtain ( ) *

12 SfF ∈ . Applying the remark 1.2, a) we obtain ( ) ( )012 TUCDfF ∈ . 
Theorem 2.12. Let  

( ) ( ) ( ) ( )
β

σδσξ
γφ

γβ
1

0

1
13 , 








⋅⋅

+
= ∫ −−

z

dtttgtf
zz

gfF , (38) 

δγβξ  , , ,  and R∈σ , 0≥ξ , 0>β , 0≥σ , 0>+=+ δξγβ . Let 0ρ  from 
the theorem 2.10 and suppose that [ ]1,0ρρ ∈  so that  

γβσδ +≥−
2

, ( ) 0>ρw ,  (39) 

w given in the treorem 2.10.  
Let Dφ∈ , so that  

( )
( ) ( )ρβ w
zφ
zzφ

⋅≤
'Re .  (40) 

If KgSf ∈∈  ,* , then ( ) ( )0,13 TUCDgfF ∈ . 
Proof.  
We consider KgSf ∈∈  ,*  of the form  (4). According to the theorem 1.7, 
proved in  [2] we obtain  ( ) *

13 , SgfF ∈ . Applying the remark 1.2, a) we obtain 
( ) ( )0,13 TUCDgfF ∈ . 

 
Theorem 2.13. Let  

( )( ) ( ) ( ) ( )
β

σδσξ
γφ

γβ
1

0

1
14 , 








⋅⋅

+
= ∫ −−

z

dtttgtf
zz

zgfF ,  (41) 

δγβξ  , , ,  and R∈σ , 0≥α , 0>β , 0≥σ , 0>+=+ δξγβ , ( )ρρ w ,0  as in 
the theorem  2.10 and exists [ ]1,0ρρ ∈  so that  
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( ) 0 ,
22

≥+≥−+ ργβρσξρ w . (42) 

Let D∈φ  so that  
( )
( ) ( )ρβ

φ
φ w

z
zz
≤

'Re .  (43) 

If Kgf ∈,  of the form (4) then ( ) ( )0,14 TUCDgfF ∈ . 
Proof. 
If Kgf ∈,  according to the corrolary 1.6, the result proved in [1] we obatin 

( ) ∗∈ SgfF ,14 . Applying the remark 1.2, a) we obatin ( ) ( )0,14 TUCDgfF ∈ . 
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